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Preface to the Second Edition

The field of topological materials has been developing very rapidly since the first
publication of this book. The experimental observation of the quantum anomalous
Hall effect in magnetically doped topological insulator thin films and the discovery
of the topological semimetals are two outstanding examples. Measurement of
Majorana fermions has been reported by several experimental groups. Besides
topological band structures have gone beyond quantum materials and are found in
materials such as the photonic crystals, metamaterials, and even mechanic systems.
Thus, the topological quantum phenomena and related materials now have become
an important and inalienable part in condensed matter physics and material
sciences.

In this edition, Chap. 11 on topological semimetals and several sections on
experimental observation of the quantum anomalous Hall effect, the quantum spin
Hall effect, and Majorana fermions are added. Also the first and last chapters have
been updated. Here I would like to thank Drs. Hai-Zhou Lu, Song-Bo Zhang, and
Jianhui Zhou for their contributions and helpful discussions on Weyl semimetals.

Hong Kong, China Shun-Qing Shen
March 2017



Preface to the First Edition

Recent years, we have seen rapid emergence of topological insulators and super-
conductors. The field is an important advance of the well-developed band theory in
solids since its birth in 1920s. The band theory or Fermi liquid theory and Landau’s
theory of spontaneously broken symmetry are two themes for most collective
phenomena in many-body systems, such as semiconductors and superconductors.
Discovery of the integer and fractional quantum Hall effects in 1980s opens a new
window to explore the mystery of condensed matters: Topological order has to be
introduced to characterize a large class of quantum phenomena. Topological
insulator is a triumph of topological order in condensed matter physics.

The book grew out of a series of lectures I delivered in an international school on
“Topology in Quantum Matter” at Bangalore, India, in July 2011. The aim of this
book is to provide an introduction for a large family of topological insulators and
superconductors based on the solutions of the Dirac equation. I believe that the
Dirac equation is a key to the door of topological insulators. It is a line that could
thread all relevant topological phases from one to three dimensions, and from
insulators to superconductors or superfluids. This idea actually defines the scope of
this book on topological insulators. For this reason, a lot of topics in topological
insulators are actually not covered in this book, for example, the interacting systems
and topological field theory. Also I have no ambition to review rapid developments
of the whole field and consequently no intention to introduce all topics in this
introductory book.

I would like to express my gratitude to my current and former group members,
and various parts of the manuscript benefited from the contributions of Rui-Lin
Chu, Huai-Ming Guo, Jian Li, Hai-Zhou Lu, Jie Lu, Wen-Yu Shan, Yan-Yang
Zhang, An Zhao, Yuan-Yuan Zhao, Rui Yu, and Bin Zhou. Especially, I would like
to thank Hai-Zhou Lu for critical reading the manuscript and replotting all figures.
I benefited from numerous discussions and collaborations with Qian Niu,

vii
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Jainendra K. Jain, Jun-Ren Shi, Zhong Fang, and Xin Wang on the relevant topics.
I am grateful for the support and suggestions from Lu Yu while writing this book.
Some of the results in this book were obtained in my research projects funded by
Research Grants Council of Hong Kong.

Hong Kong, China Shun-Qing Shen
June 2012
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Chapter 1
Introduction

Abstract The discovery of topological insulators and superconductors is an impor-
tant advance in condensed matter physics. Topological phases reflect global prop-
erties of the quantum states in materials, and the boundary states are characteristic
of the materials. Such phases constitute a new branch in condensed matter physics.
Here a historic development is briefly introduced, and the known family of phases
in condensed matter are summarized.

1.1 From the Hall Effect to the Quantum Spin Hall Effect

In 1879, Edwin H. Hall observed an effect that now bears his name; he measured
the voltage that arises from the deflected motion of charged particles in solids under
externally applied electric and magnetic fields [1]. Consider a two-dimensional sam-
ple subjected to a perpendicular magnetic field B. Charged particles passing through
the sample are deflected by the Lorentz force and accumulate near the boundary.
As a result, the charge accumulation along the boundary produces an electric field
E. When electric and magnetic forces are balanced, the Lorentz force on a moving
charged particle is zero,

F=gE+vxB)=0, (1.1)

where v is the velocity of the particle and g is the charge of particle. The voltage
difference between the two boundaries is Vg = EW (W is the width of the sample)
and the electric current through the sample is I = gp.vW (p, is the density of the
charge carriers). The ratio of the voltage to the electric current is known as the Hall
resistance

Vi

B
Ryp=—=—, (1.2)
I qp.

© Springer Nature Singapore Pte Ltd. 2017 1
S.-Q. Shen, Topological Insulators, Springer Series in Solid-State Sciences 187,
DOI 10.1007/978-981-10-4606-3_1



2 1 Introduction

which is linear in the magnetic field B. In practice, the Hall effect is used to measure
the sign of charge carriers ¢, i.e., the particle-like or hole-like charge carrier, and the
density of charge carriers p, in solids. It can be also used to measure the magnetic
field.

In the year following his discovery, Hall measured the resistances in ferromagnetic
as well as paramagnetic metals under various magnetic fields, and observed that it
could have an additional contribution other than the term linear in the magnetic field
[2]. That contribution can depend on the magnetization M in a ferromagnetic metal,
and hence the Hall effect can persist even in the absence of an external magnetic
field. An empirical relation describes this effect:

Ry =RoB + RsM, (1.3)

which has been applied to many materials over a broad range of values of the external
field. The second term, representing the contribution from the magnetization of M,
cannot be simply understood as a result of the Lorentz force on a charged particle.
It has taken almost one century to explore the physical origin, probably because this
effect involves the topology of the band structure in solids, which was not formulated
until 1980s. In 1954, Karplus and Luttinger [3] proposed a microscopic theory and
found that electrons acquired an additional group velocity when an external electric
field is applied to a solid. The anomalous velocity is perpendicular to the electric
field, and contributes to the Hall conductance. It is related to the change in the phase
of the Bloch wave function when an electric field forces the wave function to evolve
in momentum space of the crystal [4, 5].

Generally speaking, the anomalous Hall effect can have either an extrinsic origin
arising from the disorder-related spin-dependent scattering of the charge carriers, or
an intrinsic origin because of the spin-dependent band structure of the conduction
electrons. The latter can be expressed in terms of the Berry phase in the momentum
space [6]. This effect originates from the coupling of the electron’s orbital motion to
its spin, which is a relativistic quantum mechanical effect. A spin-orbit force or spin
transverse force can be used to understand the spin-dependent scattering by either
impurities or the band structure. When an electron moves in an external electric
field, the electron experiences a transverse force, which is proportional to the spin
current of the electron rather than the charge current as for the Lorentz force [7]. As
a result, spin-up electrons are deflected to one direction while spin-down electrons
are deflected in the opposite direction. In a ferromagnetic metal, the magnetization
creates an imbalance in the population between spin-up and spin-down electrons that
consequently leads to the anomalous Hall effect.

Although the Hall resistance vanishes in the absence of an external magnetic field
and magnetization in a paramagnetic metal, the spin-dependent deflection of elec-
trons in solids can still lead to an observable effect, i.e., the spin Hall effect. The
spin version of the Hall effect was first proposed by Russian physicists Dyakonov
and Perel in 1971 [8, 9]. It yields a spin accumulation on the lateral surfaces of
a current-carrying sample, the spin directions being opposite along the two oppo-
site boundaries. When the current is reversed, the spin orientation is also reversed.
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Initially, theorists argued that the spin accumulation was caused through asymmet-
ric scattering of the spin-up and spin-down electrons within the impurity potentials,
hence termed the extrinsic spin Hall effect [10]. In 2003, two independent groups
demonstrated that the spin-orbit coupling in the electron band structure can produce
a transverse spin current even without impurity scattering, hence called the intrin-
sic spin Hall effect [11, 12]. In the quantum Hall regime, the competition between
Zeeman splitting and spin-orbit coupling leads to the resonant spin Hall effect, in
which a small current induces a finite spin current and spin polarization [13]. The
spin Hall effect has been observed experimentally in a GaAs and InGaAs thin film
[14] and in the spin light-emitting diode of a p-n junction [15].

The discovery of the integer quantum Hall effect opened a new phase in the study
of the various forms of the Hall effect. In 1980, von Klitzing, Dorda, and Pepper
discovered experimentally that, in a two-dimensional electron gas produced at a
semiconductor hetero-junction subjected to a strong magnetic field, the longitudinal
conductance vanishes while quantum plateaus appear in the Hall conductance at
values ve?/ h [16]. The prefactor is an integer (v = 1, 2, ...), known as the filling
factor. The quantum Hall effect is a quantum mechanical version of the Hall effect in
two dimensions. This effect is now very well understood, and can be simply explained
in terms of the single-particle orbitals of an electron in a magnetic field [17]. It is
known that the motion of a charged particle in a uniform magnetic field is equivalent to
that of a simple harmonic oscillator in quantum mechanics, in which the energy levels
are quantized with energy (n+ % Yhw.,andw. = eB/m is the cyclotron frequency. The
energy levels, called Landau levels, are highly degenerate. When one Landau level is
fully filled, the filling factoris = 1 and the corresponding Hall conductance is >/ h.
It is realized now that the integer v is actually a topological invariant, i.e, Thouless-
Kohmoto-Nightingale-Njis (TKNN) invariant, that is insensitive to the geometry of
the system and the interaction of electrons [18].

For clarity, physicists like to use a semi-classical picture to explain the quantization
of the Hall conductance. For a charged particle in a uniform magnetic field, the
particle cycles rapidly around the magnetic flux because of the Lorentz force. The

cyclotron radius is given by the magnetic field R, = ,/ }B (2n + 1). When the particle
is close to the boundary, the particle bounces off the rigid boundary, and thus skips
forward along the boundary. As a result, it forms a conducting channel called edge
state (see Fig. 1.1). The group velocity of the particle in the bulk is much slower than
the cyclotron velocity, and hence the particles in the bulk are pinned or localized by
impurities or disorders. However, the rapid-moving particles along the edge channel
are not affected by the impurities or disorders and thus form a perfect one-dimensional
conducting channel with a quantum conductance e?/ k. Because the Landau levels
are discrete, each Landau level will generate one edge channel. Consequently, the
number of filled Landau levels, i.e., the filling factor, determines the quantized Hall
conductance. Thus the key feature of the quantum Hall effect is that all electrons
in the bulk are localized, whereas the electrons near the edge form a series of edge
conducting channels [19], which is characteristic of a topological phase.
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Fig. 1.1 Schematic of the formation of the chiral edge channel in the quantum Hall effect under
the Lorentz force on charge carriers. In the quantum anomalous and spin Hall effects, the driving
force is replaced by the spin transverse force

In 1982, Tsui, Stormer, and Gosard observed that, in a sample with higher mobility,

the quantum plateaus appear at filling factors v with rational fractions (v = 1

57
%, %, %, %, 15—2, --+). Known as the fractional quantum Hall effect [20], this effect

relies fundamentally on the electron—electron interaction as well as the Landau level
quantization. Laughlin proposed that the v = 1/3 state is a new type of many-
body condensate, which can be described by the Laughlin wave function [21]. The
quasi-particles in the condensate carry the fractional charge e/3 because of their
strong Coulomb interaction. The observed Hall conductance plateaus arise from the
localization of the fractionally charged quasi-particles in the condensate. Thus, the
fractional quantum Hall effect can be regarded as the integer quantum Hall effect of
these quasi-particles. In 1988, Jainendra K. Jain proposed that the quasi-particles,
called composite fermions, can be regarded a combination of an electron charge and
quantum magnetic flux [22]. This picture is applicable to all the quantum plateaus
observed in the fractional quantum Hall effect, which is now well-accepted in terms
of a topological quantum phase of composite fermions that breaks time-reversal
symmetry.

In 1988, Duncan Haldane proposed that the integer quantum Hall effect can be
realized in a lattice system of spinless electrons in a periodic magnetic flux [23].
Although the total magnetic flux is zero, electrons are driven to form a conducting
edge channel by the periodic magnetic flux. As there is no pure magnetic field, the
quantum Hall conductance originates from the electron band structure for the lattice
not from the discrete Landau levels with a strong magnetic field. Thus this is a
version of the quantized anomalous Hall effect in the absence of an external field or
Landau levels. Furthermore, it was found that the role of the periodic magnetic flux
can be replaced by spin-orbit coupling. The quantized anomalous Hall effect can be
realized in a ferromagnetic insulator with strong spin-orbit coupling. The anomalous
Hall effect persists in an insulating regime. The anomalous Hall conductance can be
expressed in terms of the integral of the Berry curvature over the momentum space
or the Chern number for fully-filled bands [24]. The Haldane model produces a non-
zero Chern numbers for an electron band without the presence of a magnetic field
or Landau levels. According to the bulk-edge correspondence, the quantized Hall
conductance originates from the dissipationless transport of topologically protected
edge states. There have been extensive investigations on this topic [25-29]. One of
the promising schemes is based on a magnetically doped topological insulator thin
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film, where an interplay between the strong spin-orbit coupling in the surface states
and magnetic exchange coupling gives rise to a band gap opening to form chiral edge
states [27]. In 2013, the experimental observation of the quantum anomalous Hall
effect was reported in Cr-doped (Bi,Sb), Te; ultra thin film by a group led by Xue in
Beijing [30].

The quantum spin Hall effect is a quantum version of the spin Hall effect or
a spin version of the quantum Hall effect, and can be regarded as a combination
of the quantum anomalous Hall effects for spin-up and spin-down electrons with
opposite chirality. Overall, it results in no charge Hall conductance, but a non-zero
spin-Hall conductance. In 2005, Kane and Mele generalized the Haldane model to
a graphene lattice of spin—% electrons with spin-orbit coupling [31]. Strong spin-
orbit coupling is introduced to replace the periodic magnetic flux in the Haldane
model. This interaction looks like a spin-dependent magnetic field to electron spins.
The different electron spins experience opposite spin transverse forces [7]. As a
result, a bilayer spin-dependent Haldane model can be realized in a spin-% electron
system with spin-orbit coupling, which exhibits the quantum spin Hall effect. When
spin-dependent edge states exist around the boundary of the system, electrons with
different spins move in opposite directions, and form a pair of helical edge states.
Time-reversal symmetry is still preserved, and the edge states are robust against
impurities or disorders because the electron backscattering in the two edge channels
is prohibited because of the symmetry. However, the spin-orbit coupling in graphene
is minute. In 2006 Bernevig, Hughes and Zhang proposed that the quantum spin
Hall effect can be realized in the CdTe/HgTe/CdTe sandwiched quantum well [32].
HgTe is a material with an inverted band structure, and CdTe has a normal band
structure. Tuning the thickness of HgTe layer leads to band inversion in the quantum
well, which exhibits a topological phase transition. This prediction was confirmed
experimentally by Konig et al. 1 year later [33]. The stability of the quantum spin Hall
effect was studied by several groups [34—37]. The other confirmed quantum spin Hall
system is an inverted electron—hole bilayer engineered from indium arsenide—gallium
antimonide (InAs/GaSb) semiconductors [38]. A quantized conductance associated
with helical edge states was first measured for the quantum transport of helical edge
states in a 7 shape device of an InAs/GaSb quantum well [39]. One of its key features
is that the quantum conductance is accompanied with the opening of a mobility gap
in the sample, strongly indicating that impurities localize the bulk electrons.

