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Abstract

A new technique to measure oscillation frequencies and modal shapes of an Euler—Bernoulli
cantilever beam using dynamic profilometry and phase extraction techniques is presented. The
proposed technique does not require a fixed reference or out-of-plane conversion, and works on
nonstop vibration. A binary pattern is projected on the cantilever beam surface mechanically
forced to vibrate harmonically in a natural mode. The Fourier transform method is employed to
obtain the phase difference between two consecutive frames, in particular it is applied to four
consecutive frames so that three consecutive phase differences are available. Finally, the
three-step temporal phase-shifting technique is applied to measure the vibration’s eigenvalues

and eigenfunctions. This paper presents the analysis of the underlying theory and the

experimental results obtained.
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(Some figures in this article are in colour only in the electronic version)

1. Introduction

The study of vibrations on a cantilever beam is a
formidable task and over many years has been investigated
by many scientists and engineers. Some researchers have
mathematically modeled a number of configurations [1-8]
for different boundary conditions [9]. Others have
directed their efforts to avoiding, suppressing and controlling
vibrations [10-13]. Some others have developed and
implemented numerous techniques to measure these vibrations.
Some techniques use accelerometers to measure elasticity
moduli and oscillation frequencies in wood cantilevers [14], in
depth cracks [5, 15] and in vibration analysis on a metallic plate
by using laser vibrometers [16]. Also a Bragg grating fiber
sensor has been used [17] to measure displacements with high
precision by measuring changes in the wavelength of the light
conveyed through the fiber. But some of these techniques are
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intrusive, i.e. need contact, or are applied point by point on the
object. Non-intrusive measurements and non-contact ones with
low spatial resolution have been realized by capacitive [18]
and inductive [19] transducers based on electromagnetic
principles. In order to overcome these drawbacks, many optical
non-intrusive, non-contact and non-destructive techniques
have been proposed to measure vibration frequency and modal
shape indirectly, including holographic interferometry [20, 21],
laser Doppler velocimetry [22-24], stroboscopic heterodyne
holographic interferometry [25], electronic speckle pattern
interferometry [26-28], Moiré fringe projection [29, 30],
shadow Moiré [31, 32] and fringe projection profilometry
[33-35]. Direct measurement can also be carried out by optical
deflectometry [36—39] or by using oblique ray techniques [40]
based principally in optical triangulation [41-44]. With
optical beam deflectometry, Jenkins et al [38] have obtained
measurements of the vibration frequencies from a cantilever

© 2009 IOP Publishing Ltd  Printed in the UK
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beam with a maximum per cent deviation calculated of
approximately 8.8%. All the aforementioned techniques need a
fixed reference to obtain modal shapes from a cantilever beam.
Sometimes, the reference is the same object in its stationary
state while in others it is a flat surface generally next to the
object. Therefore, in many cases, two frames are needed and
the target is necessarily halted. However, recently, capturing
both reference and object information in a single frame has
been proposed: the vibration amplitude measurement was
carried out by using a structured light pattern from a four-core
optical fiber [45] with no need to bring the object to a halt.
Also, four phase-shifted interferograms may be captured in a
single frame to measure the amplitude of a vibrating disc [46].
Although these last techniques have many advantages, they
all use a fixed reference. More recently, a technique to
measure natural modal shapes from a cantilever beam which
uses a variable reference and two frames but without having
the requirement to stop the vibration was proposed [47]. In
this paper fringe projection profilometry and Fourier transform
profilometry using a variable reference are used to measure the
oscillation frequency on an Euler—Bernoulli cantilever beam
vibrating in a natural mode, where low frequencies, less than
200 Hz, and large amplitudes in the range from 0.1 to 100 mm
peak-to-peak are considered. The reference is the frame before
the current frame, wherewith the phase differences from two
consecutive frames is obtained and an approximation of the
natural modal shape is measured. It is worth mentioning
here that, to obtain the exact modal shape, an out-of-plane
conversion [48] must be applied, but this task is not simple and
often only an approximation is available, and the measurement
is obtained with an error. With four consecutive frames, three
consecutive phase differences can be obtained and a 3 x 3
system of equations is defined. This system is interpreted as a
three-step temporal phase-shifting technique. In addition, this
proposed technique is applied without out-of-plane conversion,
and by resolving the 3 x 3 system the oscillation frequency
can be determined for the six first modes. The analysis of
the underlying theory and the experimental results obtained are
presented.

