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Frampton's SU(9) model is considered in detail as a grand unified theory with SU(4) horizontal symmetry. We find 

a correlation among neutrino, horizontal-gauge-boson, and new-fermion masses. With neutrino mass around 10 eV, 

the horizontal gauge boson is estimated to be as heavy as 6x 10" GeV. The theory also contains new charged- 

current processes, which are B + L conserving and AL = 2. 

I. INTRODUCTION 

The grand unified theories  (GUT'S) have been 

proposed t o  unify s t rong ,  weak, and electromag- 

netic interactions. Some of the models' not only 

retain the phenomenologically successful  features  

of SU(3)XSU(Z)xU(l) gauge theory but a l so  predict 

very  interesting phenomena such a s  proton decay 

and baryon-number asymmetry  in the universe. 

The present  form of GUT's would, however, be  

incomplete in the s e n s e  that gravitational interac-  

tion is not unified and that the fact of light family 

replication cannot be  explained. The a im of th i s  

paper is to introduce a local horizontal symmetry  

among famil ies  and unify it  with a conventional 

GUT and study i t s  consequences. Although there  

is a s  yet no c l e a r  indication of the need of a local 

horizontal symmetry ,  we propose it a s  one way of 

understanding the family s t ruc ture .  Then the  f i r s t  

question to be asked is what is the right horizontal 

symmetry.2 It was once assumed to be  s u H ( 3 )  

(Ref. 3) (H denotes "horizontal") the motivation 

for  which was to  incorporate only t h r e e  light fam- 

i l ies  into the fundamental representation. On the 

other  hand, i f  we believe in  the sequence of suc-  

cessful  physical gauge symmetry  

s u H ( 4 )  may be  the next symmetry  to  be  exploited. 

By adding s u H ( 4 )  on top of SU(5) we a r r i v e  a t  

SU(9) GUT. In th i s  paper we study an SU(9) GUT 

proposed by  rampt ton.^ The main purpose of o u r  

analysis  has  been to present  the genera l  features  

of GUT'S with a horizontal symmetry  by taking ex- 
plicit examples of GUT'S. By comparing SU(8) 
Ref. (3) and SU(9) models one will s e e  that most of 

the features  a r e  s h a r e d  by both models but they 

a r e  very different a s  far a s  the fermion-mass 

spectrum i s  concerned. We pay part icular  atten- 

tion to  the fermion m a s s  s ince  it  could s e r v e  the  

purpose of eliminating s o m e  candidates f o r  the 

GUT. In fact ,  it i s  pointed o u t 9 h a t  the SU(8) vec-  
tor l ike model i s  unlikely to  survive unless  a novel 

way of producing m a s s  is found. The fermion 
m a s s  is, in this  paper ,  assumed to a r i s e  in the 

s tandard manner ,  i.e., through Yukawa couplings 

of fermions and s c a l a r s  with spontaneous break-  

ing. Yukawa coupling constants a r e  assumed t o  b e  

s m a l l e r  than the weak-gauge coupling constant in  

the lower-energy region to s e c u r e  the asymptotic 

freedom in the region. (As we shal l  s e e  l a t e r  the 
asymptotic freedom is lost  in th i s  model in  the 

high-energy limit.) The m a s s e s  of the weak gauge 

boson, 85 GeV, and of the s u H ( 4 )  gauge boson, 

l a r g e r  that lo4 GeV, s e r v e  as v e r y  effective con- 

s t ra in t s  on the fermion masses .  We point out that 
s m a l l  neutrino m a s s  appears  naturally and a l so  
that the dynamical creat ion of m a s s  is possible in  

th i s  model ( see  Sec. 111). 

Other  features  of the model, such a s  renormal-  
ization effects and charged c u r r e n t s ,  will b e  

studied in Secs. IV and V,  respectively. 