A system exhibiting the quantum spin Hall effect is also known as a two-
dimensional topological insulator. A flow chart from the ordinary Hall effect to
the quantum spin Hall effect is presented in Fig. 1.2.
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Hall Effect Anomalous Hall Effect Spin Hall Effect
B#0 B=0,M#0 B=0,M=0
1879 1880 2004-2006
Quantum Anomalous Quantum Spin
Quantum Hall Effect Hall Effect Hall Effect
oH = NS P s =
~— h — in
1980/1982 2013 2007

Fig. 1.2 Evolution from the ordinary Hall effect to the quantum spin Hall effect or two-dimensional
topological insulator. Here B signifies the strength of the magnetic field, and M the magnetization
for the ferromagnet. The year indicates when the effect was discovered experimentally. oy is the
Hall conductance and o is the spin Hall conductance

1.2 Topological Insulators as a Generalization
of the Quantum Spin Hall Systems

There is no Hall effect in three dimensions. However, the generalization of the quan-
tum spin Hall effect to three dimensions is one of the milestones in the develop-
ment of topological insulators [40—43]. It is not a simple generalization from two
dimensions to three dimensions of the transverse transport of an electron charge
or spin, or the Hall effect. Instead, bound states evolve near the system boundary
based on the intrinsic band structure; the one-dimensional helical edge states in the
two-dimensional quantum spin Hall system can evolve into two-dimensional surface
states surrounding the three-dimensional topological insulator. A topological insu-
lator is a material in a state of quantum matter that behaves as an insulator in its
interior but as a metal on its boundary. In the bulk of a topological insulator, the elec-
tronic band structure resembles an ordinary insulator, with separated conduction and
valence bands. Near the boundary, the surface states within the bulk energy gap allow
electron conduction. Electron spins in these states are locked to their momenta. A
topological insulator preserves the time-reversal symmetry. Because of the Kramers
degeneracy, for a given energy, there always exists a pair of states that have oppo-
site spins and momenta; the backscattering between these states is forbidden. These
states are characterized by a topological index. Kane and Mele proposed a Z, index
to classify materials with time-reversal invariance as strong and weak topological
insulators [44]. For a weak topological insulator, the resultant surface states are not
robust against disorder or impurities, although its physical properties are very similar
to those of two-dimensional states. The relationship of a strong topological insulator
with the quantum spin Hall system is more subtle. It is possible to classify conven-
tional and topological insulators by time-reversal symmetry. The surface states in a
strong topological insulator is protected by time-reversal symmetry.

Bi;_,Sb, was the first candidate as a three-dimensional topological insulator
predicted [45] and verified experimentally [46] by Fu and Kane. Zhang et al. [47]
and Xia et al. [48] pointed out that Bi, Te; and Bi;Se; are topological insulators with
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a single Dirac cone of surface states. Angle-resolved photoemission spectroscopy
data showed clearly the existence of a single Dirac cone in Bi,Se; [48] and Bi,Tes
[49]. Electrons in the surface states possess a quantum spin texture, and the electron
momenta are strongly coupled with the electron spins. These can produce many exotic
magneto-electric properties. Qi et al. [50] proposed an unconventional magneto-
electric effect for the surface states, in which electric and magnetic fields are coupled
together and are governed by the so-called axion equation instead of by Maxwell’s
equations. This is now regarded as one of the characteristic features of topological
insulators [51, 52].

Reducing the system to one dimension brings some new insights with respect to
topological properties. The boundary of one-dimensional system is simply an end
point. A one-dimensional topological insulator is an insulator with two end states
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Fig.1.3 Theboundary states and their energy dispersions of topological materials. A d-dimensional
material has a (d — 1)-dimensional boundary
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of zero energy. The end states in one dimension have been studied since the 1980s.
Polyacetylene is a one-dimensional organic material with so-called A and B phases.
The domain walls connecting the A and B phase induce rigid solitons with zero
energy, and are the charge carriers for this organic conductor [53]. Although the
soliton and anti-soliton are topological excitations in polyacetylene, the A and B
phases are actually topologically distinct in an open boundary condition; one phase
possesses two end states of zero energy while the other does not, although both
phases open up an energy gap because of the Peierls instability or dimerization of
the lattice. This is actually the simplest topological insulator protected by chiral
symmetry, which is a combination of the time-reversal symmetry and particle-hole
symmetry.

A d-dimensional topological insulator has (d — 1)-dimensional boundary states.
For a summary, see Fig. 1.3.

1.3 Beyond Band Insulators: Disorder and Interaction

Topological phases exist in disordered and interacting systems. Generally a topolog-
ical phase is robust against impurities or interactions that do not break time-reversal
symmetry. The edge or surface states are protected by a band gap between the con-
duction and valence bands. It has even been demonstrated that the topological phase
actually can be induced by either strong disorder or interaction.

For example, a topological Anderson insulator is a topological phase, in which
impurities localize the bulk electrons but the edge or surface boundary remains con-
ducting because of the presence of helical edge states occupied by surface electrons;
this picture is very close to the picture of the quantum Hall effect. In the presence
of disorder, there exists a metal-insulator transition in three-dimensional systems,
or in two-dimensional systems with spin-orbit coupling. Electrons in low dimen-
sional systems are always strongly localized. Li et al. discovered that, in the effective
model for a HgTe/CdTe quantum well, impurities can generate the quantum spin
Hall effect even starting from a normal band structure. They predicted such wells
were a possible realization of the topological Anderson insulator [54]. This phase
has been studied numerically and analytically [55, 56]. The phase was also general-
ized to three dimensions [57]. The edge or surface states in a topological Anderson
insulator are protected by a mobility gap instead of a band gap for topological band
insulators [58].

The electron—electron interaction provides another route to realize a topological
phase. SmBg is a type of heavy fermion material that was first discovered 40 years ago
[59]. In the material, the f-electrons from the outer shell of Sm are highly correlated
because of their strong Coulomb interactions. The highly renormalized f-electrons
hybridize with the conduction electrons to form an excitation gap in the millivolt
range. Dzero et al. [60] pointed out that the position of the hybridized f-electrons at
the bottom of the two bands determines a topologically nontrivial insulating phase
that forms a topological Kondo insulator. The existence of surface states solved a
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long-standing puzzle in SmBg in that it becomes conducting at very low temperatures.
Several independent groups [61-63] reported experimental results that support the
formation of the new phase.

A Mott insulator is a class of insulating materials with a strong electron correlation.
Raghu et al. found that the strong Hubbard interaction can turn a semimetal into a
quantum spin Hall phase in an extended Hubbard model at half filling. Such phases
are called topological Mott insulators [64]. Usually the electron correlation and
spin-orbit coupling are expected in compounds of 5d transition metals. Pesin and
Balents further pointed out that, taking Ir-based pyrochlores as an example, the Mott
correlation enhances the effect of spin-orbit coupling, which leads to the existence
of a topological insulating phase. The phase can be regarded as a quantum spin
liquid state, and neutral fermionic spin-1/2 spinons are deconfined [65]. It was also
suggested that some Heusler compounds such as GdBiPt can be antiferromagnetic
topological insulators [66].

1.4 Topological Phases in Superconductors and Superfluids

At low temperatures, liquid helium 3He has two different superfluid phases, called the
A and B phases. The *He atoms are neutrally charged fermions that can be described
by the conventional Fermi liquid theory, just like electrons in a metal. Osheroff, Lee,
and Richardson [67] studied the pressurization curve of a mixture of liquid and solid
3He. They observed two reproducible anomalies, which indicate that the liquid phase
existing between 2.0 and 2.6 mK is the A phase, and that below 2.0 mK is the B
phase. The normal-to-A phase transition at 74 ~ 2.6 mK is of the second-order
and the A-B phase transition at 7 ~ 2.0 mK is of the first-order. The theory of
superconductivity for electrons in spin-triplet states was first developed by Balian
and Werthamer in 1963 [68]. They observed that all Cooper pairs are in the p-wave
pairing (! = 1) and spin-triplet states; this mechanism explains superfluidity in the
B phase. The pairing symmetry determines the topology of the band structure of
quasi-particles. The A phase is topologically different from the B phase; the pairs
form only in the state of S, = 1 and/or S, = —1, i.e., the so-called equal spin pairing
state or Anderson-Brinkman-Morel state. This conclusion was first drawn from an
analysis of spatial profiles from the nuclear magnetic resonance experiment [69].
The insights gained from the study of superfluid phase of liquid *He have been
widely applied in various fields from particle physics and cosmology to condensed
matter physics [70]. In a spinless p-wave pairing superconductor, there are weak
and strong coupling phases that are characterized by different topological invariants.
The weak coupling phase is topologically non-trivial and can have chiral edge states
around the boundary of the system, very similar to those occurring in the quantum
Hall effect [71]. After the discovery of the fractional quantum Hall effect, the weak
coupling state was found to have a pairing wave function that is asymptotically
the same as in the Moore-Read quantum Hall state. Thus, topological order was
introduced to characterize the superfluid phases. The topological aspects of these
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two phases have been discussed in detail in a book by Volovik [70]. Some concepts
and topological invariants can be applied explicitly to topological insulators in the
framework of a single particle wave function in the band theory. For example, band
inversion can accompany a topological quantum phase transition, as in the quantum
spin Hall effect.

Now, we realize that the Bogoliubov-de Gennes equation for superconductors and
superfluids has a mathematical structure very similar/identical to the Dirac equation
for topological insulators. Like band gaps in insulators, the quasi-particle band struc-
ture in superconductors and superfluids can also have a non-zero gap. The symme-
try classification of non-interacting Hamiltonians emerged in the context of random
matrix theory long before the discovery of topological insulators. Schnyder et al. [72]
systematically studied the topological phases of insulators and superconductors, and
provided an exhaustive classification of topological insulators and superconductors
for non-interacting systems of fermions. The Bogoliubov-de Gennes equation has
particle-hole symmetry, and the Dirac equation has time-reversal symmetry. The sim-
ilarity between the particle-hole symmetry and the time-reversal symmetry makes it
possible to study topological insulators and superconductors in a single framework.

The discovery of the topological insulators stimulated a re-examination of the
properties of spin-triplet superconductors, that are candidates for topological super-
conductors. Among several classes of spin triplet superconductors, Sr;RuQy is
thought to be a p-wave-pairing superconductor that is similar to the A phase in
superfluid liquid *He [73, 74]. Initial data from tunneling spectroscopy measure-
ments suggest the possible existence of chiral edge states in Srp,RuQOy4 [75]. The
Cu-doped topological insulator Cu, Bi,Ses, which becomes superconducting below
T, = 3.8K [76], might also be a topological superconductor [77].

Fu and Kane’s proposal initiated a “gold rush” in Majorana fermion searches
[78]; they found that, as a superconducting proximity effect, the interface of the
surface states of topological insulators and an s-wave superconductor resembles a
spinless p+ip superconductor. This actually indicates a way to achieve topological
superconductivity in a conventional s-wave superconductor instead of p-wave super-
conductor as expected before. A feature of topological superconductors is that the
quasi-particles of end states and edge states have a peculiar property: antiparticle and
particle are identical, and hence are Majorana fermions. Mathematically, the parti-
cle’s creation operator is equal to its annihilation operator, 4' = ~. There have been
many schemes to engineer and detect Majorana fermions in quantum Hall systems
and p-wave superconductors [79—81]. One promising scheme is a semiconductor
with strong spin-orbit coupling connected to an s-wave superconductor [82, 83]. In
a two-dimensional electron gas, Rashba spin-orbit coupling separates the parabolic
bands for two spin-dependent projections, and the Zeeman field opens an energy
gap near the crossing point. When the chemical potential falls within the gap, the
penetrating Cooper pairs from the s-wave superconductor in this region behave like
those of spinless p-wave superconductors. This picture persists in one-dimensional
confined nanowires, which have become the experimental prototype in the hunt for
Majorana fermions. While more and more experiments provide signatures of the
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existence of Majorana fermions [84—87], it is still believed that the experimental
data have not yet constituted a definitive proof, and “the race for the unambiguous
detection of the particle continues” [88].

1.5 Topological Dirac and Weyl Semimetals

Topological phases of matter are not just limited to the systems with energy gaps.
The discovery of topological Dirac and Weyl semimetals illustrates that the novel
quantum phases of matter can exist even if band gaps are closed. In topological Dirac
and Weyl semimetals the conduction and valence bands touch at a finite number of
points, which are robust and protected by uniaxial rotation symmetries in crystal
lattices. The energy dispersion of the quasiparticles near the points are linear, and can
be described as massless relativistic particles as proposed by Hermann Weyl in 1929,
who found that the massless Dirac equations can describe relativistic fermions with a
definite handedness or chirality. Weyl’s equation was intended to model elementary
particles, but over 80 years no candidate of Weyl fermions have ever been observed
in high-energy experiment. In 1937 Conyers Herring [89] proposed that the Weyl
fermions can be realized in the electric band structure in solids. The energy bands
can cross at points or nodes which are protected by a high crystal symmetry. The
low-energy excitations near the points can be described by the Weyl equations. Weyl
fermions have left or right-handedness or chirality. The chiral symmetry of Weyl
fermions are broken in the presence of both electric field and magnetic field, i.e.,
chiral anomaly as a purely quantum mechanical effect. In 1983 Ninomiya and Nielsen
[90] suggested that the chiral anomaly of Weyl fermions could be observable in solids
as a magnetoresistivity in materials may reveal its signatures. After the discovery of
topological insulators, initial proposals for Weyl semimetals included Bi;_xSby ata
critical point between the normal and topological insulators [91], pyrochlore iridates
[92], and HgCr,Se3 [93], but there is no experimental evidence to support them yet.
Cd;As; [94] and Na3Bi [95] were predicted to be Dirac semimetals, and confirmed
to be so by photoemission and transport experiments [96, 97]. The Fermi arcs of the
surface states which are characteristic of the topological phases of matter have been
observed experimentally. TaAs [98, 99] is a stoichiometric and non-centrosymmetric
material and confirmed to be a topological Weyl semimetal with the Fermi arcs on
the surface [100, 101]. It is a representative of the transition metal monopnictide
or TX family where T = Ta/Nb and X = As/P. There are twelves pairs of Weyl
nodes near the Fermi surface. As a possible consequence of chiral anomaly of Weyl
fermions, negative magnetoresistance has been extensively reported in a series of
Dirac and Weyl semimetals at finite temperatures [102—105].
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1.6 Dirac Equation and Topological Insulators

The Dirac equation is a relativistic quantum mechanical equation describing an ele-
mentary spin—% particle [106, 107]. It enters the field of topological insulators for
two ways. First, a large class of topological insulators is characterized by strong
spin-orbit coupling, which arises in explicit form from the Dirac equation in the
non-relativistic limit [108]. It enables spin, momentum, and the Coulomb or external
electric fields to couple together. As a result, the band structures in some materials
can become topologically non-trivial. This provides a physical source from which
topological insulators form. Second, the minimal Hamiltonians for the quantum spin
Hall effect and the three-dimensional topological insulators have a mathematical
structure identical to the Dirac equation [109]

H = vepp - o+ (mvl, — Bp®) B, (1.4)

where o and 3 are the Dirac matrices, v,z is the effective velocity, and 2m vfff the
energy band gap. In these effective models, the equation is employed to describe the
coupling between electrons in the conduction and valence bands in semiconductors,
not the electrons and positions in Dirac’s theory. The positive and negative energy
spectra are the respective energies for the electrons and holes in the semiconductors,
and not those in high energy physics. The conventional Dirac equation is time-reversal
invariant. For a system with time-reversal symmetry, an effective Hamiltonian that
describes electrons near the Fermi level can be derived from the theory of invariants
or the k - p theory. As a consequence of the k - p expansion of the band structure,
some effective continuous models have a mathematical structure identical to the
Dirac equation. The equation can also be obtained from the effective model near the
critical point of the transition for a topological quantum phase.

Generally speaking, each topological insulator or superconductor is governed by
one Dirac equation. In this book, we start with the Dirac equation to provide a simple
but unified description for a large family of topological insulators and superconduc-
tors. A series of solvable differential equations are presented to demonstrate the
existence of the end, edge, and surface states in topological matters.

