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Abstract 

This study computationally explores the possibility of focusing charged aerosol 

nanoparticles using electrostatics, similar to focusing of electrons and ions. A non-dimensional 

electrostatic focusing parameter ��, defined as the ratio of electrostatic potential energy to the 

kinetic energy of an aerosol nanoparticle, significantly determines focusing performance. The 

focusing device considered here is a 3-electrode electrostatic (“einzel”) lens. The average focal 

length of the lens is seen to have an inverse power relationship with ��. For low values of �� ~ 3 

in this study, the particles are seen to cross the lens axis once, while at higher �� multiple axis 

cross-over points appear. Similar to electron and ion optics, nanoparticle focusing is also limited 

by spherical aberration and beam divergence due to finite spread of particles in the inlet cross 

section of the lens and spatial non-uniformity of the focusing electric field. Other factors that 

influence focusing performance such as the electrostatic lens geometry, and the distribution of 

velocity and kinetic energy of the particles at the inlet of the lensing region are recognized, but 

not considered here for simplicity. In vacuum, good focusing performance (i.e.) a narrow beam 

of nanoparticles with minimum spherical aberration and small divergence angle is theoretically 

possible if ��<1 and if spread of particles in the inlet is confined to 20% of radius of the 

cylindrical lens. The effect of gas pressure is also probed to understand the degradation of 

focusing performance due to particle-gas interactions. It is seen that, for particles of specified 

size and density, a certain maximum pressure exists beyond which the device can no longer be 

efficiently used to focus nanoparticles. Likewise, below a certain pressure, the focusing 

performance is nearly independent of gas pressure, thereby enabling the selection of an operating 

pressure for such devices.  

Keywords: nanoparticle focusing, einzel lens, charged particle optics, nanopatterning, aerosol 

mass spectrometry 
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Highlights 

•  Trajectory simulations are used to study the focusing of aerosol nanoparticles in a 3-

electrode einzel lens. 

•  The focusing in vacuum is greatly influenced by a ratio of electrostatic potential energy 

to kinetic energy ��. 

•  The focal length is seen to vary inversely with ��. 

•  Focusing performance deteriorates with increasing gas pressure. 

•  A maximum pressure below which the lens needs to be operated to efficiently focus 

particles and a minimum pressure below which the lens behaves similar to being operated 

in vacuum is identified. 

•  Considerations for successfully selecting operating parameters (�� and gas pressure) are 

discussed.  
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INTRODUCTION 

Focusing of aerosol (gas-phase) nanoparticles into narrow beams is motivated by 

applications in aerosol mass spectrometry (Deng et al. (2008); Huffman et al. (2005); Schreiner 

et al. (1999)), particle jet printing applications (Lin et al., 2010; Tse & Barton, 2015), micro-

patterning (Di Fonzo et al., 2000; Dong et al., 2004; Qi et al., 2010),, and the fabrication of three-

dimensional microstructures (Akedo et al., 1998). Murphy and Sears (1964) pioneered the 

generation of aerosol particle beams by flowing particles through a series of capillaries, later 

adopted by others (Allen & Gould, 1981; Hall & Beeman, 1976; Kievit et al., 1992; Seapan et 

al., 1982; Sinha & Friedlander, 1986). Although experimentally demonstrated, this method was 

not supported by analysis of particle motion to enable the systematic design of such focusing 

devices. Alternative to vacuum focusing is the use of sheath gas flow to confine particle beams 

to narrow cross sections by limiting their transverse diffusional broadening. While the sheath 

flow reduces the beam diameter effectively by a factor of ~10 (Dahneke & Cheng, 1979; 

Dahneke & Flachsbart, 1972), it also dilutes the particle concentration leading to decreased 

particle detection sensitivity for mass spectrometry or low throughput for patterning applications. 

 

To overcome the difficulties associated with the sheath gas and to obtain higher aerosol 

transport efficacy than capillaries, Liu et al. (1995a) designed the aerodynamic lens that consists 

of a series of contractions and expansions of flow cross section achieved by the use of orifice 

plates. For a particle-laden flow, the aerodynamic lens provides the same focusing effect as 

sheath air without additional gas handling. The aerodynamic focusing of particles is based on 

their propensity to move towards the centerline of an axisymmetric flow when moving through 

successive contractions and expansions (Robinson, 1956), provided their inertia is less than the 
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critical inertia to avoid collision with the walls of the flow tube (Hinds, 2012). Prior to Liu et al., 

Fernandez De La Mora and Riesco-Chueca (2006) showed that particle inertia (described by a 

Stokes number that compares particle relaxation time to the fluid advection time scale) leads to 

focusing of particles onto a single spot and a crossover point on the axis of a flow. Their 

conclusions were drawn from calculated trajectories of particles in an incompressible flow 

through a nozzle, with Brownian motion neglected. The computational investigation described in 

this paper draws inspiration from Fernandez de la Mora’s approach of quantifying focusing 

outcomes as well as the calculation of trajectories with one-way coupling to an advection field 

(Fernandez De La Mora, 2006; Fernandez De La Mora & Riesco-Chueca, 2006) – in that work, 

incompressible flow field was employed, while we investigate the effect of electrostatic field in 

vacuum and at finite pressures (without a systematic fluid flow field). The minimum beam width 

achieved using the inertial focusing method of Liu et al. (1995a) approaches ~0.4 mm, that 

increases with decreasing particle size as demonstrated using spherical dioctyl sebacate particles 

in the range of ~50 – 250 nm (Liu et al., 1995b). Several designs of aerodynamic lenses have 

been used to effectively collimate nanoparticles in the range of 100–900 nm (Schreiner et al., 

1999), 340–4000 nm (Schreiner et al., 1998), 60–600 nm (Zhang et al., 2004), 3–30 nm (Wang et 

al., 2005), 30–300 nm (Lee et al., 2008), 5–50 nm (Lee et al., 2009) and 30 nm–10 µm (Lee et 

al., 2013). The beam width produced by this method is limited by Brownian motion and lift 

forces on the particles during expansion through the orifices and the exit nozzle of the lens. 