11. MODEL 

A. Charge operator 

To avoid exotic fermions Q (=charge  operator)  

is chosen to be 

fo r  the fundamental representation. This  assign-  
ment guarantees  sin2@,=; at  the symmetr ic  limit.  

B. Fermions 

With left- and right-handed par t s  counted sep-  

arately t h e r e  a r e  165 fields, 

165=84, +9X9, .  (2 

A reasonable assignment is a s  follows: 

9x9,: 

(d , , eC,veC,Fl i ) ,  ( 3 4  
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84 ,=(4 ,10)+(1 ,m)  + ( 6 , 5 )  

+ [with respect  to s u H ( 4 ) x s u ( 5 ) ]  : 

(695):  ( q l a , l i , v l )  (q4a , l4 ,~4)  

(q2a 912, ~ 2 )  (qsa 7/57 ~ 5 )  ( 4 ~ )  

(q3a!,13,v3) (46a716,v6); 

( a ,  1) : ~ f ,  . (4d) 

I n ( 3 )  a n d ( 4 ) ,  a, ( = 1 , 2 , 3 )  a n d i  ( = 1 , 2 , 3 , 4 )  a r e  

co lor  and ~ v ( 4 )  indices, respect ively,  and C de- 
notes charge conjugation. As for  F,i ( p  = 1-10) 

they could be a l l  independent o r  some of them 

could be  antiparticles. In the f o r m e r  c a s e  they 

a r e  a l l  one handed and they a r e  m a s s l e s s  in the  

ordinary s e n s e ,  i.e., Dirac m a s s  is zero .  But a s  

will  be  seen  in Sec. 111 they can  acquire  a l a rge  

Majorana m a s s  and thus not contradict the  experi-  

mental  resul t  and cosmological consideration 

which predicts the number of m a s s l e s s  fields to  be  

not m o r e  than four. (Majorana m a s s  was  f i r s t  

mentioned in the  context of GUT'S by Gell-Mann 

et al.' and has  recently been discussed by many 

people.6 lT) 

TABLE I. Decomposition of 9 x 9 =36 + 45 with respect 
to SU"(~) x SU(5). 

C. Gauge fields 

New gauge bosons appear  besides those of SU(5): 

New gauge 
bosons sUC(3) x sU(3) x s u H ( 4 )  Charge 

(A, ) j  (1 ,1 ,15)  0 

A, a r e  suH(4)  gauge bosons and  cause the change 

of flavor. 2, and V t  a r e  charged bosons and m e -  

diate B + L conserving and AL = 2 processes .  

Being a singlet with respect  to  SUC(3)xSU(2) 
x s u H ( 4 )  Bh behaves in a s i m i l a r  manner  a s  B ,  of 

the SU(5) model. But we note there  is no new mix 
ing angle with respect  to  weak and electromag- 

netic interaction because the charge opera tor  is 

chosen a s  in Eq. (1). 

D. Breaking pattern and gauge-boson mass 

We a s s u m e  the following breaking pattern: 

Steps A and B could be real ized by two adjoint s c a -  

l a r  multiplets , $J t and r P 2 ,  

$bl=ul  d i a g ( l , l , l , l ,  1 ,  - + , -+ ,  - t ,  - +) , (7a)  

$b2 =u2 diag(1, 1 ,  1 ,  - 2 ,  - $ , 0 , 0 , 0 , 0 )  , (7b) 

where 

loi5 GeV" vl < v2 < lo i9  GeV . ( 7 ~ )  

Steps C and D a r e  assumed to be  effected by the  

s c a l a r  multiplets which a l so  couple with fermion 

bi l inears  (adjoint s c a l a r s  do not couple with fe r -  

mion bi l inears) .  