1.7 Topological Insulators and Landau Theory of Phase
Transition

Topological insulators and superconductors go beyond the Landau theory of phase
transitions, and constitute a new branch of condensed matter physics. There is no
continuous order parameter to describe the topological quantum phase. Instead we
have topological invariants, which characterize the phases [110]. Briefly speaking,
a quantum system is an eigenvalue problem; the solutions of the problem are the
eigenvalues and eigenvectors (also called eigenstates). The Landau theory actually
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focuses on the eigenvalue problem; by introducing an order parameter for a quantum
phase, Landau proposed that the free energy of a quantum system can be expanded
in terms of the order parameter, and the variational principle is used to determine
the general formalism of the free energy of quantum phase. A non-zero value for the
order parameter represents the occurrence of the quantum phase transition. Usually
the order parameter is related to the system symmetry. For example, there exists
a SU(2) symmetry breaking in a phase transition from a paramagnetic phase to a
ferromagnetic phase, and a U(1) symmetry breaking in a phase transition from a
metallic phase to a superconducting phase.

The other aspect of the eigensystem is the eigenstates; the eigenstates themselves
determine physical properties of the system, for example, the transport properties.
Topological invariants of the band structure reflect bulk properties of the quantum
system different from the order parameters in Landau theory of phase transitions.
There is no symmetry breaking in topological quantum phase transition while the
topological invariant changes. For example, the spin-orbit coupling can lead to a
band inversion of the conduction and valence bands in a topological insulator. The
Z, index changes from O to 1 while the time-reversal symmetry is not broken. The
topological invariants are calculated from the eigenstates of the system, not from
the free energy or the energy dispersion.

1.8 Summary

To summarize, there are several streams of research in the field.

1. The Hall effect: the integer and fractional quantum Hall effects (1980, 1982),
the quantum anomalous Hall effect (2013), the quantum spin Hall effect (2007,
2011).

2. Topological insulators: one-dimensional polyacetylene (1980s); the two-
dimensional HgTe/CdTe quantum well (2007) and the InAs/GaSb quantum well
(2011); the three-dimensional Bi;_,Sb, (2008), Bi,Te; (2009), Bi,Ses (2009),
and Bi, Te,Se (2010).

3. Topological superconductors: superfluid A and B phases in liquid *He (1972),
and semiconductor nanowires coupled to s-wave superconductors (2012), . . ..

4. Topological Dirac and/or Weyl semimetals: graphene as two-dimensional Dirac
semimetal, Dirac semimetals Cd,Sbs, Weyl semimetals TaAs, . . ..

5. Beyond electronic materials: topological photonic crystals, metamaterials, . . ..

In 2016, Nobel prize in physics was divided, one half awarded to David J. Thou-
less, the other half jointly to F. Duncan M. Haldane and J. Michael Kosterlitz “for
theoretical discoveries of topological phase transition and topological phases of mat-
ter”. This is the third Nobel prize in physics related to the quantum Hall effect. It
is believed that the prediction and discovery of topological insulators deserve one
more Nobel prize in the future.



14 1 Introduction

1.9 Further Reading

Introductory materials:

e J.E. Moore, The birth of topological insulators. Nature (London) 464, 194 (2010).
e X.L. Qi, S.C. Zhang, The quantum spin Hall effect and topological insulators.
Phys. Today 63, 33 (2010).

Overview:

e M.Z. Hasan, C.L, Kane, Topological Insulators. Rev. Modern Phys. 82, 3045
(2010).

e X.L. Qi, S.C. Zhang, Topological Insulators and superconductors. Rev. Modern
Phys. 83, 1057 (2011).

e X.G. Wen, Quantum Field Theory of Many-body Systems: From the Origin of
Sound to an Origin of Light and Electrons, Oxford Graduate Texts (2007).
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Chapter 2
Starting from the Dirac Equation

Abstract The Dirac equation is the key to understanding topological insulators
and superconductors. A quadratic correction to the equation makes it topologically
distinct. The solution of the bound states near the boundary reflects the topology of
the system’s band structure.

2.1 Dirac Equation

In 1928, Paul A.M. Dirac wrote an equation for a relativistic quantum mechanical
wave function that describes an elementary spin—% particle [1, 2],

H=cp-a+mcp, 2.1

where m is the rest mass of a particle and c is the speed of light. a; and 3 are known
as the Dirac matrices that satisfy the relations

ol =p"=1, (2.2)
oo = —Qoy, (23)
a3 = —fa;. (2.4)

Here a; and (3 are not simple complex numbers. The anticommutation relation means
that they can obey a Clifford algebra and must be expressed in a matrix form. In
one- and two-dimensional spatial space, they are at least 2 x 2 matrices. The Pauli
matrices o; (i = x, y, ) satisfy all these relations,

{Ui,Jj}:25ij, (25)
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ax:(?(l)),ayz(?Bi),azz((l)_()l). (2.6)

Thus, in one dimension, the two Dirac matrices «, and § are any two of the three
Pauli matrices, for example,

where

Oy = Oy, 6 =0;. 2.7
In two dimensions, the three Dirac matrices are the Pauli matrices,
Qy =0y, 0y =0y, 3 = 0. (2.8)

In three dimensions, we cannot find more than three 2 x 2 matrices that satisfy the
anticommutation relations. Thus, the four Dirac matrices are at least 4-dimensional,
and can be expressed in terms of the Pauli matrices

0 o;
a,»=(0,i‘6)zax®o,-, (2.9)
g=( % )=0 s (2.10)
= 0 — 00 =0, ao, .

where 0y is a 2 x 2 identity matrix.
From this equation, the relativistic energy-momentum relation will be automati-
cally the solution of the following equation:

E? =mzc4+p2c2. 2.11)

In three dimensions, there are two solutions for positive energy E and two solutions
for negative energy E_,

Ei = +m2c* + p2c2. (2.12)

This equation can be used to describe the motion of an electron with spin: the two
solutions of the positive energy correspond the two states of an electron, spin-up and
down, and the two solutions of the negative energy correspond to the two states of
an positron with spin-up and down. The energy gap between these two particles is
2mc*(~1.0MeV).

This equation requires the existence of an antiparticle, i.e., a particle with nega-
tive energy or mass, and predates the discovery of positrons, the antiparticles of an
electron. It is one of the main achievements of modern theoretical physics. Dirac
proposed that the negative energy states are fully filled, and the Pauli exclusion prin-
ciple prevents a particle transiting into these occupied states. The normal state of
the vacuum then consists of an infinite density of negative energy states. The state
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of a single electron means that all the states of negative energies are filled, and only
one state of positive energy is filled. It is assumed that any deviation from the norm
produced by employing one or more of the negative energy states can be observed.
The absence of a negative charged electron that has a negative mass and kinetic
energy would then manifest itself as a positively charged particle that has an equal
positive mass and positive energy. In this way, a hole or positron can be formulated.
Unlike the Schrodinger equation for a single particle, the Dirac theory, in principle,
is a many-body theory. This has been discussed in many textbooks on relativistic
quantum mechanics [2].

Under the transformation of mass m — —m, itis found that the equation remains
invariant if we replace 5 — — (3, which satisfies all of the mutual anticommutation
relations for «; and 3 in (2.4). This reflects the symmetry between the positive and
negative energy particles in the Dirac equation: there is no topological distinction
between particles with positive and negative masses.

2.2 Solutions of Bound States

2.2.1 Jackiw-Rebbi Solution in One Dimension

A possible relation between the Dirac equation and the topological insulator is
revealed by a solution of the bound state at the interface between the regions of
positive and negative masses. We start with

h(x) = —ivhd,o, + m(x)v’o, (2.13)
and
| em if x <0
mx) = [ +m, otherwise 2.14)

(and m; and m, > 0). We use an effective velocity v to replace the speed of light ¢
when the Dirac equation is applied to solids. The eigenvalue equation has the form

m(x)v? —ivhdy er(x) ) _ @1(x)
(—ivﬁax —meow? ) ) ) = EF o) ) (2.15)
For either x < 0 or x > 0, the equation is a second-order ordinary differential equa-
tion. We can solve the equation at x < 0 and x > 0 separately. The solution of the
wave function should be continuous at x = 0. In order to have a solution of a bound

state near the junction, we take the Dirichlet boundary condition that the wave func-
tion must vanish at x = +00. For x > 0, we set the trial wave function as
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+
(50)- ()

Then the secular equation gives

2 .
myv- — E  ivhAy _
det( A, —maw?—E )= 0. (2.17)

The solution to this equation is A, = &,/m3v* — E2/vh.

The solutions A can be either real or purely imaginary. For m%v4 < E? the solu-
tions are purely imaginary, and the corresponding wave functions spread over the
whole space. These are the extended states or the bulk states, which we are not inter-
ested in here. For m3v* > E? the solutions are real, and we choose a positive
to satisfy the boundary condition at x — +o00. The two components in the wave
function satisfy

+ v h>\+ +

=———@,. 2.18
P1 mzvz_Es02 ( )

Similarly, for x < 0, we have

o1(x) ©1 ) ax
= 1 2.19
(902()5)) (902)8 @19
with A\_ = /m3}v* — E2/vh, and
ivhA_
=0, 2.20
©y i T E? (2.20)

At x = 0, the continuity condition for the wave function requires

e\ _ (er
(%*) B (%‘)' 2D

From this equation, it follows that

—\/m%v4 — E? \/m%v“ — E?

myv? — E —mv: —E

(2.22)

Thus, there exists a solution of zero energy, E = 0, and the corresponding wave

function is
v mmj i _
y(x)= |-—— e~ Im@wxl/h 2.23
0 hm1+mz(1) 22



2.2 Solutions of Bound States 21

Fig. 2.1 Probability density 2
| (x)|? of the solution as a Illf(x)l
function of its position in

(2.23)

-m1<0 m >0

The solution is dominantly distributed near the interface or domain wall at x = 0 and
decays exponentially away from the point x = 0 as shown in Fig. 2.1. The solution
of m; = m, was first obtained by Jackiw and Rebbi, and is the mathematical basis
for the existence of topological excitations or solitons in one-dimensional systems
[3]. The spatial distribution of the wave function are determined by the characteristic
scales &1, = /\;l =h/ |m1,2v| . The solution exists even when m, — +o00. In this
case, ¥ (x) — 0 for x > 0. However, we have to point out that the wave function is
not continuous at the interface, x = 0. If we regard the vacuum as a system with an
infinite positive mass, a system with a negative mass with an open boundary condition
possesses a bound state near the boundary if the continuity condition is relaxed to
the wave function. This result leads to some popular impression of the formation of
the edge and surface states in topological insulators.

With regards to the stability of the zero mode solution, we may find a general
solution of zero energy for a distribution of mass m (x) that changes from a negative to
positive mass at two ends. Consider the solution of E = 0 for (2.13). The eigenvalue
equation is reduced to

[—ivh@xax + m(x)vzoz] w(x) =0. (2.24)
Multiplying o, from the left hand side, one obtains

Drip(x) = —@wm. (2.25)

Thus, the wave function should be the eigenstate of oy,

TyPn (x) = 77907,()6) (2.26)
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with

1 1

The wave function has the form

1 (1 Y omxv -,
op(x) o E (Wi) exp |:—/ n 7 dx ] . (2.27)

For x — £o00, p(x) o exp[— |m(£oo)vx| /h], and the sign 7 is determined by the
signs of m(£00). If m(400) and m(—o0) differ by a sign as a domain wall, there
always exists a zero energy solution near a domain wall of the mass distribution
m(x). Therefore this solution is quite robust against the mass distribution m (x).

2.2.2 Two Dimensions

In two dimensions (with p, = 0), we consider a system with an interface at x = 0,
m(x) = —m; for x <0, and m, for x > 0. p, = hk, is a good quantum number.
We have two solutions which the wave functions dominantly distribute around the
interface: one solution has the form

i

W, (x, ky) = /%—mTTZZ 8 e Im@vxl i,y (2.28)

1

with the dispersion € = vhk, and the other has the form

0
_ v mima ) imevr)/ikyy
V_(x,ky) = i |1 e (2.29)
0

with the dispersion €, — = —vhk,. We can check these two solutions in the following
way. The Dirac equation can be divided into two parts,

H = [m(x)v’8 + vpron] + UpyQy. (2.30)
From the one-dimensional solution one has

(m(x)v?B + vpa)¥We =0 (2.31)
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and

vpyo, W = top V.. (2.32)
From the dispersions of the two states, the effective velocities of the electrons in the
states are

Oey +
= = — 4. 2.33
T ek T (233)

Therefore, each state carries a current along the interface, but the electrons with
different spins move in opposite directions. The current density decays exponentially
away from the interface. As the system has the time reversal symmetry, the two
states are time reversal counterpart of each other, constituting a pair of helical edge
(or bound) states at the interface. Furthermore, the Dirac equation of p, = 0 can be
reduced to two independent sets of equations

h(x) = vp,o, £ vpyoy +m(x)v?o, (2.34)

for different spins. Thus, it is clear why two bound states have opposite velocities.

2.2.3 Three and Higher Dimensions

In three and higher dimensions, bound states always exist at the interface of the
system with positive and negative masses. Even when all other components of the
momentum in the interface are good quantum numbers, there is always a solution
for zero momentum, as in the one-dimensional case. We can use these solutions to
derive the ones of non-zero momenta in higher dimensions.

2.3 Why not the Dirac Equation?

From the Dirac equation, we know there is a solution of bound states at the interface
between two media with positive and negative masses or energy gaps. These solutions
are quite robust against the roughness of the interface or other factors. If we assume
that the vacuum is an insulator with an infinitely large and positive mass or energy
gap, then the system with a negative mass should have bound states around the open
boundary only if the contiuity condition of the wave function is relaxed. This is very
close to the definition of topological insulators. However, because of the symmetry
in the Dirac equation with positive and negative masses, there is no topological
distinction between these two systems after a unitary transformation. We cannot
determine which one is topologically trivial or non-trivial simply from the sign of the
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mass or energy gap. If we use the Dirac equation to describe a topological insulating
phase, we have to introduce or assign an additional “vacuum” as a benchmark. Thus,
we think this additional condition is unnecessary as the existence of the bound state
should be a physical and intrinsic consequence of the band structure in topological
insulators. Therefore we conclude that the Dirac equation in (2.1) itself may not be
a “suitable” candidate to describe the topology of quantum matters.

2.4 Quadratic Correction to the Dirac Equation

To explore a possible description of a the topological insulator, we introduce a
quadratic correction —Bp? in momentum p to the band gap or rest-mass term in
the Dirac equation [4],

H =vp-a+ (mv’ — Bp®) 3, (2.35)

where mv? is the band gap of the particle and m and v have dimensions of mass and
speed, respectively. B~! also has the dimension of mass. The quadratic term breaks
the symmetry between the mass m and —m in the Dirac equation, and makes this
equation topologically distinct from the original Dirac equation in (2.1).

To illustrate this, we plot the spin distribution of the ground state in momentum
space as shown in Fig. 2.2. At p = 0, the spin orientation is determined by mv?§3
or the sign of mass m, but for a large p, it is determined dominantly by —Bp?f3
or the sign of B. If the dimensionless parameter m B > 0, when p increases along
one direction, say the x-direction, the spin will rotate from the z-direction to the
x-direction of p at p> = mv?*/B, and then eventually to the opposite z-direction for
alarger p. This consists of two so-called merons in momentum space, which is named

t \\\‘:"L.\ ’ ‘/ l 4

PRt A7 X AN

Fig. 2.2 Spin orientation in momentum space. Left (nB < 0) the spins at p =0 and p = +00
are parallel, which is topologically trivial. Left bottom spin orientation along the p.-axis. Right
(mB > 0) the spins at p =0 and p = 400 are anti-parallel, which is topologically non-trivial.
Right bottom spin orientation along the p,-axis
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skymion. For mB < 0, when p increases, the spin will rotate from the z-direction
to the direction of p, and then flips back to the initial z-direction. The question of
whether the spin points in the same direction at p = 0 and 400 determines whether
the equation is topologically distinct in the case of mB > 0 and mB < 0.