Overcoming the Brownian limit of beam broadening is theoretically impossible without the 

application of radial forces by external means (such as electric fields for example). Thus, 

reduction of beam width beyond those achieved by the aerodynamic lens has been challenging 

and has not been accomplished so far.  
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Alternate to the inertial particle focusing mechanism of the aerodynamic lens, several 

attempts have been made to use electrostatic and electrodynamic forces or a combination of both 

fluid and electric forces to focus particles. Electron and ion focusing devices using applied 

electric fields have been harnessed for many applications such as electron microscopes, cathode 

ray tubes, ion beam milling apparatus and drift tube mobility spectrometry (Cumeras et al., 2015; 

Fernández-Maestre, 2012; Oberreit & Hogan Jr, 2015). The ion/electron trajectories in these 

devices are manipulated using a series of ring/planar electrodes with an applied voltage gradient 

to confine them to a narrow region around the axis. The analogous use of electric fields to focus 

aerosol nanoparticles could potentially mitigate beam broadening by Brownian motion and be 

instrumental in producing narrow beams than is currently possible using inertial focusing alone. 

The charge and electrical mobility (which is dependent on the gas pressure) of particles 

determine their response to an applied electric field. Electric fields have been used numerously to 

manipulate the trajectories of aerosol particles for measurement and patterning. Knutson and 

Whitby (1975) developed the differential mobility analyzer that spatially separates particles 

based on their electrical mobility or size (for spheres). The experimental verification Liu et al. 

(1995b)’s design of aerodynamic lens (Liu et al., 1995a) used electrostatic fields to deflect 

charged particles to measure their nominal velocity in a focused beam. Kane et al. (2001) used an 

electrostatic lens to concentrate nanoparticles before introducing into the time-of-flight detector 

of a mass spectrometer for improved sensitivity. They have observed that electrostatic focusing 

increases the hit rate (sensitivity) by increasing the overlap of the laser beam with the particle 

beam. The deposition of charged nanoparticles (<5 nm) of diverse materials using photoresists 

(for selective area deposition) and external biasing of voltages has enable the creation of nano-
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patterns and are successful demonstrations of the utility of electric fields to control particle 

motion advantageously (Choi et al., 2015; Kim et al., 2006; Krinke et al., 2002; Lin et al., 2010; 

Park et al., 2013; You & Choi, 2007; You et al., 2010). 

Masuda et al. (1972) used a set of parallel cylindrical electrodes, separated by insulating 

spacers and connected to an alternating voltage source that produced a spatially periodic electric 

field in the focusing region. Charged aerosol particles were shown to have periodic motion along 

the curved lines of force and were repulsed from the electrode due to the action of centrifugal 

force and electric force. Based on the different electrode configurations, the particles can either 

levitate or levitate and accelerate simultaneously along the lens axis. Based on the same 

methodology, Holm and Addison (1991) designed a cone frustum shaped screen having an 

entrance and exit diameter of 7.0 cm and 2.5 cm respectively with a length of 17.0 cm for 

electrodynamic focusing of charged particles and achieved minimum beam width ~ 1 mm. They 

have observed that 5.2 μm particles could be focused to ~2 – 4 mm beam widths for electric 

elementary charges of 2000 to 6000, positive or negative charges on the particles. As aerosol 

particles are much heavier and have lower velocities than electrons and ions, it is conceivable 

that they require considerably higher number of electric charges to respond to the applied field 

(�� = ����).  
 

Heise and Rang (1949) have used a simple 3-electrode einzel lens to focus electron 

beams experimentally, analogous to light. An einzel lens is made of three ring electrodes 

(separated by insulating spacers), with the first and third electrodes held at the same voltage (and 

of the same length) while the second electrode is held at a different voltage to create a voltage 

gradient for focusing. The numerical calculations of electron focusing using einzel lenses that 
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relate the focal length and the operating parameters (voltage and geometry) developed by Adams 

and Read (1972)  have been used numerously to design charged particle focusing devices (Chang 

et al., 1996; Odenthal, 1991). Computational studies have been used to understand electrostatic 

particle deposition and inspires our use of trajectory simulations to parameterize focusing using 

electrostatic fields (Rusinque et al., 2019). A systematic exploration of the motion of charged 

nanoparticles particles to understand electrostatic focusing using a cylindrical einzel lens with a 

simple 3-electrode geometry is carried out in this study. Motivated by ion and electron focusing 

using einzel lenses, it is desirable to deduce the operating parameters (particle velocity and 

charge, strength of electric fields and gas pressure) for successful focusing of nano- and micro-

particles beyond the Brownian diffusion limit. This study, using trajectory simulations, 

computationally explores the electrostatic focusing of aerosol nanoparticles to understand the 

effect of particle parameters (material, kinetic energy/velocity, size, number of charges), lens 

geometry, operating voltage/applied electric field and gas pressure on focusing performance 

(quantified by the focal length, spherical aberration and divergence angle of particle beams). The 

comparison between the electric potential energy of the particle to kinetic energy determines the 

ease with which they are deflected towards the lens axis by the applied electric field. The thermal 

energy of the particles as well as the drag exerted by the gas medium on their motion are also 

important in determining focusing outcomes. We also identify conditions in which the spherical 

aberration and divergence angle of the focused beam can be minimized and deduce the upper 

limit of gas pressure at which an einzel lens acts as a focusing device without significant 

distortion by collisions between particles and background gas molecules. Lastly, we elucidate 

qualitative relationships between focal length, spherical aberration and the divergence angle with 
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the ratio of the electric potential energy to the kinetic energy of the particles, the particle 

Knudsen number as well as particle diameter and material density.  
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COMPUTATIONAL METHODS 

Electrostatic potential in the einzel lens: The electrostatic focusing of nanoparticles using a 3-

electrode einzel lens is investigated through particle trajectory simulations. Assuming that the 

concentration of charged aerosol particles injected into the focusing region is low, the distortion 

of the electric field by space charge due to the particles is neglected and a one-way coupling is 

assumed to exist between the electric field due to the einzel lens and particles. The electrostatic 

potential 
 (and the electrostatic field ��� = −∇
) inside the einzel lens is obtained by solving the 

Poisson equation, assuming the space charge is zero, using the commercial software 

COMSOL®:  

∇

 = 0… (1) 
Eq. 1 is solved in an axisymmetric einzel lens geometry, shown in Figure 1-A, representing a 

cylindrical einzel lens whose dimensions are expressed in multiples of the radius of the lens �. 