In th i s  setting we have 

loi4 G ~ V -  m,,,.,, < m v,,,,, < 10" G ~ V  (8)  

and 

~ A , ( B , ) < ~ Z , ( Y , )  . 
Also the suppression of flavor-changing neutral  

cur ren ts  implies a lower bound for  A,, : 

m A u  > lo4  GeV . (9) 
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111. FERMION MASS 

We s tar t  the discussion on the fermion-mass 
spectrum with the constraints imposed by the 
mass  of weak and suH(4)  gauge bosons. It should 
be noted that the sca lar  components which contri- 
bute to the fermion mass  also contribute to the 
gauge-boson mass.  Namely, any vacuum expecta- 
tion value (VEV) of SU(2) [SU H(4)] nonsinglet 
sca lar  components contribute t o  the weak [ SuH(4)]  
gauge-boson m a s s  and thus i t s  value is restricted. 
This  observation greatly simplifies the analysis 
and we can easily tel l  which fermions can be 
heavy o r  light. In a real is t ic  model we would ex- 
pect that the m a s s  matrix i s  s o  polarized that 
many o r  a l l  of the new fermions a r e  much heavier 
than familiar ones. We restate the criterion3 for  
extracting heavy fermions in the present  context: 

Fermions can be heavy if they a r e  SU(2) singlet 
and ~ f ( 4 )  nonsinglet o r  i f  both left- and right- 
handed parts  a r e  SU(2) nonsinglet and their  fer-  
mion bilinears a r e  SU(2) singlet and ~ v ( 4 )  non- 
singlets. 

In practice our cri ter ion presumably leads to 
the s ame  conclusion a s  ~ e o r ~ i ' s ~  but ours  applies 
to any type of models besides the SU(N) chiral  
model. Its content becomes c learer  once we write 
out fermion bilinears and decompose them with 
respect to suH(4 )xsu (5 )  a s  is presented in Tables 
1-111. By making use of Table I we obtain the fol- 
lowing results. [$i (i= 1-12) a r e  defined in Tables 
I-ID.] 

(1) F P i  ( p  = 1-10, i = 1-4), F f i  becomes heavy 
by acquiring a large Dirac and/or a Majorana 
mass  through sca lar  components defined a s  d l ,  

$2 ,  $4, $5, $9, $10 in Tables 1-111. 
(2)  us, L, (s  = 4-9). Through $12 us and L, obtain 

a large Dirac mass .  

( 3 )  t ', b ', T '. Q6 gives a large Dirac mass  for t ', 
b ', and 7 '. At this stage al l  familiar fermions 

a r e  massless.  To make them massive SU(5)-non- 
singlet sca lar  components should develop a smal l  
VEV. 

(4)  u , c  , t .  u , c  , t  become massive through $*  and 

$ 8 -  

( 5 ) d , s , b , e , p , t .  $li makes these massive. If 
flavor mixings a r e  neglected we recover the fam- 
i l ia r  SU(5) mass  relation 

(6) V, , ulr ,  v,. These neutrinos a r e  one handedand 
do not have Dirac mass .  We point out, however, 
that they may acquire very smal l  Majorana masses  
through $,. i s  SU(5) nonsinglet and i t s  VEV is 
small.] The reason is the following. F i  may ac-  
quire large Majorana mass  through , G 2 ,  Q4 ,1+9~, 
$9,$io: G 3  causes mixings among v, (v,, v,) and F i .  

Then forgetting about other possible mixings we 
have for example, a mass  

m ( M )  comes f rom $3 ($1,&2,$4,$5,$9,$10) and thus 
i s  smal l  (can be very large).  If M >>m, v, ac-  
quires a Majorana mass  - m 2 / ~ .  If neutrino m a s s  
i s  l e s s  than 10 eV, then we obtain a lower bound 
for the suH(4 )  gauge-boson m a s s ,  - 6 x  10" GeV. 
In such a case  a l l  new fermions become super-  
heavy with the mass  around 10' GeV o r  larger.  