2.5 Bound State Solutions of the Modified Dirac Equation

2.5.1 One Dimension: End States

Let us start with a one-dimensional case. In this case, the 4 x 4 (2.35) can be decou-
pled into two independent sets of 2 x 2 equations,

h(x) = vpyo, + (mv2 — Bpi) o,. (2.36)

For a semi-infinite chain with x > 0, we consider an open boundary condition at
x = 0. Itis required that the wave function vanishes at the boundary, i.e., the Dirichlet
boundary condition. Usually, we have a series of solutions of extended states, which
wave functions spread throughout the whole space. In this section, we focus on the
solution of the bound state near the boundary. To find the solution of zero energy, we
have

[vpxox + (mv2 — Bpf) az] p(x) =0. (2.37)

Multiplying o, from the left hand side, one obtains
1
drp(x) = —— (mv* 4+ BR*03) oyp(x). (2.38)
v .

If o(x) is an eigen function of o, take p(x) = x,¢(x) with oy x, = nx, (n = £1).
Then, the differential equation is reduced to the second-order ordinary differential
equation,

B, (x) = —viﬁ (mv® + BR20%) ¢(x). (2.39)

—Ax

Taking the trial wave function ¢(x) o e~"*, one obtains the secular equation

BR*X* — nuhl + mv? = 0. (2.40)

The two roots satisfy the relation A; + A_ = nvh/B and A\ \_ = mv>/Bh>. To
have a bound state solution, it is required that the wave function vanishes at x = 0
and x = 400,

px =0) =pkx =400) =0. (241)
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Fig. 2.3 Schematic of the

probability density |¥ (x)|? A |\IJ($) |2
of the end state solution as a
function of its position in
(2.42)

>
0 X

The two roots should be positive and only one of x;, satisfy the boundary condition
for a bound state, n = sgn(B) (without loss of generality, we assume that v is always
positive). In the condition of m B > 0, there exists a solution of the bound state with
Zero energy

¢ B —X —x/&-
o (x) = E (Sgni( )) (e (& _ p=x/€ ), (2.42)

where £ = ﬁ (1 +41— 4mB) and C is the normalization constant. The main
feature of this solution is that the wave function distributes dominantly near the
boundary, and decays exponentially away from one end as shown in Fig. 2.3. The
two parameters £ and £_ decide the spatial distribution of the wave function. These
are two important length scales, which characterize the end states. When B — 0,
& — |B|h/vand &~ = h/mu,i.e., & approaches to zero, and £_ becomes a finite
constant that is determined by the energy gap mv?. If we relax the constraint of the
vanishing wave function at the boundary, the solution exists even if B = 0. In this
way, we go back to the conventional Dirac equation. In this sense, the two equations
reach the same conclusion. Whenm — 0, £_ = i/mv — 400 and the state evolves
into a bulk state. Thus, the end states disappear and a topological quantum phase
transition occurs at m = 0.
In the four-component form to (2.35), two degenerate solutions have the form,

sgn(B)
C
U = — 0 (e™/& — =¥/ (2.43)

2| o

i
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and
0
_ C [ sgn(B) —x/¢ —x/e.
= i ; (75 —e7V/5), (2.44)
0

We shall see that these two solutions can be used to derive effective Hamiltonians
for higher dimensional systems.

The role of this solution cannot be underestimated in the theory of topological
insulators. We will see that all solutions of the edge or surface states, and topological
excitations are closely related to this solution.

2.5.2 Two Dimensions: Helical Edge States

In two dimensions, the equation can also be decoupled into two independent equa-
tions

hy = vpyox T vpyoy + (mv2 - sz) 0. (2.45)

These two equations break the “time” reversal symmetry under the transformation
of 0; - —o; and p; — — p;, although the original four-component equation is time
reversal invariant.

We consider a semi-infinite plane with the boundary at x = 0. p, = hk, is a good
quantum number. At k,, = 0, the two-dimensional equation has the identical form as
the one-dimensional equation. The x dependent part of the solution has the identical
form as in the one dimension. Thus, we use the two one-dimensional solutions
{w;, ¥} in (2.43) and (2.44) as the basis of the two-dimensional solutions. The y
dependent part AH,p = vpyay, — B pi [ is regarded as the perturbation to the one-
dimensional Hamiltonian. In this way, we have a one-dimensional effective model
for the helical edge states

Heyy = (WAl (W) AH (m) = vpysgn(B)o. (2.46)

The sign dependence of B in the effective model also reflects the fact that the helical
edge states disappear if B = 0. The dispersion relations for the bound states at the
boundary are

€p, 4 = LU, (2.47)

Electrons have positive (4v) and negative velocity (—v) in their two different states,
respectively, and form a pair of helical edge states.
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The exact solutions of the edge states in this two-dimensional equation have the
form similar to that in the one-dimensional equation [5],

sgn(B)
C 0 .
U = — (e*X/€+ _ E*X/ﬁ—)eﬂpvy/h (2.48)
V2 0
i
and
0
— % Sgnl(B) (e—x/§+ _ e—x/ff)e-‘ripyy/ﬁ’ (249)
0

with the dispersionrelations €, +. = +vpysgn(B). The characteristic lengths become
py dependent,

v

el = ST (1 + /1 —4mB +4sz§/v2). (2.50)

In two dimensions, the Chern number or Thouless-Kohmoto-Nightingale-Nijs
(TKNN) integer can be used to characterize whether the system is topologically
trivial or non-trivial [6]. For the two-band Hamiltonian in the form H = d(p) - o,
the Chern number is expressed as

1 d-(0,dx0d,d)
c=—— | dp————— 32—, 2.51
" 471'/ P d3 ( )

where d? = Doy b, 2 (see Appendix A.2). The integral runs over the first Brillouin
zone for a lattice system, in which the number 7, is always an integer (see Appendix
A.1). In the continuous limit, the integral area becomes infinite, the integral can be
fractional. For (2.45), the Chern number has the form [7, 8]

ngy = :I:%(sgn(m) + sgn(B)), (2.52)

which is related to the Hall conductance o+ = nie?/h. When m and B have the
same sign, ny = %1, and the system is topologically non-trivial. But if m and B
have different signs, n. = 0. The topologically non-trivial condition is in agreement
with the existence condition of the edge state solution mB > 0. This reflects the
bulk-edge relation of the integer quantum Hall effect [9].
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2.5.3 Three Dimensions: Surface States

In three dimensions, we consider a y—z plane at x = 0. We can derive an effective
model for the surface states by means of the one-dimensional solution of the bound
state. As the momenta among the y—z plane are good quantum numbers, we use
their eigenvalues to replace the momentum operators, p, and p,. Consider p, and
p. dependent part as a perturbation to H;p(x),

AHsp = vpyay + vp:o; — B(p} + p)p. (2.53)
The solutions of the three-dimensional Dirac equation at p, = p, = 0 are identical to

the two one-dimensional solutions, |¥;) and [¥,) in (2.43) and (2.44). For p,, p, # 0,
we use the solutions

sgn(B)

¢ 0 —x/Eh _ x/Ey i(pyy PR

llflzﬁ 0 (et — 7S )e! WPy P (2.54)
i
and
0

C -

b= S| e e s
0

as the basis. A straightforward calculation as in the two-dimensional case gives

v
Heyp = (W] (B2 AHsp (:wx) = vsgn(B)(p x 0. (256)
Under a unitary transformation,
@ ! (1¥1) — i [¥) (2.57)
= — —1i .
1 NG 1 p)
and
—i
&) = E(Ilpﬁ +i|¥), (2.58)
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one can have a gapless Dirac equation for the surface states

1 D
Hegy = 5 (1], (92) AHsp (:4,3)

vsgn(B)(pyoy + p.02). (2.59)

The dispersion relations become €, + = Fvp with p =/ pg + p2. In this way, we
have an effective model for a single Dirac cone of the surface states as plotted in Fig.
2.4. Note that 0; in the Hamiltonian is not a real spin, which is determined by two
states at p, = p, = 0. In some systems |¥|) and |¥;) are almost polarized along the
z-direction of the electron spin. In this sense, the Pauli matrices in (2.56) may be
regarded as approximating a real spin.

The exact solutions of the surface states of this three-dimensional equation with
a boundary are

Wy = CW(e /% —e /) expl+i (pyy + pe2) /Nl (2.60)

Fig. 2.4 The Dirac cone of
the surface states in
momentum space
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where
cos gsgn(B)
0 —i sin Esgn(B)
v = o (2.61)
sin 3
icos%
and

sin gsgn(B)

. g
CoS 5 B
o — | Feos259n(B) (2.62)

0
Cos 2

i sin 5
with the dispersion relation €, + = fvpsgn(B). tan¢ = p,/p.. The penetration

depth becomes p dependent,

v
2|Blh

el = (1 +/1 —4mB+4B2p2/h2). (2.63)

2.5.4 Generalization to Higher-Dimensional Topological
Insulators

The solution can be generalized to higher-dimensional system. We conclude that
there is always a (d-1)-dimensional surface state in the d-dimensional modified Dirac
equation when mB > 0.

2.6 Summary

From the solutions of the modified Dirac equation, we found the following conclu-
sions under the condition of mB > 0,

e in one dimension, there exists a bound state of zero energy near the end;

e in two dimensions, there exists solution of a pair of helical edge states near the
edge;

in three dimensions, there exists solution of surface states near the surface; and
in higher dimensions, there always exists a higher dimensional boundary states.

From the solutions of the bound states near the boundary and the calculation of the
Z, index, we conclude that the modified Dirac equation can provide a description of
a large class of topological insulators from one to higher dimensions.
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2.7 Further Reading

e P.AM. Dirac, Principles of Quantum Mechanics, 4th edn. (Clarendon, 1982).

e J.D. Bjorken, S.D. Drell, Relativistic Quantum Mechanics (MaGraw-Hill Inc.,
1964).

e S.Q. Shen, W.Y. Shan, H.Z. Lu, Topological insulator and the Dirac equation.
SPIN 01, 33 (2011).
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Chapter 3
Minimal Lattice Model for Topological
Insulators

Abstract A lattice model can be mapped into a continuous model near the critical
point of a topological quantum phase transition. The topology of a lattice model
remains unchanged if no energy gap in the band structure closes and reopens.

3.1 Tight Binding Approximation

The tight-binding model has been extensively used to describe the band structure
of electrons in solids. The schematic in Fig. 3.1 depicts the formation of a tight
binding lattice from the point of view of atomic physics. Consider an isolated atom,
say hydrogen atom. In quantum mechanics, an electron rotates around the nuclei in
the Coulomb interaction, and forms a series of discrete energy levels or orbits, E,, =
—ez/(SweOnzao), where the Bohr radius ag = 47reohz/(meez) and n is an integer. The
ground state energy is E, -1 = —13.6 eV and the radius of the orbitis ¢y = 0.529
A. The energy of the first excited state is E,—, = —3.4 eV. The energy difference
between the two states is about —10.2 eV, which is very large in a solid. Thus, it
is a good approximation to consider only the ground state of an electron at low
temperatures. When two atoms get close to each other, the orbits of two electrons
from different atoms may overlap in space. As a result, the electron of one atom may
jump into the orbit of another atom. Since the electron is mainly localized around the
original nuclei, the probability of an electron tunneling from one atom to another is
still quite tiny. The picture can be generalized to a lattice system consisting of atoms:
the electrons move from one atom to another one, and form energy bands.
In the second quantization the tight binding Hamiltonian is written as

H = Z eoczaci,g— Z ti_;c;”c_j_g, (3.1)

o=t (i,j),o=1.}

where the summation i runs over all the lattice sites, and o =1, | represent the
electron spin up and down, respectively. c; » and ¢; , are the creation and annihilation
operators of an electron at site i with spin ¢ obeying the anticommutation relation,
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Fig. 3.1 Schematic (a)
explaining the tight binding
approximation. a A single

atom with discrete orbits for

its electron. b When atoms

get together to form a solid,

the wave functions of the two

orbits (black) of adjunct

atoms overlap in space. ¢ If (b)
the overlap of the orbits is

small, the electrons are still
considered to be almost

localized around the original

orbits, but have a tiny

probability tunneling into the
adjunct orbits to form an

energy band (color figure (c) /\/\/\/\
online)
@ @ ] )

WD T G W ol W

czgcj,g« + cjyg/c;(, = 050'0;j. Itis required that ¢; , |0) = 0. #;; describes the hopping
amplitude of the electron from site i to site j.

For a ring of one-dimensional lattice with N lattice sites or a one-dimensional
lattice with a periodic boundary condition, we take c; , = ¢;4n . For simplicity,
we suppose that the lattice is translationally invariant by taking #;; = ¢ for a pair of
nearest neighbor lattice sites. Performing the Fourier transformation, one obtains

1

o = = > etfie ., (3.2)
a
kn
1 )
clT,O = N Ze_lk"R' CZ/xs”' (3'3)
v Na
k)l
and the periodic boundary condition gives e Ri = ¢ikn(Ri+Na) with k, = 2nm/Na
(n=20,1,..., N — 1). In this way the Hamiltonian can be diagonalized as
H =Y ekn)c} ,Ck.0 (3.4)
kn

with the dispersion e(k,,) = €y — 2t cos k,a. Notice that for K = 27/a,e(k, + K) =
€(k,). For a very large N, k,a can be taken to be continuous number from O to 27
and K is called the reciprocal lattice vector.
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The approach can be generalized to two and three dimensions. The reciprocal
lattice vector can be defined for the purpose of the Fourier transformation from the
real space to the momentum space. In a three-dimensional lattice with the lattice
spaces a, b, and ¢, the reciprocal lattice vectors are given by

bxc

K, =2n————, (3.5)
a-(bxc)
cxa

K, =2n——, 3.6

b (b x ©) (36
axb

K. =2nr———, (3.7
a-(bxc)

and K, R, =2nfora =a,b, c.

The Fourier transformation is a powerful tool to study the periodic problem.
Usually it is a very good approximation for periodic lattices with a large lattice
sites. It is noted that the energy dispersions obtained in this way only describe the
bulk band structure. However, it may ignore solutions of possible states near system
boundary as phsyical systems usually are in the open boundary conditions instead
of the periodic boundary conditions.

3.2 Mapping from a Continuous Model to a Lattice Model

Usually a continuous model describes low energy physics in a long wave length limit.
The topology of the band structure should reveal the properties of the whole band
structure in the Brillouin zone. In practise, people like to use a lattice model instead
of a continuous model to explore the topology of a system. A continuous model
can be mapped into a lattice model in the tight binding approximation, in which
the Brillouin zone is periodic and finite. In a d-dimensional hyper-cubic lattice, one
makes the following replacements [1]:

1
ki — —sink;a (3.8)
a
and
4 ka2
k> — — sin? ha = (1 — cosk;a), (3.9
a2 2 a?

which are equal only in a long wave length limit, i.e., k;a — 0 by using the relation
sinx ~ x for a small x. We use sin? ]‘—2" or cos k;a instead of sin? k;a for kl.2 to avoid
the next nearest neighbour hopping in the lattice Hamiltonian. In this way the hopping
terms in the lattice model only exist between the nearest neighbor sites.
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Usually, the fermion doubling problem exists in the lattice model for massless
Dirac particles. The replacement of k; — % sin k;a will cause an additional zero point
for ﬁ sink;a at k;a = m as well as at k;a = 0. Thus, there exist four Dirac cones in
a square lattice at k = (0, 0), (0, w/a), (7/a, 0), and (7/a, 7/a) for a gapless Dirac
equation. A large B term removes the zero point at (7/a, /a) as ‘L—? sin’ ’% — i—?.
Thus, the lattice model is equivalent to the continuous model only in the condition
of a large B. For a finite B, the band gap may not open at the I” point in the lattice
model because of the competition between the linear term and the quadratic term
of k;. This fact may lead to a topological transition from a large B to a small B.
Imura et al. [2] analyzed the two-dimensional case in details and found that there is
a topological transition at a finite value of B in two dimensions. A similar transition
also exists in higher dimensions. Thus, it is necessary to be careful when a lattice
model is constructed based on the continuous model. However the topology of the
band structure never changes if the energy gap in the band structure does not close
and reopen, whereas the model parameters vary continuously.