The lens geometry consists of three cylindrical electrodes of identical radius. The length of the 

first electrode (��) and third (��) electrode was chosen to be 4.5� by trial and error such that the 

particles enter and leave the lens under electric field-free conditions ��� ≈ 0. The length of the 

second electrode (�
) is set to 1.5� for simplicity. The length of the dielectric spacer between 

the electrodes � defines the strength of the electrostatic field existing in the focusing region 

(Adams & Read, 1972; Ciric et al., 1976). Although there are multiple choices for �, we again 

set � = � for simplicity. All results presented in the reminder of this article correspond to these 

set of geometrical choices to probe the effect of applied voltage, gas pressure and particle 

parameters (size, density, and incoming velocity). The effect of lens geometry, though important, 

is not the focus of this computational investigation of electrostatic focusing. The electrostatic 
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potential 
 and electric field ��� components were exported from COMSOL® to particle 

trajectory simulation routines to investigate focusing in vacuum and at finite gas pressures. 

Particle trajectory simulations in vacuum (� = 0): The trajectories of nanoparticles inside the 

einzel (assumed to be operated in vacuum) are calculated by solving Newton’s second law of 

motion:  

����� = ����� … (2) 
Eq. 2 was integrated in time using the velocity-Verlet numerical scheme (Verlet, 1967): 

 �(� + ∆�) =  �(�) +	��(�)	∆� + 12 	�����$ �(�)%	&��'∆�
…(3)) 
��(� + Δ�) = 	��(�) + 12	�� 	+���$ �(�)% +	���$ �(� + ∆�)%, &��'Δ� … (3-) 

Here,  �(�) and ��(�) are the non-dimensional position and velocity vector of a particle, 

respectively. All lengths are expressed in multiples of the electrode radius �, while velocities are 

scaled using ./, the initial velocity of the particles at the entrance of the einzel lens. ���( �) is the 

non-dimensional electrostatic field obtained by normalizing the electric field exported from 

COMSOL® (with unit of V/m) by the nominal electric field calculated as 
012 . Here ∆3 is the 

applied voltage difference across the tube electrodes, 43 = 3� −	3
 =	3� − 3
. �� ≡ 67�∆1879:;  is a 

ratio of the electrostatic potential energy to the initial kinetic energy of the particle carrying <= 

units of electronic charge e, of density >= and having a mass of ?=. The particles are assumed to 

be spherical with a diameter of �= such that ?= = @A >=�=�. �� compares the electrostatic 

potential energy of the particles to the kinetic energy (inertia). Table 1 shows the variation of �� 

as a function of �= and <= for different materials. The values of �� were calculated considering a 

particle velocity of ./ = 100 m/s and a voltage difference ∆3 = 1000	3 across the electrodes of 
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the einzel lens. Our choice of 100 m/s is based on the measured exit velocities of particles from 

focusing devices such as the aerodynamic lens (Liu et al., 1995b), that will be presumably used 

for accelerating and focusing particles that can be further improved using an einzel lens in series. 

For a 100 nm gold particle, �� = 0.0016 − 0.1584 as <= is varied from 1 – 100. The maximum 

value of �� for a given material and particle size is limited by the charge limit <D set by the self-

generated field strength for spontaneous emission of electrons or positive ions from the particle 

surface assuming an ion evaporation mechanism (Gamero-Castaño & Mora, 2000; Thomson & 

Iribarne, 1979): 

<D = �=
�D4EFG… (4) 
�D is the material-dependent surface field strength required for spontaneous emission of 

electrons or positively charged ions. Further, the emission field strength is also dependent on the 

composition of the charge carrier. For electrons, typical values of �D~10I	3/?, and for positive 

charged ions �D~10�K V/m. The electrostatic constant of proportionality EF = 9.0 × 10N Nm
2
C

-

2
. The maximum value of �� for a 100 nm gold particle is 2.4755 based on the charge limit for 

gold. Similarly, for the highest value of �� for a 10 nm silicon particle is 210.12 based on the 

corresponding charge limit. Therefore, it is clear that �� increases with the inverse of mass to 

charge ratio of the aerosol nanoparticle. For an electron with a velocity of ~10
7
 m/s and voltage 

difference of 1000 V across electrodes, ��~1.76 − 0.0176 signifies the possibility of focusing 

particles like electrons and ions by einzel lenses. In results that will be presented in subsequent 

sections, we probe the effect of �� on the focusing performance of the einzel lens in vacuum and 

at finite gas pressure. 
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Particle trajectory simulations at finite pressure (� ≠ 0): In addition to electrostatic interactions 

quantified by ��, the finite gas pressure in focusing devices leads to hydrodynamic drag on 

particles exerted by the gas medium and Brownian motion due to collisions with gas molecules. 

At low pressures considered here, Brownian motion is neglected. This assumption is justified 

posteriori by the lack of significant difference between trajectories simulated with and without 

Brownian motion. Particle trajectory simulations were carried out by solving the non-

dimensional equation of motion considering only the hydrodynamic drag and electrostatic force 

on the particles: 

����� = ����� −	34 QR	>S	�	|��|
>=�= ��|��|… (5) 
QR is the drag coefficient and for subsonic particle velocities, the Henderson correlation (1976) 

was used:  

QR = 24 UV
VW1.77	 XE<= + XYZ

[4.33 +	
\
]3.65 − 1.53 =̂̂S1	 + 0.353 =̂̂S _

`× exp d−0.438E<= efg
h
ij
jk
l�

+ expm−0.447no)=E<=pK.q r s4.5E<= + 0.38$0.053	X + 0.639	tE<=X%E<= + 0.053	X + 0.639tE<=X
+ 0.1o)=
 + 0.2o)=Iu + 0.6X v1 − exp &−0.798E<=pK.q'w… (6) 

where E<= ≡ 
xyz7 = {|7}�7 ~�@
  is the Knudsen number of particle, �G= is the Reynolds number 

based on particle diameter, o)= = �7�  is the Mach number of the particle defined as particle 

speed �= to the speed of sound �, �S is the mean free path of the gas molecules, molecular speed 

ratio X = o)=tp/2 (p is the ratio of gas specific heats at constant pressure and constant 
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volume). For the pressures considered here, most of the calculations fall in the free-molecular 

limit of E<= → ∞. Finally, =̂ is the particle temperature assumed to be equal to the gas 

temperature Ŝ (i.e.) 
�7�y = 1. Eq. 5 was solved considering Henderson’s correlation (eq. 6) using a 

leap-frog variant of the velocity-Verlet method with damping terms to capture the effect of drag: 

 �(� + ∆�) =  �(�) +	��(�)∆� +	12∆�
)�$ �(�), ��(�)%… (7)) 
��� = ��(�) + )�$ �(�), ��(�)%∆�;	)�� = )�( �(� +	∆�), ���)… (7-) 

���� = ��(�) +	�)�$ �(�), ��(�)% +	)���2 ∆�;	)��� = )�( �(� +	∆�), ����)… (7�) 
��(� +	∆�) = ��(�) +	�)�$ �(�), ��(�)% +	)����2 ∆� … (7�) 

where )�$ �(�), ��(�)% = �����$ �(�)% −	�� ��	�y	2	|���|;�7z7 ���|���| to include acceleration due to both 

electrostatic force and hydrodynamic drag force. 