Next we comment on the sca lars  to be used. To 
break SU(2) only the 5-dimensional representation 
[with respect to the SU(5) subgroup] is used to 
maintain the normal mixing relation between pho- 
ton and neutral weak gauge boson. One result a s -  
sociated with this choice is that the neutrinos a r e  
necessarily massive in this model because, a s  
Tables 1-111 show, the s ca l a r  component which i s  

TABLE 11. Decomposition of 84 X 84 =a + 1050 + 2520 + 3402 with respect to suH(4) x SU(5). 

( 4 , ~  ( ~ $ 5 )  @,GI ( 4 , ~  
I 
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TABLE 111. Decomposition of 5 X 84 =36 + 720 with 
respect to suH(4) x SU(5). 

(4 10) (69 5) ( l , rn ,  6 , l )  

5 dimensional with respec t  to  SU(5) is not singlet 

with respect  t o  SU(4) and thus neutrinos always 
mix  with F's. Also, it  should be  mentioned that 
84-dimensional s c a l a r  multiplet does not couple 

with 8 4 x  84 fermion bi l inear  and 36-dimensional 

s c a l a r  multiplet does not couple with 9 x  9 in  c a s e  

two 9's a r e  identical. Th is  is due t o  the anticom- 

muting nature of fermion fields and is explained 

in Ref. 9. 

We may,  incidentally, t u r n  around the way of 

thinking on creat ing fermion m a s s  and look f o r  the 

possibility of creat ing it  dynamically.10 This  pos- 

sibility is not real ized in an a r b i t r a r y  model but 

interestingly in this par t icular  model it  is. One 

could forbid s o m e  of 9,'s to  couple with 84,, s o  

that t h e r e  is no direct  coupling between left- and 
right-handed parts .  Then such fermions can be- 

come mass ive  only through radiative cor rec t ions  

and it  is known that the radiative cor rec t ions  can 

give s izable   contribution^.'^ This  way of creat ing 

m a s s  is v e r y  at t ract ive because it wil l  naturally 

explain the smal lness  of ordinary fermion masses .  

The actual implementation of the idea is r a t h e r  

involved and will  be discussed elsewhere. 

IV. ASYMPTOTIC FREEDOM AND 
RENORMALIZATION EFFECTS 

We summar ize  i n  th i s  sect ion the behavior of 

the effective coupling constants.  T h e i r  behavior 

depends on P which is given a t  the one-loop level" 

by 

p = -  + G + . $ F + + s ,  (12) 

where G , F, and S denote gauge, fermion,  and 
s c a l a r  contributions, respectively. In o u r  model 

we have, neglecting s c a l a r s ,  

Three  comments  a r e  due. 
(1) Without s c a l a r s  quantum chromodynamics 

is asymptotically f ree ,  and s o  is the  en t i re  theory 

in  the high-energy limit.  However, if s c a l a r s  

a r e  included asymptotic freedom is lost  because 
1050, 2520, o r  3402 mus t  be introduced. As f a r  

a s  we have studied t h e r e  is no asymptotically f r e e  

GUT based on the s ingle  group with i t s  rank l a r g e r  

than seven. 

(2)  Crossing of coupling constants can take 

place. Suppose the breaking pattern is stepwise: 

SU(9) -SU(5)XSUH(4)~ ~ ( 1 )  

-SU(~)~SU(~)XSU~(~)XU(~)~U(~) (14) 

and m a s s  of suH(4)  gauge bosons is l e s s  than lot0 
GeV then the s u H ( 4 )  coupling constant c r o s s e s  

with both SUC(3) and SU(2) coupling constants. 

Crossing h a s  been noted in the  SU(8) model.3 

T h e r e ,  the s u H ( 3 )  coupling constant c r o s s e s  with 

that of SU(2) but not SUC(3). If the breaking pat- 
t e r n  is 

SU(9) -SUC(3) XSU(6) 

- ~ ~ ~ ( 3 ) x ~ ~ ( 2 ) x ~ @ ( 4 ) x ~ ( l ) x ~ ( l )  (15) 

then SUC(3) and SU(2) c r o s s  each other .  