2. Static projected fringe profilometry

Projected fringe profilometry [49-51] is today one of the
most used techniques to measure the depth or shape of 3D
objects. It has been applied in diverse fields, including the
manufacturing industry, as a quality inspection technique,
monitoring of products, inverse engineering, biomedical
engineering, orthopedics and surgery, computer graphics and
vision, and optical surface evaluation. The technique consists
of quantifying in-plane displacements by phase extraction
methods [52, 53] from a point in the projected pattern on the
object surface with respect to a point on a fixed reference
surface, converting this point-to-point comparison to out-of-
plane values [48].

In order to apply Fourier transform profilometry, the
projected grating of period p = 1/uo is modeled by a two-
beam interference pattern [47], namely

I(x,y) =a(x,y)+b(x, y)cos[27 pox + ¢ (x, )], (1)

where a(x,y) is interpreted as the background intensity,
b(x,y) is the modulation intensity, i is the spatial carrier
frequency in the x direction and ¢(x,y) is the phase
contribution introduced by the object surface profile.

The phase ¢(x,y) is calculated with phase extraction
techniques and the object surface profile can be obtained by
an out-of-plane conversion [48]. The height of the object is
represented as a scalar function of two variables, which can be
generally written as

Z(L)’)ZF(xs)’:P»av,B)‘fﬁ(x»)’)’ (2)

where a linear relationship between the measured phase and
the out-of-plane values via a function gamma I" is assumed.

3. Dynamic Fourier transform profilometry

The term ‘dynamic profilometry’ refers to the static
profilometry principle with a variable reference. In this
paper we propose a new technique to study vibration modes
on a homogeneous clamped—free cantilever beam. The
experimental set-up used is depicted in figure 1(a), where the
cantilever beam is forced to vibrate in one of its natural modes.
Both the angles o and B are formed by the Ronchi grating
projector and by the observing CCD camera with respect to
the cantilever beam surface normal, respectively. The projector
images a Ronchi grating on the cantilever beam surface and a
CCD camera captures the deformed pattern. Figure 1(b) shows
the cantilever beam vibrating at its first natural mode. The
top image shows a top view, while the bottom image shows
a side view depicting the deformed fringes due to vibration.
The cantilever beam amplitude variations are now time-, f,
dependent and therefore equations (1) and (2) are accordingly
time-dependent:

Li(x, y, 1) = a(x,y) +b(x, y) cos[2m pox + ¢n(x, y, )],
(3
Zn(xay’t)ZF(x7y7p’a’:3)'¢n(x7y7t)7 (4)

where n indicates the cantilever beam natural mode number.
¢n(x,y,t) depends also on n, varying harmonically in space
and time, and directly proportional to the fringe displacement:
its value increases as the vibration amplitude increases, and
decreases to zero when it is at a stationary state or at an
equilibrium position. In equation (4), we have assumed that
the function I depends neither on time nor on 7.

For t = 1, if we define I,(x,y,t) = I, x(x,y) and
Gn(x,y, 1) = ¢ur(x,y), equation (3) can be expressed as

Lii(x,y) =a(x,y)+b(x,y)cos[2m pox + ¢p i (x, y)], (5)

where the functions a(x, y) and b(x, y) are considered time-
independent and subscript k is a positive integer corresponding
to the kth CCD captured pattern I, x(x, y). It is assumed that
the integration time t; of the CCD camera is smaller than the
period 7. of the captured pattern, i.e. 7; < 7, thus avoiding
the zero-order Bessel function that would then characterize the
captured pattern [54-57]. Now, applying the Fourier transform
method, equation (5) can be rewritten as

In,k(-x7y)Za(-x7y)+dn,k(xay)+d:,k(-x7y)a (6)
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Figure 1. (a) Experimental set-up. A Ronchi grating is projected onto a homogeneous clamped—free cantilevered beam and the image is
captured by a CCD camera. Projector and CDD form angles « and 8 with respect to the normal line to the cantilever, respectively.
(b) Cantilever beam vibrating at mode 1: top image is a top view and bottom image is a side view.

where the asterisk denotes the complex conjugate of d,, x(x, y),
which is given by

du i (x, y) = 3b(x, y) exp{il27 pox + Gni(x, NI} (1)

As is well known, equation (7) can be obtained from
equation (6) by applying the Fourier transform method to
extract the phase, introduced by Takeda et al [58] and later
studied by many other researchers [59-64]. Hence

dy i (o, y) = 7S k0, Y} - wlpe, )}, ®)

where J is the Fourier transform operator and w(u, v) is the
window function, which is used as a filter in the frequency
space to pass through only one lobe of the Fourier spectrum.
The filtering offers the unique advantage to eliminate the
possible ambiguity to allocate the filtered component to the
center of coordinates, a feature required in order to miss the
carrier frequency in the typical Fourier transform method [58].