 

Particle trajectory simulations are analyzed in subsequent sections to elucidate 

electrostatic particle focusing using einzel lenses. For cases considering focusing in vacuum 

(� = 0), equations 3a and 3b were used to obtain particle position and velocity as a function of 

time. Likewise, equations 7a – 7d were used for finite pressure cases considering drag due to gas 

molecules and electrostatic force on the particles. Figure 1-B illustrates the parameters that 

influence, and metrics to quantify focusing performance. In the trajectory simulations described 

in this paper, charged particles are introduced into the simulation domain with a dimensionless 

velocity of 1.0, parallel to the optic axis. Particle focusing through the einzel lens is like 

electron/ion optics wherein charged particles respond to the applied electrostatic field and are 

deflected towards the center line. The “reference plane” shown in Figure 1-B is used as the 
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reference datum to measure all lengths subsequently discussed and the center line of the 

cylindrical electrodes is termed as optic axis. The point of first cross-over on the optic axis is 

referred to as focal point (analogous to electron/light optics) and the distance of focal point is 

termed the focal length �D – the particle trajectories are assumed to be axi-symmetric. The initial 

radial distance of the particles from the optic axis, �/ at the entrance of the einzel lens is varied 

from 0 to 1 (measured in multiples of R, the radius of the cylindrical electrode). Throughout this 

study, the particles at the entrance of the lens are assumed to have a velocity parallel to the optic 

axis - the angle �� (not shown on Figure 1-B) between the initial velocity and the optic axis is 

set to zero. We elect to focus on quantifying the principal focusing parameters �� and �/ and 

defer the variation of the incoming particle velocity direction �� to future investigations. As 

depicted in Figure 1-C, the trajectory of a particle starting close to the optic axis is referred to as 

the paraxial trajectory (�/ = 0.005 in this work). Likewise, the trajectory of a particle starting 

close to the electrode is referred to as the peripheral trajectory (�/ = 1). The angle between a 

particle trajectory and the optic axis after cross-over is referred to as the divergence angle �/. 

The point of cross-over of the paraxial trajectory with the optic axis is the paraxial focal point. 

The transverse spherical aberration ∆� is the radial distance of a particle measured in the plane of 

the paraxial focal point. The effect of �� and �/ on focusing performance quantified by focal 

length �D, divergence angle �/ and the transverse spherical aberration ∆� is investigated 

computationally in the reminder of this paper. The charged particles are assumed to be dilute in 

concentration inside the einzel lens – hence, all particle-particle interactions are neglected in 

considering their trajectories through the lensing region and at the point of cross-over. We note 

that the electrostatic repulsion between like-charged particles will restrict their focusing onto a 
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single point and will cause a finite focal volume through which all the particles nominally pass 

through. In this investigation, we also elect to ignore this effect for simplicity.  
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RESULTS AND DISCUSSION 

Effect of �� and �/ on particle focusing in vacuum: 100 particle trajectories were calculated for 

each �� and for various values of the radial distance of the particle from the optic axis at the 

entrance of the einzel lens, �/ varied between 0.0 to 1.0. Only trajectories for �/ ≤ 0.5	are 

included in Figures 2 and 4 for the sake of clarity and to illustrate specifically, the cross-over of 

particles starting at different radial locations on the starting plane. As �� increases from zero, the 

particles are deflected increasingly strongly towards the optic axis. Figure 2-A – 2-D shows the 

dependence of the focal length �D on �� in the range of 0.01 – 1. The first cross-over point shifts 

closer to the reference plane as �� increases. This behavior is similar to electron trajectories in an 

einzel lens for different focusing electric field strengths as observed by Heise and Rang (1949) 

and shown in Figures 3-A and 3-B. Figure 3 is a reproduction from the original work of Heise 

and Rang that highlights the similarity between experimentally-observed electron trajectories and 

aerosol particle trajectories calculated here. Heise and Rang further observed that for higher 

strengths of the focusing electric field, the electron trajectories cross the optic axis multiple times 

as shown in Figures 3-C and 3-D. From Figure 4, representing calculated particle trajectories 

for �� = 3 − 275, it can be observed that for �� = 3 the particle trajectories cross the optic axis 

once near the center of the lensing region and for a second time further downstream. For �� = 4 

and 10, the first cross-over points are closer to the reference plane and the second cross-over 

points have also shifted towards the lensing region compared to �� = 3. For �� = 275, three 

cross-over points are found in the particle trajectories. A wide dynamic range of �� could be 

obtained by manipulating either the number of charges on the particle <=, operating voltage 

difference ∆3 and the design of the einzel lens (principally, the electrode spacing distance �) as 

shown in Table 1.  
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Figures 2 and 4 show that charged nanoparticles can be focused analogous to electrons/ions 

across a wide range of particle size and material, thus making the einzel lens a promising 

mechanism for particle focusing. The number and location of multiple axis cross-overs shown 

here are dependent also on the dimensions of the simulation domain and geometric design of the 

einzel lens. Nevertheless, the trajectory simulations carried out here offer proof of concept for 

focusing aerosol nanoparticles onto a single spot using einzel lenses for applications such as 

surface nanopatterning and mass-spectrometry. 

 

The focal length of the particle beam depends on ��, �/ and the angle between the 

velocity vector and the optic axis �� at the inlet of the einzel lens. In this study, for simplicity, we 

have set �� = 0 to focus on the effect of ��, �/ (i. e.) �D = �D(�� , �/ , �� = 0 ). For a given ��, 

the average focal length 〈�D〉 is calculated based on 100 particle trajectories with �/ distributed 

randomly between 0 and 0.1. As seen in Figure 5-A, the average focal length 〈�D〉, shown as a 

solid line, decreases with increasing �� which offers an operating map to select �� to achieve a 

targeted focal length or particle cross-over distance. The inverse relationship between 〈�D〉	and �� 

is approximately represented as: 

〈�D〉 ≈ ���l� …(8) 
where fit constant A=5.687 and C=1.103 are specific to the dimensions of the domain used here 

but reveal a general inverse power-law relationship between focal length and focusing voltage 

expressed in terms of ��. Also shown on Figure 5-A, are the maximum and minimum focal 

lengths corresponding to the paraxial (�/ = 0.005) and peripheral (�/ = 1) particle trajectories. 