With this mapping, one obtains the following lattice model for topological
insulator

hv . 2 4n? . 2 kia
H:7 Z sink;ac; + | mv —37 Z sin -5 s. (3.10)

i=x,y,2 i=x,y,2

The energy dispersions for this system are

K202 4Bh? ki
Err=% a_zi_xZV:ZSiHZkia+ mv? — g igzsinz% . (3.11

For mB < 0 there is always an energy gap between the two bands 2|m|v?. For
mB = 0 (B # 0) the energy gap closes at the points k;a = 0 as Eg+ = Ey _. For
mB > 0 there exists several gapless points at mv> = 4Bh?/a® (in one, two, and
three dimensions), 8 Bh? / a? (in two and three dimensions) and 12 B#? / a? (in three
dimensions). We shall show that these are the critical points for topologically quantum
phase transitions. For simplicity, we take the lattice constanta = h = 1.

We can perform the Fourier transform to transfer the effective Hamiltonian from
momentum space into lattice space. In the tight binding approximation, the model
Hamiltonian on a hyper-cubic lattice has the form

H = Z Aci':,1ﬁnmci,m -1 Z C;;,nﬁnmcim
(.4}

i,n,m

+it/ Z I:Ci:_a’,,(au)nmcim - cin(aa)nmcﬂra.m:l . (312)

i,0,n,m
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Here (i, j) runs over the pairs of nearest neighbor sites. a = x, y, z and i 4 a rep-
resents the lattice site R; + R,.n,m = 1,2, ..., d where d is the dimension of the
Dirac matrices. The relations of the model parameters are

h
{ = 2—” — v/2, A —2dt = mv,t = —BW*/a* = —B. (3.13)
a

Denote (czl, c; 2 ...,cz d) by ciT . In this way, the equation can be written in a
compact form:

H = Z chﬂci —t Z c;ﬁc,- +it Z [c;‘;aaaci — c})aacHa] . (3.14)
i

(i), i,

3.3 One-Dimensional Lattice Model

Consider a one-dimensional lattice model

N ~1
H = Achazcj —tz (cjﬂazcj ~|—cj.azcj+1) (3.15)
j=1 =1
N-1
+it’ (c;fﬂaxcj - cj‘»axc]url) . (3.16)
j=1

where cj. = (cjT . cj L) . To find the end state, we adapt the open boundary condition.

We choose (CI c;, R cj\,) as the basis. The Hamiltonian can be written in the form
of a matrix:
Ao, T 0 0 ... O
TV Ao, T 0 ... O
0 TV Ao, T ... O
H = . N (3.17)

0 0 0 TVAg, T
0 0 0 0 T' Ao,
where T = —to, —it'o,. As o, and o, are 2 x 2 matrices, the Hamiltonian is a
2N x 2N square matrix.
Here we present a solution for N = 400, i.e., a semi-infinite chain with an end at

Jj = 1. We take the eigenvector for H as v = (IIIT, 11/21', e, 11/;,). The eigenvalue
equation of this problem becomes
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Ao W+ TW; . + T, = EY; (3.18)
for j = 1,2, ... and ¥, = 0. To solve this equation, we set a trial solution,
i = = Ny (3.19)
Then (3.18) becomes
(Ao, + AT + X 'TH) ¥ = P¥ = EV. (3.20)

where the operator P = Ao, + AT + A7 !'T+ =~ . ¢ with

e = —it' A= A7h), (3.21)
7y =0, (3.22)
vo=A—A—tA7h (3.23)

In general, the matrix P is non-Hermitian, and one may have two complex eigen-
values for P. However, E must be real as it is the eigenvalue for a physical system.
Thus, P should meet one of the conditions:

(1). all components of ~y are real, and
(2). all non-zero complex components combine to give E = 0.

The first condition is met when v = ¢’*, which gives solution of the bulk band. These
solutions are not what we are interested in here. The second condition defines the
so-called annihilator. In the present case, if v, = isvy, (s = £1),

P =~ (o, +iso;). (3.24)
v = %(1, —is)T satisfies P¥ = 0, which is also one of the eigenstates of oy with

the eigenvalue —s.
Increasing and decreasing operators are defined by o+ = o, &£ i, which satisfy

o, ((1)):0;0—+ (?) =2((1)) (3.25)
()= (0) (%) 620

To have a zero-energy mode of E = 0, one has

and

A= —tA"=s/O =27, (3.27)
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This equation has two roots,

Ax(s) =

2 42
L g} (328)

2(t + st’) [ A2

The solutions for the end state require |[A+| < 1 as ¥; — 0 for a large j. Thus,

t —st’
A = t+zt/ <1, (3.29)
which requires s =sgn(t’/1).
Case I: Ay are complex for
4(t* — 1) > A? (3.30)
and
v
t—st 17
M| = = , 3.31
[ t4st 14 |5 31
Case II: For
4t — 1'% < A?, (3.32)
one requires
A2 4([2 _ t/Z) 4([2 _ [/2)
2
Ai]” = FIPEReTS: |:2 — Yy +2,/1— — < 1. (3.33)
It follows that
4% — 1) < A? < 412, (3.34)

Thus, the boundary condition of ¥, = 0 gives the solution
v, =\ — M)y, (3.35)
which does not vanish at the boundary at j = 1.

We now consider the special case of two exact solutions of this lattice model at
A =0andt = t'. In this case we have the solutions:
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®1
0
¥, =

and

Yr = A
PN
with

TTo) = —t(o. —io)p = 0;
TSON = _t(gz + io’x)‘igN - Oa

e ()54

and

(3.36)

(3.37)

(3.38)
(3.39)

(3.40)

These two solutions are located at two ends, and the energy eigenvalues are zero.
As the two solutions are degenerate, the linear combination of these two solutions is

also the solution for the lattice model.

3.4 Two-Dimensional Lattice Model

3.4.1 Integer Quantum Hall Effect

In two dimensions, the lattice model on a square lattice can be written as

H=d(K) o,
where
d, = Asink,a;
dy = Asinkya;
k.a

k,
d. = A — 4B sin®> =L _ 4B sin? ‘7“

(3.41)

(3.42)
(3.43)

(3.44)
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One can regard this model as a quantum spin in an effective magnetic field, d(k).
The dispersion relations are

Ey+ ==x|dk)|. (3.45)
The zero points of the dispersion are determined by a set of equations
sin®kya = sin kya =0 (3.46)
and

A = 4B sin?

(3.47)

There are three solutions: (1). A =0 with (kya =0, kya = 0); (2). A = 4B with
(kya =0, kya =m)or (kya =7, kya =0); (3).and A = 8B with (kya = 7, kya =
m). Thus, the energy gap closes and re-opens near these points. We shall see that
topological quantum phase transition will occur at the points (1) A = 0, (2) A = 4B,
and (3) A = 8B.

To find a solution of an edge state, we may adopt the geometry of a ribbon.
Along the x-direction, we adapt the periodic boundary condition such that k, is a
good quantum number. Along the y-direction, we adapt an open boundary condition.
Performing the partial Fourier transformation only for the x-direction, the problem
is reduced to a one-dimensional problem as k, is regarded as a variable.

N
H(k,) = Zczx,jhj,j(k)f)ckmj

=1

N—1
+ [Ck . hj (ke j+1 +Ck j+1h]+l ke, J] (3.48)

j=1

where
. 5 kya
hj j(ky) = Asink,o, + > ) o= (3.49)
i
hjj+1(ky) = Bo, + 540y, (3.50)
i

hjerjke) = h' ;. (k) = Bo, — S A0y, (3.51)

The problem of finding the solution of the edge state is reduced to a one-dimensional
problem for a specific k,. It can be solved following the method introduced in the
preceding section. This model can also be solved numerically.
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3.4.2 Quantum Spin Hall Effect

The combination of two 2 x 2 modified Dirac models can generate an effective model
for the quantum spin Hall effect. Under the time reversal ® =io, K,

ki —> —kl‘, o —> —0j, (352)
we have

OdK) - 0O ' = —d(-k) - o
= Ao, sink,a + Aoy sink,a

kya

k
_a, (A — 4Bsin® 22 _ 4B sin? 2“) (3.53)

We set d(k) - o for the “spin-up” sector and then —d(—Kk) - o for the “spin-down”
sector. In this way, we obtain an effective Hamiltonian,

o _(dk)-0o 0
OSHE = 0 —d(-k) o
= Asink,as) ® o, + Asink,asy ® oy

kya

k,
+ (A — 4Bsin® 22 _ 4B sin? }7“) 5. ® 0., (3.54)

where sy is a 2 x 2 identity matrix and s, is the Pauli matrix for the spin index.
More terms can be included, such as the spin-orbit coupling which appears as an
off-diagonal term in the matrix to couple the spin-up and -down. In this way S, is no
longer conserved, but the edge states may persist. This can be checked numerically.

3.5 Three-Dimensional Lattice Model

The lattice model on a cubic lattice is

k;
H=4 asinka+p(a-48 > sin27“ . (3.55)

i=x,y,2 i=x,y,z

Its dispersions are

ki
Ere==% A2 Y sitka+(a-48 > sin27a . (3.56)

i=x,y,z i=x,y,z
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The zero points of the dispersion are determined by a set of equations:

sin® kya = sin’ kya = sin k,a = 0, (3.57)
and
. o kya ., kya . o kea
A =4Bsin - + 4B sin T + 4B sin > (3.58)

There are four solutions at A =0, A =4B, A = 8B and A = 12B. The topologi-
cal non-trivial regions are 0 < A/B <4 and 8 < A/B < 12. Topological quantum
phase transition occurs at the points of A =0, and A/B = 4, 8 and 12.

To find the solution of the surface states, we consider a semi-infinite x—y plane.
In this case, the k, and k, are still good quantum numbers. In this case, performing
the partial Fourier transformation for the x- and y-axis,

> i explitke ji + Ky jy)] (3.59)

1
Chyky.jo =
NXNy j/\"j)'

and

> oty expl—i (ke ji + ky )], (3.60)

1
T T R —
JxsJysJz
v NxNy ke ky

we have a one-dimensional effective Hamiltonian along the z-axis:

Hke k) = D el g el ky)er i,
t A
+ Z Choty o (5 0 = 2BB)ck s, .+ hc., (3.61)
where

ki
elky, ky) = (Asinkca, + Asinkyoy) + | A —2B — 4B Z sin’ Ta s.
i=x,y

(3.62)

Here ¢, ;. is a four-component spinor. One can find the surface states solution by
means of exact diagonalization.
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3.6 Parity at the Time Reversal Invariant Momenta

We have constructed a lattice model by mapping the continuous model onto a lattice.
In the continuous model, the energy gap of the conduction bands and the valence
bands opens near k = 0. In the mapping, k is replaced by é sinka. As sinka has
two zero points at ka = 0 and ka = 7, this property may make the two models
topologically distinct. The topology of a system should be determined by the band
structure of the whole Brillouin zone, not simply by the asymptotic behavior near a
single point. In this section, we calculate the parity of the eigenstates at time reversal
invariant momenta, which may reveal whether the lattice model is topologically
trivial or non-trivial. We find that the parity of the eigenstates will change when
the energy gap between the two bands closes and re-opens, which accompanies a
topological quantum phase transition. Readers can come back to this section after
reading Chap. 4.

The parity operation 7 changes a right-handed system into a left-handed system,

T'xXT = —x (3.63)
and
7'pr = —p. (3.64)
7 is not only unitary, but also Hermitian
r=nl=n (3.65)

and 7> = 1. Hence its eigenvalue is either 4+1 or —1. For a system with a parity
symmetry, the energy eigenstates must be symmetric (41) or antisymmetric (—1),

TH(X) = P(—X) = Lo (x), (3.66)

if they are nondegenerate. In the Dirac equation, the full parity operator P needs to
be augmented with a unitary operator 3 [3],

P =g, (3.67)
such that
PO{,‘P = —q;, PﬁP = ﬁ (368)

In this way the Dirac equation is invariant under parity P.
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3.6.1 One-Dimensional Lattice Model

We begin with the one-dimensional lattice model:

k,
H = Asink,aa, + (A — 4Bsin? 2") 3. (3.69)

The eigenvalues are doubly degenerate,

kea\’
E. = :l:\/ A2sin® kea + (A — 4B sin? 2“) ) (3.70)

Suppose the Fermi energy is zero. Then two occupied states has negative energy and
are time reversal partners with each other,

Asink,a
. o kea
2EL, {EL +A—4Bsin >
0
P = 0 (3.71)

ky
A—4Bsin27“+E+

ki
/21;; (E+ + A —4Bsin® 2“)

ty = OYy, (3.72)

and

where @ is the time reversal operator.
The system is invariant under parity P as

PH(k) = H(—k)P. (3.73)

Noted that & is now a good quantum number, not an operator. From this relation, two
time reversal invariant momenta can be defined,

PH(I;) = H(I})P. (3.74)
In one dimension, the firstis /7 = 0,

PH(I =0) = H(—I)P (3.75)
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and the secondis I = 5 K = g (K is the reciprocal lattice vector),

1
2
PH(Iy) = H(—T + K)P. (3.76)

We calculate the eigenvalue of the parity of the state |1/),

r
Sleer, = (1| Pl1) = sgn (—A 4 4B sin? 7") . (3.77)

At the two time reversal invariant points, we have
Olka=0 = sgn(=4) (3.78)
and
Olka=r = sgn(—A + 4B). (3.79)

We notice that the parity changes sign at the points of A =0 and A = 4B, where
the energy gap closes. The Z; index v is determined by

(=" = blka=00lka=r = sgn(A)sgn(A — 4B). (3.80)

Thus, there are two distinct values of (—1)”, 4+1 or —1. Correspondingly, v = 0 or
1. Therefore, for 0 < A% < 4AB, the Z, index is

v=1, (3.81)

which shows that the system is topologically non-trivial.

3.6.2 Two-Dimensional Lattice Model
For a two-dimensional lattice model,

kid

H=A> sinkao;+|A—4B ) sin’ > 8. (3.82)

i=x,y i=x,y
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The two energy eigenstates with the negative energy are
—A(sinkya —isink,a)

kea .k,
\/2E+ (E+ +A—4B (sm2 7“ + sin? ’7“))

0
Y1 = " 0 .
A —4B (sm 2a + sin? )Ta) + E;

ka .k
\/2E+ (E+ +A—4B (sin2 Ta + sin? ’7“))

Py = OYy.

and

The corresponding energy eigenvalue is

,a

E_=— AZZSIII kia+ | A — 4BZ:sm2

i=x,y i=x,y

The parity or the J quantity at the time reversal invariant momenta is

T
Olk=r; = (1| P|Y1) = sgn —A+4BZsm 2a

i=x,y

47

(3.83)

(3.84)

(3.85)

(3.86)

In two dimensions there are four time reversal invariant momenta, I;a = (0, 0),
Iia = (0, n), Ia = (m,0), and I;a = (7, ). At these points the parity of the state

Yy 1s
0lra=0.0 = —sgn(4);
Ol ra=©.m = sgn(—A + 4B);
S| ha=(x.0) = sgn(—A + 4B);
Ol ra=(x.my = sgn(—A + 8B).
As a result,

(—=1)" = sgn(A) [sgn(—A + 4B)]* sgn(A — 8B).

(3.87)
(3.88)
(3.89)
(3.90)

(3.91)
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Therefore, we have a non-trivial index
v=1 (3.92)

for0 < A? < 8AB.