Then, applying the Fourier transform method for two
consecutive patterns at instants #; and #;; (k and k+ 1 frames),
it is possible to calculate the phase difference by performing
the following calculation:

dp g+1(x,y)

Ay (X, Y) = Pnpr1(x, ) —Pusr(x,y) = dyrxy)

€))

With this procedure, we have eliminated the modulation
intensity b(x, y) and the linear phase 27 wox, and therefore
the carrier frequency po. Note that, in this new technique,
the reference surface and the period of the Ronchi grating
are unknown, not needed, parameters. This constitutes an
enormous advantage since now we do not have to calculate
the way in which the projected pattern on the reference
surface becomes deformed [47], a variable eliminated when
dividing dy, x+1 by d,x, in order to quantify the cantilever
beam modal shapes. Another outstanding advantage is that
problems like CCD detector nonlinearity and non-uniform
illumination become eliminated [59, 65]. Furthermore, if
certain experimental conditions that involve adjustment of
variables such as the Ronchi grating period, the CCD camera
capture time, the angles « and $, and the vibration amplitude

can be chosen to fulfill that A¢, x(x, y) < 2m, there will be no
need to phase-unwrap the data.

Observe that, if the I" function was a constant [47],
equation (9) would express the modal shape of the cantilever
beam. But, when I' cannot be considered as a constant,
equation (9) would only give an approximation to the modal
shapes. Introducing the I' function in equation (6), it can be
written as

AZn (X, ¥, 1) = Znk1 (X, ¥, 1) — 2k (X, y, 1)
:F(-xsyspvavﬁ)'A(ﬁl’l,k(x!y)‘ (10)

Equation (10) indicates amplitude differences between times
# and f;41, and is considered as the exact modal shape
expression, which is called dynamic profilometry due to the
variable reference.

4. Vibration frequency measurement

This section shows the procedure to calculate the vibration
frequency from the phase difference measurements, without
the need to perform the out-of-plane conversion, avoiding also
the need to know the conversion I' function. In order to
measure the vibration frequency, we assume the cantilever
beam vibrating in one of its natural frequencies such that
the amplitude at point (x, y) varies according to the Euler—
Bernoulli solution [1, 9]:

Z2p(x, y, 1) = Ap(x, y) sin(w,t + ¢o), (11)

where A, is the maximum amplitude, w, is the oscillation
temporal frequency and ¢q is an initial phase. Substituting
t+1 = tx + 7. in equation (11), the amplitude differences may
be written as

Azyi(x,y) = 24,(x, y) sin(2 Ag,) cos(gnx + 1 Ap,).
(12)
where Ay, = w, T and @, = w,tx+¢o. Now combining (10)
and (12) the phase differences can be related by

A (X, y) = ban(x, ) sin(L Ag,) cos(nx + 1 A¢,),
(13)
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where @ (x, )’) = 2An(-xv )’)/F()ﬁ Y, P, Q, ;B) Equa_
tion (13) expresses the relationship between the oscillatory
behavior of a cantilever beam based on the Euler—Bernoulli
model and the phase differences measured by dynamic pro-
filometry (equation (10)). Now for g consecutive phase differ-
ences equation (13) can be generalized to

A(isn,kJrq (X, J’) = ¢An ()C, y) sin (%A%)
x cos[gni + 3(2q + DA@,],

where ¢ indicates the number of consecutive phase differences
from which any number of equations may be obtained. Since
equation (14) has only three unknowns, ¢4,, A, and ¢, t,
only three values of g are needed in order to solve for three
unknowns. For example, for ¢ = 0, 1, 2 the equations, A¢, «,
Ay i+1 and A, 42 are obtained and a 3 x 3 system is formed,
which mathematically can be solved to obtain

cos(Ag,) = Adni(x, y) + Adnir2(x, ¥)
o 2AGn k+1(x, ) ’