It is seen that the difference between the extreme values of the focal lengths is up to ~20% 
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compared to the average focal length at low �� and the difference decreases with increasing ��. 

The minimum and maximum focal lengths shown on Figure 5-A reveal that at �� = 0.34, the 

difference is ~20% and at �� = 3, the difference is ~5%. This is also confirmed by Figure 5-B, 

that shows the variation of the focal length �D as a function of the initial radial distance of the 

particle �/ for various �� values. We note that, for �/ < 0.2, the difference between the two 

focal lengths is small compared to the average focal length 〈�D〉 – in practical terms, particles that 

start within 20% of the radius of the cylinder could be focused effectively onto a tight spot with 

minimum beam spreading.  

 

Constraints in particle focusing using single Einzel lens: The spatial non-uniformity in the 

focusing electric field of the einzel lens and finite spread of the particle radial location at the inlet 

plane of the lens causes different degrees of deflection of the particle trajectories. This leads to 

the particles crossing the optic axis at different points that are located on planes that are parallel 

(axial direction) and perpendicular (radial direction) to the optic axis. The spread of the focal 

points along the optic axis, known as the longitudinal spherical aberration ∆�D (depicted in 

Figure 1-C), was quantified in Figure 5-A using the average focal length with maximum and 

minimum bounds. The spread of the focal point in the radial direction (perpendicular to the optic 

axis) is defined as the transverse spherical aberration ∆� (depicted in Figure 1-C). We calculate 

∆� as the radial distance of a particle trajectory measured in the plane of the paraxial focal point. 

Along with the focal length, the transverse spherical aberration ∆� is also used to quantify 

focusing performance as a function of ��, �/ with �� = 0 i.e. ∆� = ∆�(��, �/ , �� = 0	). Like 

light and electron optics, particle focusing is also limited by spherical aberration (Abdelsalam & 

Stanislas, 2017; Weißbäcker & Rose, 2001). The spread of the particle beam after cross-over is 
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quantified by the divergence �/ that is the angle between the optic axis and the particle trajectory 

measured in the plane of the paraxial focal point (like the transverse spherical aberration 

definition). Likewise, �/ = �/	(�� , �/ , �� = 0) is analyzed from trajectory simulations. 

 

Figure 6-A shows the variation of the transverse spherical aberration for various initial 

radial locations of the particle �/. It is seen that particles that start near the wall (where the 

electric field is the strongest) are deflected the most and have high ∆�. Also, for particles that 

start within approximately 20% of the radius of the lens (i.e.) �/ < 0.2, the transverse spherical 

aberration is practically negligible. This allows the recognition of an important operating insight 

which will allow the minimization of beam width and broadening during focusing. Also, as �� 

increases, ∆� decreases for identical �/ values, indicating tighter focusing by the electric field. 

The maximum transverse spherical aberration ∆�8|� (the radial location of the outermost particle 

trajectory from the optic axis) decreases with increase in �� as shown in Figure 6-B. As in the 

case of eq. 8 for the average focal length, the regression relating ∆�8|� (corresponding to �/ =
1) and �� are also system-specific but indicate a non-linear dependence of the ∆�8|� on the 

(non-dimensional) focusing voltage ��. Figure 6-C shows the variation of �/ with �/ and ��. It 

is clearly seen that �/, and subsequently the beam broadening after cross-over, can be minimized 

by confining the particles entering a lens to near the optic axis (for example, �/ < 0.2). �/ also 

increases with ��, indicating a trend opposite to that of ∆�. The maximum divergence angle 

�/,8|�, plotted in Figure 6-D, increases with ��. Thus, to obtain a tight focal point the selection 

of an optimal set of �/ and �� is required to minimize both ∆� and �/. Depending on the desired 

location of the focal point (which may be dictated by the position of the substrate or a detector of 

aerosol particles such as a Faraday cup electrometer), the selection of �/ and �� requires 
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optimization considering the trends shown in Figures 6-A and 6-C. Additional trajectory 

simulations with the specific dimensions of the focusing device along with the location of the 

substrate will be necessary to determine the optimal ��. 

 

In addition to �/ , �� and �� (whose effect we have deferred to future investigations and 

set �� = 0 currently), the lens geometry (Daimon et al., 2010) also plays an important role in 

determining �D , ∆�, �/. The length of the electrodes and the width of the dielectric spacing 

determine the nominal field strength ~ 
∆12  and the gradient in the electric fields (that determine 

the location of cross-over) in the simulation domain. The effect of lens dimensions on focusing 

also needs to be investigated in the future. From our trajectory calculations, it is evident that for 

�� < 1, the focal point is sufficiently far from the lensing region (where the electric field is non-

zero). For a practical device, it is necessary that any material surface be sufficiently far away 

from the focusing electrodes to prevent distortion of the field lines and particle trajectories. From 

the parametric study of �/ , �� on focusing, we establish proof of concept for focusing charged 

aerosol nanoparticles using an einzel lens in vacuum. However, practical devices are operated at 

finite low pressure that requires an understanding of the interaction between the particles and the 

background gas in addition to electrostatic interactions. In the next sub-section, we focus on the 

effect of gas pressure on particle focusing. 

 

Effect of finite pressure on particle focusing: Maintaining a high level of vacuum is a 

prerequisite for successfully operating charged particle focusing systems (Matsui et al., 1995) as 

particle-gas molecule collisions degrades or destroys focusing performance due to systematic 

hydrodynamic drag and stochastic Brownian motion. The effect of pressure is parameterized by 
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the particle Knudsen number E<= that is inversely proportional to gas pressure as was previously 

defined in the Methods section. At low pressures, the effect of Brownian motion is expected to 

be minimal and vanish in the limit of gas pressure → 0. To assess the importance of Brownian 

motion at low pressures (~0.001 – 400 Pa), we elected to compare trajectories that were 

computed using two approximations: 1) that includes drag as described by Henderson’s model 

(equations 5 and 6, with solution given by equations 7a – 7d) but neglects Brownian motion and 

2) the Langevin equation of motion (Chandrasekhar, 1943; Langevin, 1903) that includes drag 

and Brownian motion. The Langevin equation is strictly valid only in the continuum regime of 

particle transport (i.e.) at high pressures wherein the particles relax instantly to their thermal 

velocities due to high number of collisions with gas molecules (Mazur & Oppenheim, 1970). The 