However, itis noted that §|xz—.r) = 0|ka=(x.0) discontinues at A = 4B. Although
the index is equal to 1 near the point, there exists another topological quantum phase
transition. Both phases are topologically non-trivial. Accompanying the transition,
the spin current around the boundary will change its sign.

3.6.3 Three-Dimensional Lattice Model

For a three-dimensional lattice model,
. ., koa
H=A Z sink,aa,, + (A — 4B Z sin’ T) 0. (3.93)
a=x,y,z a=x,y,z
The two energy eigenstates are

—A(sink,a — isinkya)

k(!
\/2E+(E++A 4B, . i nZTa)

Asink,
5 kaa
1/11 — 2E+ E+ +A—-4B Za:x,y z sin T (394)
0
2 koa
A—4B Za x.y.2 S 2 +Ey

kqa
2E, E++A—4Bza=“,zsm EN

and
1y = OYy. (3.95)

The corresponding negative energy is

2
k
E_=— | A2 Z sin kya + (A — 4B Z sin® %") ) (3.96)

a=x,y,z a=x,y,z
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The parity at the time reversal invariant momenta is

o, Tha
Oli=r; = (Y1|P|21) =sgn(—A + Z 4B sin® 5 )
a=x,y,z

At the time reversal invariant points

0l ra=0.0,00 = —sgn(4),

0l ra=©0.0.m) = 0lra=0.7.00 = 0l ra=(x.0,0) = sgn(—A + 4B),
0l ra=0.7,m) = Ol ra=(r.7.0) = 0l ra=(r.0,m) = Sgn(—A + 8B),
Ol ra=(r.rm) = sgn(—A + 12B).

Fork, =0,
(=D = 81 r4=0,0,0)0| r;a=0,0.m 6| rra=0,7,0)0| [ja=©, 7.7
= sgn(A)sgn(A — 8B).
For k, =0,
(=D" = 6lr,a=00,0.001 a=0,0,m 0| a=(x,0,0)0 | Fa=(x,0,7)
=sgn(A)sgn(A — 8B).
For k, = 0,

(=" = 81 r4=0,0,0)0 ra=0.7,0)0| ra=(r.0,0)0 | [ja=(r,7,0)
= sgn(A)sgn(A — 8B).

For kya = m,

(_l)yi - 5'ﬂa:(ﬂ,0,0)5|1",-a:(0,0,71')5|1",-a:(7r.7r,0)6|1",-a:(7r,71',77)
= sgn(A —4B)sgn(A — 12B).
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(3.97)

(3.98)
(3.99)
(3.100)
(3.101)

(3.102)

(3.103)

(3.104)

(3.105)

The prime index 14 is determined by the product of the parities at the eight time

reversal invariant points,

(=D =]]a=nm+

=sgn(A)sgn(A — 4B)sgn(A — 8B)sgn(A — 12B).

(3.106)
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Thus, for B > 0,

(vo; v1, 12, 13) = (0;0,0,0), for A <0, (3.107)
(vo; v, 1, 13) = (151, 1, 1), for 0 < A < 4B, (3.108)
(vo; vi, 12, 13) = (05 1,1, 1), for 4B < A < 8B, (3.109)
(vo; v1, 12, 13) = (1;0,0,0), for 8B < A < 12B, (3.110)
(vo; v1, 2, 13) = (0;0,0,0), for A > 12B, (3.111)

The system is topologically non-trivial only if 0 < A <4B and 8B < A < 12B.

3.7 Summary

In summary, a minimal lattice model for a topological insulator is established in
one, two and three dimensions. According to the parity of the eigenstates at the time
reversal invariant momenta, we conclude that (supposing that B is positive),

1. In one dimension, it is topologically non-trivial for 0 < A < 4B.

2. In two dimensions, it is topologically non-trivial for0 < A < 4B and4B < A <
8B.

3. In three dimensions, it is topologically non-trivial for0 < A < 4B and8B < A <
12B.
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Chapter 4
Topological Invariants

Abstract There are two classes of topological invariants for topological phases of
matter. The first is characterized by the elements of the group Z, which consists of
all integers. For example, the integer quantum Hall effect is characterized by the
integer n, i.e., the filling factor of electrons. The second class is characterized by
the elements of the group Z,, which consists of 0 and 1, or 1 and —1 depending on
convention. In a topological insulator with time reversal symmetry, 0 and 1 represent
the existence of odd and even numbers of the surface states in three dimensions or
even and odd numbered pairs of helical edge states in two dimensions, respectively.

4.1 Bloch’s Theorem and Band Theory

A Bloch wave or a Bloch state, named after Felix Bloch, is the wave function of an
electron in a periodic potential. Let us consider a Hamiltonian H(r) = H(r + R) in
a periodic potential. Bloch’s theorem states that the eigenfunction for such a system
must be in the form

11k (1)) = €™ uy i (1)), 4.1)

where u,, x (r) has the same period of the crystal lattice R with u,, x (r) = u, x(r + R).
The corresponding energy eigenvalues satisfy E, (k) = E, (k 4 K), periodic with the
periodicity K of a reciprocal lattice vector. The energies associated with the index n
vary continuously with the wave vector k and form an energy band identified by the
band index n. The eigenvalues for a given n are periodic in k; all distinct values of
E, (K) are located within the first Brillouin zone of the reciprocal lattice. See [1].
According to the Pauli exclusion principle, each state can be occupied at most by
one electron. Electrons will fill lower energy states first and consequently form the
Fermi sea for a finite density of electrons. The highest energy of the occupied states
is called the Fermi level or Fermi energy. Near the Fermi level, if a band is partially
occupied, it is in a metallic state. In this case when an external field is applied to
the system, the field will force electrons to shift away from the equilibrium position,
and gain a non-zero total momentum to form a flow of electric current. If the band is
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fully filled, and there exists an energy gap between the filled or valence band and the
unfilled or conduction band, it is an insulating state. In this case a weak external field
cannot force the electrons to move away from the occupied states to circulate a flow
of electric current. This is the case for a band insulator. The size of the energy gap
serves as a dividing line between semiconductors and insulators. If the energy gap
is smaller than 4eV (roughly), the electrons can be excited easily from the valence
band to the conduction band at finite temperatures, although the fully filled band does
not contribute to electrical conductivity at absolute zero. Thus, a semiconductor has
a smaller energy gap than an insulator.

4.2 Berry Phase

The choice of |u, x) is not unique. For example, there is always a U(1), i.e., a phase
uncertainty,

ltnx) — 7™ u, ). 4.2)

A definite set of phase choices in the Brillouin zone is called a definite gauge [2]. Fora
time reversal invariant system, there always exists a continuous gauge throughout the
Brillouin zone. For a time reversal broken system with a nonzero Chern number, there
is no such gauge so continuous gauges have to be defined in different patches of the
Brillouin zone [2, 3]. However, any physical observable must be gauge independent.

Consider the system Hamiltonian that varies with time through a parameter
R — R(#). We are interested in a cyclic evolution of the system from t =0 to T
such that R(r = 0) = R(¢ = T'). The parameter R(#) changes very slowly along a
closed path C in the parameter space. To solve the problem, we first introduce an
instantaneous orthogonal basis from the instantaneous eigenstates of H (R(#)) at time
t or each value of R(),

HR®) [un(R(®))) = ea(R(@)) |un(R(2))) . (4.3)

This equation does not completely determine the basis function of |u, (R(?))) due
to the phase uncertainty. However we can require that the functions are smooth and
single valued along the closed path. The equation also does not describe correctly the
time evolution of the quantum states. Instead, the quantum state should be governed
by the time dependent Schrodinger equation,

ihd; 1@ (1)) = HR()) |2 (D)) . 4.4

In the adiabatic approximation [4], the system will stay at one of the instantaneous
eigenstates (usually we choose the lowest energy state or the ground state) if the
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instantaneous state is clearly separated from the others and the time evolution is very
slow. In this case, this wave function can be related to |u,(R(¢))):

(1)) = "V exp [—% /0 di's, (R (ﬂ))} |u, (R(1))) (4.5)

and
Ory(t) = i (u, ()| Oy lun (1)) . (4.6)

Using the relation, J, = 0,R - Vg as the parameter R is a function of time 7, the phase
factor can be expressed as a path integral

Ve = / dR - A,(R), 4.7
C

where A, (R) is a vector
An(R) =i (u,(R(1)| VR [u, (R(1))) . (4.8)
This vector is called the Berry connection or the Berry vector potential. In addition
to the dynamic phase which is determined by integrating over ¢,(R(#')), the state
|®@(¢)) will acquire an additional phase 7, during the adiabatic evolution.
As A, (R) is gauge dependent, it becomes
A,(R) — A, (R)—VrX (49)
if we make a gauge transformation
lun (R())) = " ® |, (R(0))) - (4.10)
Thus, the phase v, will be changed by x(R(r = T)) — x(R(z = 0)) for the initial
and final points. For a cyclic evolution of the system along a closed path C with
R(0) = R(T), the single-valued condition of the wave function requires

XR(T)) = x(R(0)) = 2mm (4.11)

with an integer m. Therefore for a closed path C, 7. is independent of the gauge, and
now is known as the Berry phase

Ve = % dR-A,(R). (4.12)
c



54 4 Topological Invariants

By using the Stokes’ theorem, 7, can be expressed as an area integral

Yo = /dS -(R), (4.13)
A
where the Berry curvature from the Berry connection is defined as
22"(R) = Vg x A,(R). (4.14)
Its components are

'QZI,(R) = 6# (An)l/ - 81/ (An)/t,
= i ({0,142 (R) |0y 4y (R)) — (04 (R) |11 (R))) (4.15)
where we denote 9/0R,, by 0,,.

The Berry curvature £2 is analogous to the magnetic field in electrodynamics.
Using the completeness relation for the basis,

Dl (R) (uy(R)| =1 (4.16)

and the identity

. (R)| VR H(R) |, (R
(RO Vit Ry = LRI CD [0, @.17)

(m # n), the Berry curvature has an alternative expression:

@ =my (unR)| VRH(R) |14y (R)) X {1t (R)| VRH(R) |1, (R)) 4.18)

= (Ey — En)?
It is noted that the Berry curvature in (4.15) is expressed in term of one state u, (R),
but that in (4.18) is expressed as a summation over all possible states. It reflects that
the Berry curvature describes the global properties of a system, NOT the property of
a single band.

Consider a two-level system as an example. The general Hamiltonian describing
a two-level problem has the form,

1 Z X-iY 1

The energy eigenvalues are Ex = +R = ++/X? + Y2 + Z? and the two levels cross
at the point of R = 0. The gradient of the Hamiltonian in the parameter space is
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1
vRH =0 (4.20)

and we find that the Berry curvature has its vector form

_1R 4.21)
2RV '

This curvature can be regarded as a field generated by a magnetic monopole at the
origin R = 0. Integrating the Berry curvature over a sphere surface containing the

monopole, we have

1
— [ dS-2 =1. (4.22)
2w A
The divergence of §2 has the property
VR - 2 =275R). (4.23)

Thus, a point-like “magnetic monopole” is located at R = 0, which generates the
Berry curvature.
In a Bloch band, the Berry curvature is defined as

£2"(k) =i Vi x (uy(K)| Vi |y (K)) . (4.24)

As the Brillouin zone has the periodic boundary condition in momentum space and
the two points k and k + K in the Brillouin zone can be identified as the same point,
where K is the reciprocal lattice vector, a closed path can be realized when k sweeps
the whole Brillouin zone. In this case the Berry phase across the Brillouin zone
becomes [5]

Ve =/ dk - [V X (up (K)[ i Vi |un (K))] . (4.25)
BZ

4.3 Quantum Hall Conductance and the Chern Number

The Hall conductance in a two-dimensional band insulator can be expressed in terms
of the Berry curvature,

&2 dk &2
Oxy = — Qkx.k'\. = nzs

. —(27r)2 (4.26)

which is quantized for an integer n (including zero). Consider a crystal under pertur-
bation of a weak electric field E. Usually, the electrostatic potential ¢(r), which pro-
duces anelectric field E = — 7 ¢, varies linearly in space and breaks the translational
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symmetry. If the electric field enters the Hamiltonian through the electrostatic poten-
tial ¢(r), the wave vector is no longer a good quantum number and the Bloch’s
theorem fails to apply to the problem. To avoid this difficulty, recall the relation

E = —V¢ — 0,A. One can introduce a uniform vector potential A(r) that changes
over time such that 9,A(t) = —E. The Hamiltonian is written as
H(t) = > [p+eA®]*+ V(). (4.27)

Here we take the elementary charge of electron —e (e > 0). In this way the lattice
translational symmetry is preserved, and the momentum p is still a good quantum
number. In momentum space, p = hq, we have

e
H(q.1)=H [q + ;LA(I)] . (4.28)
Now we introduce the gauge-invariant crystal momentum,
e
k=q+ ﬁA(t). (4.29)

As q is a good quantum number, i.e., dq/dt = 0, it follows that

dk e
i —%E. (4.30)
The velocity operator is defined by
dr i
V=E=;L[H,r]. (4.31)
In momentum space, it becomes
v(q) = %VqH(q, 1). (4.32)

The presence of A(#) makes the problem time-dependent. The wave function for
the quantum state /() is governed by the time-dependent Schrédinger equation,

iho 1Y) = H(@®) |[4(1)) . (4.33)

Using the instantaneous eigenstates as the basis, we can expand the wave function
1(¢) in terms of the instantaneous eigenstates |u, (¢)) and eigenvalues E, ()

1 t
() =D exp (E / dr/Ena/)) (1) (9. 1)) . (4.34)
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Then the Schrodinger equation is reduced to

da;t(t) == Zm:am(t) <un(t)|atum(t)> eXp (—il) dt,wmn(t/)) s (435)

where Wy (1) = (Eu(t') — E,(1')) /h. For our purpose we consider an adiabatic
process in which the vector parameter R(#) varies with time very slowly, and

(un(q, )|0un(q, 1)) = OR- (u,(q, R)| vr |lu,(q, R)) << 1. (4.36)
In the limit of O,R = 0, we have

O,a, = 0. (4.37)

If the system is initially in the eigenstate |u,(q, t = 0)), it will stay in that state
afterwards. This is the quantum adiabatic theorem [4].

Now we consider the case that ;R # 0 but is still very small. Suppose the ini-
tial state has a,(0) = 1 and a,,(0) = O for all m # n. We apply the time-dependent
perturbation theory to calculate the quantum correction to the states due to the per-
turbation of the electric field. The zero-order perturbation gives a = 6, ,. Thus,
the first-order perturbation a'!” is given by

dal (1) [ /
—an = ((q, 1)|0su,(q, 1)) exp (—1/ dt’ W, (t )) . (4.38)
1o
Form = n, % = 0. Thus, we have
all () =0. (4.39)
For m # n,
m 7t 8 n 3t !
o () = —ip @ DI04 @ D) (—i / dﬂw,,m(t’)) . (4.40)
En - Em to

Thus, the wave function up to the first-order perturbation is given by

(U (q, H1Oiun(q, 1))

40 (0) = lun (g, D) = i Dl (4, 0) === : (4.41)
m#n n m

The second term is caused by the external field. Using the velocity operator in (4.32),
the average velocity in the state after the perturbation becomes
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Vn(q) - Z ((Mn((L t)' VqI-I |Mm(q, t)) (um(qv t)|atun(qs t))

m#n En - Em

1
+ﬁ qEn ((l)

by ignoring the higher order terms. Furthermore using the identity
(a(q, D VgH [t (Q, 1)) = (E, — Ep) (Vaitn(q, D]ttn(q. 1)) ,
the expression can be simplified in a compact form,
1
va(q) = ;_LVqEn(q) — 2q,

where

Q‘r]l,t =1 ((unVl'alun) - (alunlvqun)) .