(3)  The prediction of the mixing angle and g, 

(gluon coupling constant) a t  the present  energy r e -  

mains almost  the s a m e  a s  that of the SU(5) model 

even though each effective coupling constant be-  

haves significantly different f rom those of SU(5). 

V. CHARGED CURRENTS 

The feature of GUT'S which is of g rea t  physical 

in te res t  is the existence of the  p rocesses  which 

break both B (baryon number) and L (lepton num- 

ber).  The SU(5) model contains B - L conserving 
processes  mediated by ~ i ~ / ~ , ~ i ~ / ~  charged super -  

heavy vector  bosons and they lead to proton decay. 

Also it  is hoped that they may explain the baryon- 

number asymmetry  in  the universe. 

In o u r  model new charged bosons V: and z : ~ / ~  

appear  besides xEdJ3 and Y:' 13. The i r  couplings 

with fermions tu rn  out t o  be  as follows: 

- 

- - 
v; lCF, a n d / o r T C ~ :  

2;'13 ZF, and/or  ~ F Z  ~ F ~ ~ , ~ , ~ z ~ , ~ v ~  

UCd 

where F,  1 ,  V ,  d ,  and u denote (F1-F,), (11-1, and 

e , ~ , 7 ) ,  ( v 1 - v 6 a n d v e , v u v T ) ,  ( d , s , b ) ,  a n d ( u , c , f ) ,  
respectively. And/or is due to the a rb i t ra r iness  

of particle and antiparticle assignment. The above 
Table shows the  existence of new type of process-  

es .  V v  mediate AL = 2  process  and 2, mediate  
B +L conserving and AL = 2 processes  a t  the low- 

e s t  o r d e r .  These  processes  have been found in the 

SU(8) model3 and a l so  in SO(18) and E(8)  models. 

We expect it  to  b e  a genera l  feature of GUT'S with 

a horizontal symmetry .  These  new processes  
may affect the est imate of B asymmetry12 i n  the 
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universe although we have not performed numeri-  ing: There  a r e  superheavy bosons and fe rmions  
ca l  calculation. and t h e i r  exis tence is reflected on the  light fe r -  

VI. SUMMARY AND COMMENTS 

We discussed consequences of SU(4) horizontal 

symmetry  by taking Frampton's  model a s  a n  ex-  

ample. The  model is s i m i l a r  to the SU(8) model 

a s  f a r  a s  the charged-current  s t r u c t u r e  and the  

renormalization effects a r e  concerned. We have 

noted AL. = 2  and B +L conserving processes .  The 

difference shows up in the fermion-mass spec-  

t r u m .  The SU(9) model h a s  t h r e e  light famil ies  

whereas  the SU(8) model contains five. The  model 

a l so  provides the  possibility of creat ing s m a l l  

Majorana m a s s  f o r  neutrinos and of creat ing light 

fermion m a s s e s  dynamically. Majorana m a s s  of 

neutrino may resolve the problem of missing m a s s  
in the universe,  and dynamical creat ion of 

s m a l l  m a s s  would solve the problem of famil ies  

in  a v e r y  appealing manner ,  even though it  is 
achieved at  the cost  of introducing a local hori-  

zontal symmetry  and superheavy fermions.  The  

picture emerging from the analysis  is the  follow- 

mions and perhaps weak gauge bosons in the form 

of s m a l l  m a s s e s ,  flavor mixings, Weinberg angle, 

e tc .  

O u r  analysis  is admittedly incomplete. In d i s -  

cussing symmetry  breaking and the fermion m a s s  

spectrum we assumed,  without proof, that cer tain 

components of s c a l a r s  develop suitable vacuum 

expectation values. This  problem of gauge h ie r -  

archy becomes m o r e  difficult a s  we  go to l a r g e r  
groups s ince the theory could undergo multistage 

breaking. We would like to  come back to the  prob- 
lem in the future. 
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