Langevin equation was used to capture the effect of Brownian motion on particle trajectories 

through the einzel lens (details of the numerical method used is described in detail in the 

Supplemental Information, SI). Trajectory calculations were obtained for identical gas pressure 

and focusing parameter �� for the two cases – with and without Brownian motion. We note that 

the Langevin formulation assumes that the drag is linearly proportional to the velocity of the 

particle relative to the gas medium in the limit of �G=, o)= → 0, while Henderson’s model 

(derived for high �G=, o)= flows around spherical objects) assumes that drag is proportional to 

the second power of velocity. Trajectories were calculated for 10 nm, 50 nm, and 100 nm gold 

particles for pressures 0.001 – 400 Pa all corresponding to �� = 0.3 and are presented in Figures 

7, 8, and 9, respectively. In each of these figures, two sets of computed trajectories are shown – 

the top panels correspond to calculations with the Henderson correlation and the bottom panels 

using the Langevin equation with the value of the gas pressure noted above each panel. In 

addition to the non-dimensional ratios �� and E<=, the trajectories are also examined to delineate 
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the dependence of focusing outcomes on size-dependent particle diffusion. Figure 7 (showing 

trajectories of 10 nm gold particles as a function of pressure and at �� = 0.3), demonstrates a 

marked difference between Henderson and Langevin-derived trajectories. Henderson correlation, 

that neglects particle diffusion and Brownian motion, shows that at 100 Pa, the einzel focusing of 

charged aerosol particles ceases to be useful and does not lead to particle cross over on the axis. 

When diffusion is included, via the Langevin equation, particle focusing is only marginally 

successful at 0.1 Pa and is significantly poor at greater pressures. We also note that, at 0.001 Pa, 

Langevin equation also predicts particle trajectories that terminate at the wall. Contrastingly, the 

Henderson correlation-determined trajectories at the same pressure are very similar to vacuum 

(see Figure 2-C). This is attributed to the breaking down of the Langevin model – the 

approximation of a fluctuating force function to mimic particle-gas molecule impacts that are 

inherently discrete in nature (Mazur & Oppenheim, 1970) at very low pressures. Hence, we 

conclude from this comparison that while the effect of Brownian motion and particle diffusion 

may be neglected below a certain pressure, which would be the operating pressure of an einzel 

lens based focusing system, such an operating pressure is dependent on particle size and needs to 

be established through trajectory calculations with an appropriate computational model 

(Henderson/Langevin or other) and specific lens geometry. This assertion is further supported by 

the trajectories of 50 nm gold particles at various pressures as shown in Figure 8 (again, top 

panels computed using Henderson’s correlation and bottom panels using Langevin equation). In 

this case, we see that up to 200 Pa, particle trajectories are minimally influenced by Brownian 

motion and diffusion – as evidenced by similar qualitative features between trajectories 

calculated using both the models. For 100 nm gold particles, the operating pressure of the einzel 

lens may be as high as 400 Pa (Figure 9). These trajectories (Figures 7 – 9), show the increase 
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of focal length as pressure decreases and the asymptotic behavior of the same as pressure �0. 

They also show us that the maximum operating pressure of the einzel lens system must be 

selected taking into account particle Brownian motion– that considerably influences 10 nm sized 

particle focusing than 100 nm or larger sized particles comparitively. The trajectories of particles 

at pressures of 0 Pa (vacuum), 0.001 Pa and 0.1 Pa are nearly identical as well for 100 nm 

particles. As pressure is increased, focal length reduces and eventually as pressure exceeds 10 Pa 

for 10 nm particles, 200 Pa for 50 nm particles and 400 Pa for 100 nm particles, the focusing 

effect diminishes and gas molecule-particle drag prevents particles from crossing the optic axis 

at a single focal point. The qualitative features seen in these trajectory calculations are quantified 

by the average focal length 〈�D〉. The initial radial location of the particles �/ was varied 

uniformly from 0 to 1 and the average focal length 〈�D〉 calculated from both Langevin equation 

and eq. 5 (with Henderson’s drag correlation, eq. 6) is plotted in Figure 10. At pressures 10 – 

400 Pa, or particle Knudsen number E<= < 1.5 × 10�, the focal length according to both the 

models differ by no more than 13 % indicating that the contribution of Brownian motion is not 

significantly high at such low pressures. Above a certain pressure (or below a certain E<=), the 

particles do not cross the optic axis but are lost to the walls due to Brownian motion and 

electrostatic force. This regime of pressure is clearly unsuitable for operating the electrodes as a 

focusing device. Hence, a certain maximum pressure is hypothesized to exist for particles of a 

given size and material. Below this maximum pressure, focusing is reasonably accurately 

described by the Henderson’s equation (that considers only drag force) without undue 

computational complexity. Also, from Figure 10, it is evident that below pressure 1 Pa (or 

E<= > 1.5 × 10�), the predictions of both Langevin and Henderson’s equation are nearly the 

same, further vindicating the neglect of Brownian motion at low pressures or high vacuum 
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conditions. Based on this sensitivity analysis, subsequent results discussed in this paper are 

derived using Henderson’s equation only for simplicity and may be considered to be accurate for 

particles 50 nm and larger. For smaller particles, a detailed analysis including Brownian motion 

is necessary and may be taken up in the future.   

 

 To probe the effect of both �� and gas pressure, trajectory calculations for �� = 0.3 −
1.0 were carried out in the pressure range of 0.001 – 400 Pa, that corresponds to E<= = 1.38 ×
10I − 3.40 × 10
. To realizes these parameters, 100 nm gold particles were introduced into the 

einzel lens. The incoming velocity was set to 100 m/s and number of charges on each particle 

was adjusted to obtain a targeted ��. Also, �/ was varied between 0 to 0.2 to minimize spherical 

aberration. The average focal length 〈�D〉	as a function of �� and E<= plotted in Figure 11-A 

shows three operating regimes based on gas pressure. At pressures > 400 Pa, there is no focusing 

effect, acting as the upper limit on gas pressure to operate the specific design of einzel lenses 

considered here. At intermediate pressures, wherein gas drag on the particles is not negligible, 

the focal length steeply rises with decreasing pressure and converges to an asymptotic value (that 

is identical to the focal length calculated in vacuum). Below a certain pressure, the focal length is 

independent of gas pressure, further showing the negligible effect of the gas medium on focusing 

and establishing an operating pressure for einzel lens focusing of particles. The curves shown in 