_ h.c)

(4.42)

(4.43)

(4.44)

(4.45)

Thus, in the presence of an electric field, an electron can acquire an anomalous
transverse velocity proportional to the Berry curvature of the energy band [6, 7]. It

is noted that the Berry curvature is defined in the space of (¢, q).
It follows from (4.29) and (4.30) that

Vg = Vk
and
e
8t - atk'Vk - _ﬁE . Vk.

Thus, the velocity is reduced to

1 e

vo(qQ) = ~VKE, (k) — —E x 2"(k),

h h

where

£2"(K) = Vie X (up(K)| iV |1, (K))
= i (Viuy(K)| X |Vt (K)) .

(4.46)

(4.47)

(4.48)

(4.49)

Thus, the external field produces a transverse velocity in an adiabatic process. The

electric current in the presence of E is defined by

dk
j=—e) / Gy RS .

(4.50)
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where f (k) is the Fermi-Dirac distribution function. Suppose all bands below the
Fermi level are fully filled. The sum over the first term in the velocity in (4.48)
becomes zero, and the second term gives a Hall current

ja = O’HEQ‘{}Eﬁ (4.51)

with
6‘
dk$2] 4.52
oH = h 2T Z/.:Z ke o ( )

The integral runs over the first Brillouin zone, and
.Q,Zk = Ql’;\.+7r,ky = .Q,’;’kﬁﬁ. (4.53)

Hence the first Brillouin zone forms a closed torus. In this expression, we assume
that all bands are fully filled, and there exists an energy gap between the filled band
or valence band and the unfilled band or conduction band. The integral over a closed
torus gives an integer v (including zero).

62

oy = V;. (454)

The number is called Thouless—Kohmoto—Nightingale—den Nijs or TKNN number.
This result can also be derived from the Kubo formula explicitly (see Appendix A.1).

4.4 Electric Polarization in a Cyclic Adiabatic Evolution

Electric polarization P is the electric dipole moment per volume in dielectric media,
which is one of the essential concepts in electrodynamics. It is an intensive vector
quantity that carries the meaning of the dipole moment per unit volume. For example,
in a ferroelectric material, the electric polarization can present spontaneously. In the
Maxwell’s equation for the displacement D,

V-D=—p@), (4.55)
where D = ¢)E + P. Here E is the electric field, P is the polarization density and
p(t) is the charge density. Consider a solid in which there is no electric field. The

continuity equation d;p = —V - j leads to

V(9P —j) =0, (4.56)
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where j is the macroscopic current density. In an adiabatic evolution of a system, up
to a divergence-free part, the change in the polarization density in a cyclic evolution
is given by

T
AP, =/ dtjg. 4.57)
0

This equation is the basis for the modern theory of polarization. In the early 1990s,
it was realized that the polarization difference has a topological meaning, and is
actually related to the Berry phase [2, 8].

In an adiabatic process, it follows from (4.44) that

AP, —eZ/ dt/z Gy 2n . (4.58)

which is determined by the Berry curvature £2) | The summation runs over all the
occupied bands. In general we suppose that the adlabatlc transformation is parame-
terized by a scalar A(¢), it follows that [9]

AT)

AFo = ez/m) /BZ (2m)d g 49

where
Q{’;M = 0, A} — 6‘,\Agn. (4.60)

In the course of a cyclic evolution, A(7") and A(0) will represent the same state.
Consider the periodicity of the q space. The g, — A plane forms a close torus. It should
be pointed out that the polarization is determined up to an uncertainty quantum. As
the integral does not track the history of A, there is no information on how many
cycles A has gone through. For each cycle an integer number v of electrons are
transported across the sample [2],

AP, = eva, 4.61)

where a is the lattice constant. Here the integer v appears as a topological invariant
for the adiabatic transport.

From the Bloch function we can define the Wannier function associated with the
lattice vector,

1 ‘
R n) = —— / dke ™R |y, 1) (4.62)

King-Smith and Vanderbilt [9] showed that the polarization can be defined by the
sum over all the bands of the center of the charge of the Wannier state associated
with R =0,
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P:—eZ(R:O,nIrIR:O,n)=—§/dk~A(k), (4.63)

where A(k) =i (un,k‘ Vi ‘u,,.k). Here we have used the relation, r = iy.
n

4.5 Thouless Charge Pump

In the cyclic adiabatic evolution of a one-dimensional insulator,
Hk,t+T)=H(k,1), (4.64)

the charge pumped across the insulator is always an integer, which is defined as a
topological invariant, i.e., the electric polarization

AP = Zi 7{ [A(k, T) — Ak, 0)] dk = nea. (4.65)
T

Here we present an example to illustrate the process of the charge pump. The Rice—
Mele model was introduced in the study of solitons in polyenes in the 1980’s, and
later used to study ferroelectricity [10]. It reads

1 & .
H = +hy(1) Zl:(—l)"c;cn +3 D o+ 600" chentr +he,  (4.66)

n=1

where
2 2
(0(1), ha (1)) = (60 cos %t hg sin %t) (4.67)

and N is an even number. This is a time-dependent model: §(z) denotes the displace-
ments of the nth and (n 4 1)th electrons from their respective equilibrium positions
in a staggered or dimerized form, and +h(¢) are the staggered on-site potentials.
Both §(¢) and hy(¢) are periodic function of time 7 with the same period 7.

We consider a system with an even number 2N of lattice sites and take a periodic
boundary condition. After performing the Fourier transformation,

1 "y
a, = —— c.e ™ 4.68
=% > (4.68)

je2n
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and
1 -
by = —— Z cje ™, (4.69)
Wj€2n+l
the Hamiltonian is reduced to
ay
H= ;m,i, by [d(k, 1) - o] ( bk) : (4.70)
where
1 1
di(k, 1) = E(to +6()) + E(to — (1)) cosk, 4.71)
1
dy(k,t) = _E(to — (1)) sink, 4.72)
d.(k, 1) = hg(1). (4.73)

The instantaneous dispersions of the two bands at time ¢ are

ex(k, 1) = £ |d(k, 1)|

= :i:\/h(z) sin’ ? + &3 cos? ? sin’ g + 13 cos? g (4.74)
The degeneracy points are iy = 0, or &g = 0, or #p = 0. The energy gap between
the two bands is AE = min(2 |ty , 2 |hg|, 2 |dp]). Therefore, the adiabatic condition
requires that 7 > i/ min(2 |ty|, 2 |hg| , 2 |d|). If the low band is fully filled, the
charge pump in the cyclic adiabatic evolution is associated with the Chern number
of the ground state AP = n.ea,

T dk
ne = dt/ — 7
/0 pz 2™ bt

T .
_ —L/dk/ dtd(k’ 1) - [Okd(k, 1) ;< Oid(k, 1)]
4 0 |d(k, 1)

= —Sgl’l(l‘()ho(SQ), 4.75)

because the k — ¢ plane forms a closed torus due the the periodicity of 7. We find
that the Chern number is +1 or —1 once fyhydy # 0. A topological quantum phase
transition occurs at the points of iy = 0, or §g = 0, or o = 0, where the Chern number
changes its sign whenever any one of the parameters changes its sign.
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The charge pumping can be understood by examining the end states in an open
chain. The Rice-Mele model is reduced to the Su—Schrieffer—Heeger model when
6(t) # 0 and hy(z) = 0. The solution of the end state in this model can be found
in Sect. 5.1. At t = 0, (§(¢), hy (1)) = (460, 0). The hopping amplitudes along the
chain starting from site i = 1 are 7y — dg, fo + 6o, o — o, fo + Op, - - - . Assume
to > 09 > 0. In this case, there are the two end states of zero energy at two ends
of the chain, which are degenerate at iy = 0. At the half filling, which occurs
when one particle occupies two sites on average, we suppose that the right end
state is occupied, and the left end state is empty. With increasing time ¢, the on-
site energy hy(f) lifts the end mode away from the zero energy to the valence
band: one is pushed to the positive band and the other to the negative band At
t=T/2,(0(t), hy(t)) = (—dp, 0). The hopping amplitudes become fy + dy, fo — do,
to + do, tg — dp, - - - . In this case, the two end states disappear, as they have already
evolved into bulk states. When 7 continuously increases, the end states reappear. How-
ever, the left end state becomes the occupied state, and the right end state becomes
empty. Att =T, (6(t), hg (1)) = (400, 0). The hopping amplitudes go back to the
case of = 0. The Hamiltonian returns to the original at # = 0. Although the energy
eigenstates remain unchanged, due to the double degeneracy of the ground state at
half filling, the electron configuration has changed: the electron in the right end state
at r = 0 has been transferred to the left end state at r = T'. In this way one electron
has been pumped from the left to the right side. The instantaneous spectra of the
Rice-Mele mode in (4.66) are plotted in Fig. 4.1.

Fig. 4.1 Instantaneous 1.5
energy spectra of the
Rice—Mele model. The solid
line stands for the end state
near the right side and the
dashed line stands for the
state at the left side. It
illustrates the evolution of
the end state from one side to
the other. Here we take

00 = 0.2t9 and hy = 0.51
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4.6 Fu-Kane Spin Pump

Fu and Kane proposed an electronic model with spin % for the spin pump by gener-
alizing the spinless Rice—Mele model [11],

. 1 .
H=he(t) D (=Dic] 0% e+ 3 > o+ (=D cf cinro + hec.,
i, o=+l i,o=%1

(4.76)

where
2 2
(8(0), hy () = (50 cos %t o sin %t) . @.77)

A magnetic staggered field is introduced to replace the on-site potential. We choose
the eigenstates of o, as a basis, and set QS};T = (a,:T, b/:T) and qﬁ,’w = (a,:l, b;i).
The model is diagonalized in block with spin up and down,

H= Zk:(szw ¢£,¢) (d+0. o dﬁO. 0) (zil) ’ (4.78)
where
(dy)x = %(fo +4@) + %(fo — 0(1)) cosk, 4.79)
(ds)y = —%(to — 5(1)) sink, (4.80)
(dy); = £hy(@). (4.81)

Thus, electrons with spin up and down are decoupled. It is noted that (d..), differ
by a minus sign. The corresponding Berry curvatures for electrons with spin up and
down will also differ by a minus sign. As ¢ increases from 0 to 7, if an electron
with spin up moves from left to right, there must be another electron with spin down
moving from right to left

APy = +ea (4.82)
and
AP, = —ea. (4.83)

As a result, there is no charge pump in a cyclic evolution. Instead electron spins
exchange at the ends as electrons with spin up and down move in opposite direc-
tions simultaneously. When S, is conserved, this idea can be used to describe the a
quantized spin pump.
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Usually electron spin does not obey a fundamental conservation law. The concept
of spin pump cannot be simply generalized to the case that S, is non-conserved.
However, Fu and Kane [11] proposed that similar events occur even when the spin
degrees of freedom are non-conserved. Consider the inclusion of an additional term
for spin-orbit coupling,

- i i
Vo = E 1€y - (Ciggaa/ci+ln’ - Ci+1gUUU/CiU/)’ (4.84)

i,0,0'

into (4.76) where e, is an arbitrary vector characterizing the spin-orbit interaction.
In this way, the z-component spin ¢° is no longer a good quantum number

V=D ity 0o [(1 —eyal by — (1— e—"k)b,t,gak,g,] . (4.85)

i,0,0'

In this case, there still exists an additional symmetry, i.e., time reversal symmetry,
and the Hamiltonian satisfies the following relation

H(—1) = OH(HO . (4.86)
For an adiabatic cyclic evolution, we have
H(t)=H(t+T). (4.87)

There exist two distinct points, #{ = 0 and #; = T'/2 at which the Hamiltonian is time
reversal invariant

H(t') = OH(tH)O™! (4.88)

(i = 1, 2). The existence of these two points plays a crucial role in the topological
classification of the pump cycle.

In general, in the absence of a conservation law, there will be no level crossing, and
the system will stay in the same state before and after cycling. In the case of charge
pump, the level crossing is protected by the charge conservation. In this case it is the
time reversal symmetry that protects the level crossing at ] or #5. At the two points,
there exists a Kramers degeneracy: the two states, as time reversal counterparts, have
the same energy. Fu and Kane proposed introducing the concept of time reversal
polarization, which is quantized in the spin pump.
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4.7 Integer Quantum Hall Effect: The Laughlin Argument

Laughlin showed that the quantization of the Hall conductance is a consequence
of the gauge invariance and the existence of the mobility gap [12]. Consider a two-
dimensional electron gas which is rolled as a cylinder along the y-direction, as shown
in Fig. 4.2. A magnetic flux ¢ is threading through the cylinder and varies with time
very slowly. Suppose the system has an energy gap and the Fermi energy is located in
the gap. According to the Faraday law, the varying magnetic field induces an electric
field E, around the magnetic flux ¢. The Hall current density J, is given by

Je = 0Ey, (4.89)

where the coefficient oy, is the Hall conductance. Then, from the continuity equation
of charge, the charge Q flowing through the cylinder is

d
—Q = —%dldx = —axy]{dl - Ey. (4.90)
dt
Using the Stokes’ theorem,
fdl -Ey = /dS -V X E,. 4.91)
Furthermore it follows from Faraday law, V x E = —%—};, that
dQ 0B do
= =0, [ dS- — =0,,— 4.92
a0 / o (4.92)
or
AQ = 0, Ad, (4.93)
Ey
A = h/e
— J:.\:
AQ =ne

Fig. 4.2 Schematic of the setup for Laughlin’s Gedanken experiment for the integer quantum Hall
effect. A changing flux through the cylindrical device generates an electric field Ey in the y-direction,
which induces a Hall current J, in the surface along the x-direction. The change of one quantum
flux will transfer an integer of elementary charges from one side to the other side
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where ¢ = [ dS - Bis the magnetic flux. Taking the change of magnetic flux as A¢ =
¢o = h/e, the Hall conductance becomes o, = 7 AQ. Thus, the Hall conductance
is determined by the charge transfer AQ after changing the magnetic flux by one
magnetic flux quantum A¢ = ¢y.

What'’s the value of AQ? In the present geometry, the presence of the magnetic
flux in the cylinder will lead to a gauge transformation in the vector potential,

P+ eA — p+ e(A + JA). (4.94)

We take 0A = %VA. The wave function will be transformed as
U (r) — 2O (). (4.95)

For a quantum flux § 6A - dl = ¢, one has A(r, ¢ = ¢g) — A(r, ¢ = 0) = 27. Thus,
the eigenstate before and after the variation of one quantum flux are identical, i.e.,

H(¢ = ¢o) = H(¢ =0). (4.96)

However, for a many-body system, the occupancy of electrons may be different after
the variation of one quantum flux,

AQ = ne, 4.97)

where 7 is an integer that is determined by the topology of the band structure of the
system. Therefore we conclude that

o2

Oxy =1 (4.98)
This can be regarded as a generalization of the adiabatic charge pump in a two-
dimensional system.

The Fu—Kane argument is a spin version of the Laughlin argument as a general-
ization from the integer quantum Hall effect to the quantum spin Hall effect, which
is similar to a generalization from a charge pump to a spin pump. For a quantum
spin system, time reversal symmetry will give a different topological invariant for
the quantum spin Hall system. Consider a setup of the same geometry as in the pre-
vious subsection for the quantum Hall effect, as shown in Fig. 4.2. A magnetic flux
¢ threads a two-dimensional cylinder, which will cause an extra change of the phase
factor before the physical states, e/>7*/%_ the magnetic flux plays the role of the edge
crystal momentum k, in the band theory. Increasing the magnetic flux with time #
from ¢ = 0 to ¢ may form an adiabatic cyclic evolution. There exists a Kramers
degeneracy at ¢ = 0 and ¢o/2,

H(0) = OH0)O ! (4.99)
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and
H($o/2) = ©@H(¢p/2)0". (4.100)

Thus, a variation by a half flux quantum will change the electron parity number at
two ends.