(14)

s5)

Solving for Ag, and using the definition Ag, = w,T., the
temporal frequency can be calculated by means of

1 . |:A¢n,k(xs V) + Adpr2(x, y)
Wy, = — COS
2AQ, k41(x,y)

Tc

where we have assumed that the capture time 7. is known
and remains constant. Thus, out-of-plane conversion is
avoided. Equation (16) is the expression that allows us to know
the oscillation frequency in a homogeneous cantilever beam
vibrating in a natural mode by applying dynamic profilometry
with four consecutive frames. Note that w, is a function of
the phase differences and the capture time 7., which has been
calculated solely with three values of g.

] (16)

5. Experimental results

The experimental set-up is that in figure 1(a), a clamped—free
cantilever beam made of plastic, 300 x 40 x 1 mm? in size,
was arranged to be mechanically excited near its clamped end
with a small pin on the center of a loudspeaker connected to
a signal generator. An angle « = 47° for a 5 mm fringe
period projected on the cantilever beam surface is formed by
the projector. A CCD camera capturing 402 frames per second,
which is 7, = 1/402 ~ 2.49 x 1073 s, is set perpendicular to
the cantilever surface forming an angle § = 0°. The CCD
camera, PixeLINK PL-B741F, is configured to integrate an
image in a time 7; = 1/8000 = 0.125 x 1073 s, securing
the condition 7; K 1. is fulfilled and equation (7) is validated.

Adjusting the signal generator to a resonant frequency, the
cantilever beam is forced to oscillate harmonically in a natural
mode. The frequency is measured with an oscilloscope and
is stored for further comparison. The CCD camera captures
and digitizes four consecutive fringe patterns of 64 pixels x
640 pixels resolution, with 256 gray levels. The resulting
patterns are stored in a PC memory. In order to show how
this technique is set to work, let us process a captured pattern
I, for mode 1 (figure 2(a)). The Fourier transform is
computed (see figure 2(b)) and filtered in the Fourier space in

(@ [ TTARCAEAREEAN

115000
i10000
J5000

14000
13000
12000
11000
730
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@) IO

Figure 2. Fourier transform method to obtain the d; term

(equation (9)), all images are 64 x 640 resolution pixels with 256
gray levels: (a) fringe pattern captured at an instant #, (b) Fourier
transform of the fringe pattern, (c) filtering of the pattern Fourier
transform to obtain only one through lobe, (d) real, and (e) imaginary
part of dj.

order to obtain only one through lobe (figure 2(c)), then the
inverse Fourier transform is computed and the d;; function
is calculated (equation (9)). Figures 2(d) and (e) show the
real and imaginary part, respectively, so that phase extraction
by the Fourier transform method is performed [58]. Now,
for two consecutive patterns /; ; and ) x4+1, dyx and d x4+
are obtained, and the phase difference A¢) x is calculated by
equation (13).

Figure 3(a) shows four consecutive patterns for resonant
mode 1.  Applying the Fourier transform method and
consecutive divisions between dj ;44 and dj x4, as explained
above, the phase difference A¢; i, is calculated for g =
0, 1, 2 as indicated in relationship (14), with the results shown
in figure 3(b) (upper, middle and lower images for ¢ =
0, 1,2, respectively). Each A¢; 4y is an equation with
three unknowns and, as we have calculated three equations,
then we have a 3 x 3 system of equations. Equation (15)
is experimentally obtained (figure 3(c) top image) and the
oscillation frequency is calculated for each point on the
cantilever beam using equation (16) (figure 3(c) middle image).
By assuming that each point on the cantilever beam surface
oscillates at the same frequency, an average over all points may
decrease the noise in the measurements and give better results,
see figure 3(c) bottom image.