Figure 11-A, also depend on more parameters than just �� and E<=. From Figure 11-B, wherein 

the particle size and density (material) are systematically varied, it is clear that these trends are 

universal for nanoparticles. The maximum operating pressure (below which focusing is possible) 

is size and material dependent as shown in Figure 11-B. However, the pressure below which the 

particles behave like in vacuum, is dependent on size as evident from the trends seen from Figure 



26 

7 – 9. In practical terms, the selection of a low pressure and a targeted gas flow rate into the 

einzel lens allows the selection of a suitable pumping system and operation of the lens for 

focusing a wide range of sizes and materials. Lastly, in addition to average focal length 〈�D〉, the 

maximum spherical aberration ∆�8|� and maximum divergence angle �/,8|� are also influenced 

by gas pressure as shown in Figure 12-A and 12-B, respectively. Similar to the change in 

average focal length with pressure, the maximum spherical aberration ∆�8|� (Figure 12-A) also 

decreases with increase in pressure for a certain range, here 10 – 400 Pa. Below, 10 Pa, ∆�8|� 

can be seen to be independent of gas pressure and material. This allows the realization of tight 

spot sizes if such an einzel lens were to be used for nanopatterning. However, in Figure 12-B, 

the maximum divergence angle �/,8|� shows a contrasting trend to ∆�8|� in the 10 – 400 Pa 

pressure range,	�/,8|� increases with increasing pressure. At low pressure, below 10 Pa, �/,8|� 

is also insensitive to the gas pressure. For example, at �� = 0.3, the difference between �/,8|� in 

vacuum and at ~100 Pa is nearly 25%. For a pressure of 400 Pa, the difference is ~150%. This 

increase non-linearly decreases with �� but remains significant throughout the �� range 

considered. At �� = 1.0, the increase in �/,8|� is ~20%. Therefore, to obtain tight spot sizes for 

patterning or for increasing the sensitivity of time-of-flight detectors, the placement position of 

the target surface is crucial. It is most advantageous if the surface is placed at the focal point of 

the particles (assuming focal point is in the electric field free region and the placed surface does 

not distort the electric field of the lens). However, if the surface is placed downstream of the 

focal point (for practical reasons), a large divergence angle will cause significant broadening of 

the beam after crossover. The diameter of the spot scales with the distance between the focal 

point and the target surface times the tangent of the maximum divergence angle. Thus, it can be 

seen that a high operating pressure significantly effects the focusing performance (focal length, 
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beam broadening and divergence angle) and it can even destroy the focusing effect of the lens by 

reducing the particle inertial velocity by dissipation of kinetic energy. This can lead to significant 

beam broadening or spot enlargement, reducing the gains of using an einzel lens for focusing 

particles.  
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CONCLUSIONS 

From the described computational parametric study of nanoparticle focusing using a 3-electrode 

einzel lens, we draw the following conclusions:  

1. The electrostatic focusing in vacuum is described by the non-dimensional focusing parameter 

��, a ratio of the electrostatic energy to the nominal kinetic energy of the particles entering 

the focusing region. The average focal length 〈�D〉	 is seen to have an inverse dependence 

with ��. When confined to about ~20% of the radius of the cylindrical lensing region, the 

spherical aberration and divergence angle of the particles after crossing the optic axis is 

minimized, thereby allowing the possibility of realizing tight spot sizes with detailed design. 

For a specific geometry of the einzel lens, a range of �� for which a well-focused particle 

beam converging at a common focal point is computationally demonstrated. By varying the 

number of charges on the particles, the particle material (density), size and incoming 

velocity, it is possible to use the non-dimensional framework introduced here to describe the 

focusing of aerosol nanoparticles of different sizes and materials as well as einzel lens 

design. 

2. From simulations carried out at finite pressure to probe the effect of particle-gas molecule 

interactions, a maximum operating pressure above which the einzel lenses ceases to be a 

useful focusing device is seen to exist. Below the maximum operating pressure (that varies 

weakly with particle size), the focal length, spherical aberration and divergence angle (after 

cross over) is seen to vary with ��, gas pressure (parameterized by a particle Knudsen 

number) as well as particle diameter and density (that determines the flow-field local to the 

particle). Below a certain low pressure, the focusing outcomes are nearly independent of gas 
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pressure. This will potentially allow the selection of a suitable operating pressure for a 3-

electrode einzel lens for a diverse set of particle sizes, materials and focusing voltage.  

3. Lastly, we have focused exclusively on parameterizing the effect of the focusing parameter 

�� and the particle initial radial distance (when entering the lens) �/ for simplicity and 

recognize that in addition to these parameters, the angle distribution of the particle’s initial 

velocity (��) and the lens geometry are also important. These parameters need to be probed in 

future investigations. Further, the focusing relies on particles attaining a high, known charge 

level to practically obtain targeted values of ��. This motivates further work into the charging 

of sub-100 nm particles to charge levels of ~100, beyond what is currently accomplished 

(±3) using ambient bipolar diffusion charging (Gopalakrishnan et al., 2015; Gopalakrishnan 

et al., 2013). The restriction placed on the spot size due to particle-particle electrostatic 

repulsion, not considered here, is also a limiting factor to obtain tight spot sizes for 

nanopatterning, mass-spectrometry or other applications of nanoparticle focusing. 
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Table 1: Possible range of �� values for different combination of variables 

Particle 

diameter �� (nm) 

Number of 

charges �� 

Initial particle velocity ./ = 100	?/  and voltage difference ∆3 = 1000	3 

Electrostatic focusing parameter �� = 67�∆1879:;  
Gold  

19320 

kg/m
3
 

Silver     

10490 

kg/m
3
 

Copper 

8960 
kg/m

3
 

Germanium    

5323 kg/m
3
 

Silicon    

2330 kg/m
3
 

100 

1 0.0016 0.0029 0.0034 0.0057 0.0131 

100 0.1584 0.2917 0.3415 0.5749 1.3133 

Max (1563) 2.4755 4.5593 5.3378 8.9849 20.5265 

50 

1 0.0127 0.0233 0.0273 0.0460 0.1051 

100 1.2671 2.3336 2.7321 4.5988 10.5062 

Max (391) 4.9542 9.1244 10.6824 17.9813 41.0793 

10 

1 1.5838 2.9170 3.4151 5.7485 13.1328 

10 15.8382 29.1700 34.1510 57.4851 131.3276 

Max (16) 25.3411 46.6720 54.6416 91.9762 210.1241 

χe of an electron is ~ 1.76 - 0.0176, for a potential difference of 1000V, velocity ~10
7
 m/s 
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Figure 1: A) Schematic representation of the einzel lens geometry (not to scale) and the 

simulation domain considered in this study. B) & C) Schematic representation of the particle 

trajectories and definitions of influential focusing parameters. 
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Figure 2: Calculated particle trajectories in vacuum A) �� = 0.01 B) �� = 0.2 C) �� = 0.3 D) �� = 1 
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Figure 3: Reproduced with permission from the publisher from Chapter 2.2 ELECTROSTATIC 

LENSES by K.-J. Hanszen and R. Lauer. Original caption: Particle trajectory and positions of 

the image side focal and principal points of an electrostatic single lens according to Heise and 

Rang (1949). The electrical excitation increases from Fig. 2a to Fig. 2d (a, b first operating 

range, c second range, d third range). ...”  
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Figure 4: Calculated particle trajectories in vacuum for A) �� = 3 B) �� = 4 C) �� = 10 D) �� = 275 
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Figure 5: A) Variation of focal length with ��. B) Effect of initial radial distance Bo on focal 

length for various �� 
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Figure 6: A) Spherical aberration as a function of the initial radial distance �/ for various ��. B) 

The maximum spherical aberration (∆�8|� corresponding to �/ = 1) as a function ��. C) 

Divergence angle as a function of �/ for various ��. D) The maximum spherical aberration 

(�/,8|� corresponding to �/ = 1) as a function ��.  
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Figure 7: Calculated trajectories of 10 nm gold particles (�� = 0.3) at various pressures 0.001 – 

100 Pa using Henderson correlation (top panels) and Langevin equation (bottom panels) with 

pressure noted above each panel. 
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Figure 8: Calculated trajectories of 50 nm gold particles (�� = 0.3) at various pressures 0.001 – 

200 Pa using Henderson correlation (top panels) and Langevin equation (bottom panels) with 

pressure noted above each panel. 
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Figure 9: Calculated trajectories of 100 nm gold particles (�� = 0.3)  at various pressures 0.001 

– 400 Pa using Henderson correlation (top panels) and Langevin equation (bottom panels) with 

pressure noted above each panel. An additional case of trajectories in vacuum is also presented 

for comparison. 
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Figure 10: A comparison of the calculated focal length from Henderson’s correlation and 

Langevin equation for different Knudsen number. 
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Figure 11: A) Variation of calculated average focal length with particle Knudsen number E<= 

(or gas pressure) for different ��. B) A comparison of the variation in average focal length with 

particle Knudsen number E<= (or gas pressure) for particles of different materials and sizes at  �� = 0.4. 
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Figure 12: A) Effect of particle Knudsen number E<= (or gas pressure) on the maximum 

spherical aberration for various ��. B) Effect of particle Knudsen number E<= (or gas pressure) 

on the maximum divergence angle for various ��. 
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Highlights 

• Trajectory simulations are used to study the focusing of aerosol nanoparticles in a 3-

electrode einzel lens. 

• The focusing in vacuum is greatly influenced by a ratio of electrostatic potential energy to 

kinetic energy 𝜒𝜒𝑒𝑒. 

• The focal length is seen to vary inversely with 𝜒𝜒𝑒𝑒. 

• Focusing performance deteriorates with increasing gas pressure. 

• A maximum pressure below which the lens needs to be operated to efficiently focus 

particles and a minimum pressure below which the lens behaves similar to being operated 

in vacuum is identified. 

• Considerations for successfully selecting operating parameters (𝜒𝜒𝑒𝑒 and gas pressure) are 

discussed.  
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Information available: Details of trajectory calculations using the Langevin equation of motion 

We model the combined electrostatic and hydrodynamic interactions of particles using the 

Langevin equation of motion (Langevin 1903, Chandrasekhar 1943):  

����� = −���� + 	
��� + 
����� ��(�)… (�1) 
Here, eq. S1 introduces the drag on the particles through a linear damping term −����. In 

addition to the non-dimensional electrostatic parameter 	
 defined in the main text, here the 

relative importance of particle inertia to hydrodynamic drag on particle motion is quantified 

through the Stokes number, �� ≡ ������� . �� is the friction factor that relates the hydrodynamic 

drag force on the particle to velocity (� !" = 	−�� ∙ �%&'()�*) in the limit of creeping flow 

based on the particle Reynolds number +%� = ,-��.�/-  0+%� → 03. The gas parameters such as 

viscosity 45 and temperature 65 describe the momentum and energy exchange between the 

particles and the gas medium. �� can be readily obtained using the Stokes law for spherical 

particles along with the Cunningham slip correction factor 78 as �� = 9:/-.�;< . 78 has been 

reported by empirical correlations to measured drag on particles as a function of particle size and 

gas pressure in the momentum transfer transition regime (Ku and de la Mora 2009). Also, 

	= = >?@-����A compares the thermal energy of the particles to their reference kinetic energy (BC is 

the Boltzmann constant). The thermal fluctuations in the particle velocity and position due to 

impacts with gas molecules are captured by adding normally distributed random vectors D�E and 

D�F at each timestep. D�E and D�F have a mean of zero and variances given by equations 3c and 3d, 

respectively. The timestep Δ� is chosen by comparing the diffusion displacement and the 



electrostatic displacement of the particle as: Δ� = H.HHJK= ∙ min	O JPQRS��0F�(=)3R	 , JPU	V. the factor 0.001 

was chosen based on numerical experimentation to balance accuracy and computational effort to 

ensure that the obtained results are independent of the timestep used in the limit of Δ� → 0. By 

normalizing the solution to the same derived by Ermak and Buckholz (1980), we obtain the 

following expressions to track the velocity and position of the particles in time:  

��(� + Δ�) = ��(�) exp O−Δ���V + 	
	��	���0Z�(�)3 O1 − exp O−Δ���VV + D�E …(�2!) 
Z�(� + 	Δ�) = Z�(�) + �� \��(� + Δ�) +	��(�) − 2	
��	���0Z�(�)3]^1 − exp \−Δ���]1 + exp \−Δ���]_

+		
��	���0Z�(�)3Δ� + D�F …(�2`) 
〈DE�〉 = 3	= O1 − exp O−2Δ���VV… (�2() 

〈DF�〉 = 6	=��� e	Δ��� − 2^1 − exp \−Δ���]1 + exp \−Δ���]_f…(�2�) 
Equations S2a – S2d are used in this article to elucidate particle trajectories when both 

hydrodynamic drag and particle Brownian motion are significant and effect focusing 

performance in the lens geometry described in Figure 1-A of the main text. 
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