We repeated this procedure for natural modes 2-6.
Figure 4(a) shows five fringe patterns captured (the other
three patterns for each mode are not shown) for 2—6 modes,
respectively. Figure 4(b) shows the phase differences for two
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Figure 3. Measurement frequency of mode 1, dynamic profilometry by Fourier transform and temporal phase-shifting methods, all images of
64 x 640 resolution pixels and code at 256 gray levels: (a) four consecutive fringe patterns, (b) consecutive phase differences, (c) top graph is
the cos(Ag, ), middle graph is the w; for each point (x, y) and bottom graph is an average.
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Figure 4. Measurement of frequency from modes 2—6 by dynamic interferometric profilometry, all images of 64 x 640 resolution pixels with
256 gray levels: (a) fringe patterns, (b) phase differences, (¢) w, both for each point (x, y), and the computed average.

consecutive frames (the other two phase differences for each
mode are not shown) and figure 4(c) shows the measurement
vibration frequencies, both for each point and an average on the
cantilever beam, where the average is obtained for all points
except where the value is not defined, where there is a node,
due to a division by zero in equation (16).

Table 1 shows the signal generator forced frequency
as measured with the oscilloscope, the vibration frequency
measured with dynamic interferometric profilometry and an
estimation of the per cent deviation in the measurement for
modes 1-6. The small deviation in the forced frequency
column, column 2, is due to normal noise fluctuations in
the oscilloscope. It can be seen that the vibration frequency
measured by dynamic interferometric profilometry is very
close to the frequency data measured with the oscilloscope.
The last column shows the per cent deviation between the
ranged oscilloscope measurements and column 3. Note that
the largest per cent deviations are no greater than 2.63%, or
the error is no greater than 1.2 Hz, and the minimum per cent
deviation is 0.004%, or 0.0014 Hz. In table 1, the deviations in

the measurements can happen due to the sampling of the data
in the vicinity of a maximum or a minimum of the vibration,
which increases as the vibration frequency approaches the
sampling limit imposed by the data capture frequency. The
applied phase extraction method can also contribute to some
error, in particular, if the Fourier transform method is used
for spatial filtering in the frequency domain of the interference
pattern to position the desired lobe at the origin. A small linear
phase can be added to compensate for this deviation from the
origin.

6. Comments and conclusions

In this paper, the main goal was to prove the viability of
our technique. However, we believe it would be worth
inspecting further the problem of the vibrations on a cantilever
beam in order to study limits and useful approximations in
connection to the proposed technique. Related to the former,
the maximum measured frequency is imposed by the sampling
theorem (Nyquist) which says that such a frequency has to be
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Table 1. Comparison between the forced frequencies applied to a cantilever beam as measured with an oscilloscope and dynamic

interferometric profilometry. Frequencies have units of rad Hz.

Per cent deviation (%)

Natural  Forced frequency Vibration frequency

moden  wy (rad Hz) w, (rad Hz) “’f%r‘“" x 100
1 10.072-10.135 10.062 0.10 0.72
2 65.471-65.534 66.361 —-136 —1.26
3 187.867-188.81 188.819 —-0.51 —0.01
4 373.975-376.237 383.811 —-2.63 -2.01
5 616.003-621.47 618.676 —0.43 0.45
6 926.770-936.195 924.694 0.22 1.23

half of the data capture frequency. In the present work, the
employed camera captures 402 images s~', so 201 Hz is the
maximum frequency measurable, that is, wma.x = 1263 rad Hz
approximately. The minimum frequency could be considered
theoretically zero, a situation where the target is found at rest.
In this case, the system can be adapted to operate as an optical
profilometer. However, in practice, one of the more important
restrictions is the spatial resolution of the detector and gray
level coding in a pixel.

Using projected fringe profilometry, Fourier transform
profilometry and phase extraction techniques that include
temporal phase shifting, and without the need for a
fixed reference and an out-of-plane conversion, we have
demonstrated theoretically and experimentally that it is
possible to measure vibration frequencies and modal shapes
(eigenvalues and eigenfunctions) on a cantilever beam
vibrating forcedly in its natural modes. Note that the
measurement made with our technique is more accurate as the
maximum per cent deviation from the new technique is only
2.63% as compared to 8.8% as reported by Jenkins et al [38].
The accuracy of the new technique can be further improved.
Furthermore, these measurements have been made with high
precision, and with capturing only four consecutive frames
and without having to stop the oscillation. Phase difference
was approximated to the modal shape of a cantilever beam,
so temporal phase shifting was used to generate a 3 x 3
system with their solution giving the oscillation frequency. In
addition, we have introduced a new noncontact, non-invasive
and non-intrusive technique to measure modal parameters
using profilometry in a moving object. We will shortly
report on work that we are currently conducting on the forced
response on a cantilever beam vibrating in various natural
modes simultaneously.
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