4.8 Time Reversal Symmetry and the Z, Index

Time reversal symmetry implies that [H(r), @] = 0, where the time reversal operator
® = —io,K and K is the complex conjugation. Note in the band theory time reversal
symmetry means that,

H(—k) = OHK)O ", (4.101)

as the good quantum number k has already replaced the momentum operator
p = —ihV in the Hamiltonian, and the later changes a minus sign under time reversal
©®. In the Brillouin zone of a square lattice, there are four ( eight for a cubic lattice in
three dimensions) time reversal invariant points satisfying —I'; = I; + n;G, where G
is areciprocal lattice vector and n; = Oor 1 [11, 13, 16]. Atthese points, I; = n;G/2,

H(T) = OH((T)O™! (4.102)

always holds, therefore the eigenstates are always at least doubly degenerate due
to the Kramers degeneracy. A pair of such energy bands E,_ (k) and E5, (k) are
called a Kramers pair, as illustrated in Fig. 4.3. These two bands (labeled as (n, I)
and (n, IT), respectively) are related with each other by a time reversal operation

Fig. 4.3 Schematic of band
structures E,(k), along the
direction of one reciprocal
vector. The Kramers pairs
cross at time reversal
invariant points k = 0, G1/2

En
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accompanied by a phase factor [11]. Their crossings at time reversal invariant points
are protected by time reversal symmetry. If a Kramers pair is isolated from other
pairs by finite gaps, a topological invariant associated with this pair can be defined.

For simplicity, we consider a one-dimensional system and suppose that there is
no additional degeneracy other than those required by the time reversal symmetry.
Therefore the 2N eigenstates cab be divided into N pairs that satisfy

|u, (—k)) = =™ O |ul (k)). (4.103)
Then,
O |ul(—k)) = =@ @ [u (k) = e |ul! (k)), (4.104)
as ®2 = —1 for electrons with spin % Thus, one has the relation,

|u2’(—k)) — X @ |u£(k)). (4.105)

The partial polarization associated with either of the categories s = I or I can be
written as

—A‘ (4.106)
BZ

with A} =i, (ufl(k)|Vk|ufl(k)). It is invariant (up to a lattice translation) under
changes in the phases of |qu (k)) and |u,11’ (k)). However, this appears to depend on
the arbitrary choice of the label I and /I being assigned to each band. To make this
invariance explicit for P*, we separate the integral into two parts

P [ | g
2
/_Al /_Al (4.107)

Using the time reversal constraint,
(Ow! () |0k Ow) (k) = — (ulf (k)| luy) (K)), (4.108)
we have

AL = AL =D Oxin- (4.109)

n

It then follows that

/ A~ k__Z(Xﬂ'n_XOn) (4110)
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where A; = Al + A, Introduce the U(2N) matrix

Wi (k) = (0 (—k)| O |u, (k)) . (4.111)
Then, only non-zero terms are

(ul (k)| © |ull (k)) = —e~ "o (4.112)
and

(ull (k)| © |ul (k)) = e (4.113)
The matrix w is a direct product of 2 x 2 matrices with —e~*» and e~*X-*~ on the

off-diagonal. At k = 0 and 7, w is antisymmetric. An antisymmetric matrix may be
characterized by a Pfaffian, whose square is equal to the determinant. Then we have

Prwml [ )
m = exp [lzn:(xﬂ,n Xo,n)i| . “4.114)
Thus,
=g [ v i ]
Pl=— [ i dkAy + iln P @l | (4.115)

A similar formula can be obtain for P, It follows from the time reversal symmetry
that P! = P! modulo an integer, reflecting the Kramers pairing of the Wannier states.
The charge polarization for one Kramers pair of states is

pP,=pP + P! (4.116)

and the time reversal polarization is defined as

Ly 0 . Pf[w(m)]
= I:/o dkAy — [ﬂ dkA; + 2iln —Pf [W(O)]i| . 4.117)

In terms of the matrix w,,,, the formula can be written in a compact form,

(4.118)

Py= [/ﬂ KT Vow] — 21n L [W(W)]} .
27i | Jo

Pf [w(0)]

In the matrix w, only non-zero elements are off-diagonal,

0 e_iX*k»" 0 _e—iXk.n
s
Tr [w'Viw] = Tr [(_e% 0 ) Vi (eix” 0 )] . (4.119)
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Thus,
Tr [w'Viw] = iVix—kn — iViXin- (4.120)
Using the unitarity of w, we have
Tr [w'Viw] = Tr[Vi Inw(k)] = Vi Indet[w(k)]. (4.121)

Thus, Py can be expressed as,

Py = % [m jz?;((g;; 2 f) ]; ?VVV((S;;} (4.122)
or
D = oy oy @129
In general, for a cyclic process of H(r + T) = H(t), it follows that
H(t; =0) = OH(0)O ™! (4.124)
and
H(t =T/2) = OH(T/2)0 . (4.125)
The change of time reversal polarization is gauge invariant:
v = [P4(T/2) — Py(0)] mod2. (4.126)

Consider the mapping between the time reversal invariant momenta /; and the time
invariant point of time #;, we conclude that the topological invariant can be written
as

JAetw(T))
(—1)” = H P;(tv(vv(vﬁ)) (4.127)
As
det(w(l})) = [Pf(W(Fi))]z7 (4.128)

the right hand side of (4.127) is always +1 or —1. Correspondingly, v is only an
integer modulo 2, i.e., 0 or 1. Thus, the time reversal polarization defines two distinct
polarization states, topologically trivial (¥ = 0) and non-trivial (v = 1). Fuand Kane
proposed that the value of v is related to the presence or the absence of a Kramers
degenerate states at the end of a finite system [11].
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If an insulator has the additional inversion symmetry, there is a simplified algo-
rithm to calculate the Z, invariant. Suppose that the Hamiltonian A has an inversion
symmetry,

H(—k) = PH(k)P~!, (4.129)
where the parity operator is defined by
Plr,s;) = P|-r,s;). (4.130)

Here r is the coordinate and s is the spin, which is unchanged by the parity P because
it is a pseudo vector. An explicit consequence of the combination of the time reversal
symmetry and inversion symmetry is the fact that the Berry curvature must vanish,

F(K) = Vi x A(k) = 0. (4.131)

It follows from the definition of the Berry curvature that it is odd under time reversal,
F(—k) = —F(k), and even under inversion, F(—k) = F(k). Considering the m™"
pair of the occupied energy bands at the time reversal invariant momentum [, we
define P |uz,,) = & (1) |tam,,), where the parity eigenvalues &, (I7) = +1 or —1.
The degenerate Kramers partners share the same eigenvalue &, = &,,—1. In this
case, there a simple formula to calculate § [13]

N
0" =TT &nt. (4.132)

i m=l1

In Sect. 3.6, we have already used this result to classify the topological phases in the
lattice model.

Note on Pfaffian: In mathematics, a skew-symmetric matrix is a square matrix
A whose transpose is its negative, A = —A”. The determinant of a skew-symmetric
matrix A can always be written as the square of a polynomial in the matrix entries,
which is called the Pfaffian of the matrix, denoted by Pf(A), i.e.,

det(A) = Pf(A)>. (4.133)
The term Pfaffian was introduced by Cayley [17] who named it after Johann Friedrich
Pfaff. The Pfaffian is nonvanishing only for 2n x 2n skew-symmetric matrices, in

which case it is a polynomial of degree .
For example,

Pf(_oa g) —a (4.134)
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and
0 a b c
—a 0 d e
Pf b o—d 0 f = af — be + dc. (4.135)
—c —e —f 0

4.9 Generalization to Two and Three Dimensions

The generalization of the Z, invariant from two to three dimensions is a milestone in
the development of topological insulators. The topological invariant characterizing
a two-dimensional band structure may be constructed by rolling a two-dimensional
system into a cylinder, as shown in Fig. 4.4a. Then the magnetic flux threading the
cylinder plays the role of the circumferential crystal momentum k., with ¢ = 0 and
¢ = ¢p/2 to two edge time reversal momenta k, = A} =0 and k, = A, = 7/a.

(a) (b)

A,

1A,

(d)

Fig. 4.4 a A two-dimensional cylinder threaded by magnetic flux @. When the cylinder has a
circumference of a single lattice constant, @ plays the role of the edge crystal momentum k
in band theory. b The time-reversal invariant fluxes @ = 0 and h/2e correspond to edge time-
reversal invariant momenta A; = 0 and A, = 7/a. A, are projections of pairs of the four bulk
time-reversal momenta Ij—(qy,), which reside in the two-dimensional Brillouin zone indicated by
the shaded region. ¢ In three dimensions, the generalized cylinder can be visualized as a Corbino
donut, with two fluxes, which correspond to the two components of the surface crystal momentum.
d The four time-reversal invariant fluxes @1, @, = 0, h/2e correspond to the four two-dimensional
surface momenta. Reprinted with permission from [13]. Copyright (2007) by the APS
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The Z, invariant characterizes the change of the time reversal polarization in the
Kramers degeneracy at the ends of the one-dimensional system between k, = A
and k, = A,. The change is related to the bulk band structure of a two-dimensional
system with the periodic boundary condition. For a square lattice, there are four time
reversal invariant momenta in the first Brillouin zone,

Dhn = (%"GX, %Gy) (4.136)

with n,, n, = 0, 1. For an edge perpendicular to G, the one-dimensional edge time
reversal invariant momenta are k, = A and k, = A, which satisfy I ,, — I, =

%. Thus, the time reversal polarization can be expressed as 7, = d,19,, where

det[w(I;,)]

Sy=Y—— M4, (4.137)
Pflw(I7,)]

However, 7, is a gauge invariant. A k-dependent gauge transformation can change the
sign of any pair of §;. If we roll the system into a cylinder along another direction, we
can calculate the time reversal polarization 7, = dy1d,». The product 7,7, is gauge
invariant,

d Fn ny
=[] Vdetw(l, )]

. (4.138)
Pflw( L, .n,)]

ny,ny,=0,1

This v can be equal to O or 1, and define a single Z, invariant in two dimensions.

The Z, invariant for three-dimensional crystals can be reduced to the problems
in two dimensions [11, 14, 15]. The three-dimensional Brillouin zone can be rolled
into a donus along the x- and y-directions as illustrated in Fig. 4.4c. There are 8 time
reversal invariant momenta for three-dimensional systems,

n n n
Lieny.mymy) = (EIGI’ ?2(;2, 33(;3) (4.139)

with n; = 0, 1. They can be viewed as vertexes of a parallelepiped. For a fixed n;,
for example, n; = 1, the point set

n ay as
—G, =G, =G 4.140
(2 T 3) (4.140)

for all a,,a; € [—%, %) defines a two-dimensional Brillouin zone of a two-
dimensional system respecting time reversal symmetry, for which a Z, invariant can
be calculated using the method for the two-dimensional system, referred to as v, ;.
The other 5 invariants v, —g, V/,=0,1 and ,,—0,1 can be defined in a similar way. These
6 invariants are associated with the six planes of the above parallelepiped. As they
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belong to the same three-dimensional crystal, only four of them can be independent
due to the constraints [11, 14]

Vp=0 * Vmy=1 = Vny=0 * Vny=1 = Vpy=0 * Vny=1Mmod?2. 4.141)
The 4 independent invariants can be chosen as, say, vy = Uy =0Vn,=1, VI = Vp =1,

V) = Up,=1 and v3 = 1v,,,—1. The indices 1y; (v11,13) reflects the topology of the
surface states [13, 16]. v is given by

H det[w(rm,nz,m)]

Pf[W(FVl],I‘Lz,n3)] )

(=" = (4.142)

ny,ny,n3=0,1

If vy = 1, then the system is a strong topological insulator, with an odd number of
Dirac cones on all surfaces of the crystal. If 1y = 0, then the crystal is a weak topo-
logical insulator, with an even number (including 0) of Dirac cones on the surfaces.
The case of vy = 0 is topologically equivalent to a two-dimensional insulator, and
therefore is not robust against disorder. Let’s take 0; (001) for an example [13]. The
surface states corresponding to the two-dimensional Brillouin zone spanned by G,
and G3 (with index vy = 0) have two Dirac cones, as do the surface states in the
Brillouin zone spanned by G, and G3, with index v, = 0. However, there are no any
surface states in the G, — G5 plane with index 13 = 1.

4.10 Phase Diagram of the Modified Dirac Equation

We now consider whether the modified Dirac equation is topologically trivial or
non-trivial. The general solution of the wave functions for an infinite system or with
the periodic boundary conditions can be expressed as

v, = Mv(P) exp[l(P -r— Ep,l/t)/h]» (4.143)

in which the momentum is a good quantum number. The dispersion relations of four
energy bands are

quy(zlyz) =—Ep =34 = \/v2p2 + (mv2 — Bp2)2. (4.144)
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The four-component spinors u, (p) can be expressed as u,(p) = Su, (p = 0) with

N A A
€ €
o | P b
€ €p €
S = ZE" v pv , (4.145)
pl | 222 T 1 0
€ €
PV PV 1
€ €

where p1 = p, +ip,, €, = E,; + (mv? — Bp?), and u,(0) is one of the four eigen
states of 3.

The topological properties of the modified Dirac equation can be gained from these
solutions. The Dirac equation is invariant under the time reversal symmetry, and can
be classified according to the Z, topological classification following Kane and Mele
[18]. In the representation of the Dirac matrices in (2.9), the time reversal operator
defined as ® = —ia, ;K [19], where K is the complex conjugate operator that forms
the complex conjugation of any coefficient that multiplies a ket or wave function
(and stands on the right of K). Under the time reversal operation, the modified Dirac
equation remains invariant,

OH@P)O~ ' = H(—p) (4.146)

(p is a good quantum number of the momentum). Furthermore we have the relations
that ®u;(p) = —iup(—p) and Auy(p) = +iu;(—p), which satisfy the relation of
©?* = —1.Similarly, Quz(p) = —ius(—p) and Ouy(p) = +iuz(—p). Thus, the solu-
tions of {u;(p), uo(—p)} and {u3(p), us(—p)} are two degenerate Kramers pairs of
positive and negative energies, respectively. The matrix of overlap { (i, (p) | © |u, (p))}
has the form:

0 mv> — Bp? —ilﬂ lpzv
5 5 Ep 1 Ep,l Ep,l
_.mv-—Bp 0 ;P Rand
E,1 E,1 E,1
p-v A v — sz ’
i— —i 0 ———
Ep,l Ep,l Ep,l
Y d _pr R By 0
Ep,l Ep,l Ep,l

(4.147)

which is antisymmetric, (u,,(p)| © |u, (p)) = — (1, (p)| © |u,, (p)). For the two neg-
ative energy bands u3(p) and us(p) which are fully occupied for an insulator, the
submatrix of the overlap can be expressed in terms of a single number as ¢, P(p),
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mv? — Bp?

P(p) =i .
Vmv? — Bp?)? 4 v2p?

(4.148)

which is the Pfaffian for the 2 x 2 matrix. According to Kane and Mele [18], the even
or odd number of zeros in P(p) defines the Z, topological invariant. Here we want
to emphasize that the sign of a dimensionless parameter mB will determine the Z,
invariant of the modified Dirac equation. As P(p) is always non-zero for mB < 0 and
there exists no zero in the Pfaffian, we conclude immediately that the modified Dirac
Hamiltonian for mB < 0, including the conventional Dirac Hamiltonian (B = 0), is
topologically trivial.

For mB > 0 the case is different. In this continuous model, the Brillouin zone
becomes infinite. At p=0 and p = 400, P(0) =isgn(m) and P(+o0) =
—isgn(B). In this case P(p) = 0 at p> = mv?*/B. p = 0 is always one of the time
reversal invariant momenta. As a result of an isotropic model in the momentum
space, we think all points of p = 400 shrink into one point if we regard the con-
tinuous model as a limit of the lattice model by taking the lattice space a — 0 and
the reciprocal lattice vector G = 2w /a — +00. In this sense as a limit of a square
lattice other three time reversal invariant momenta have P(0, G/2) = P(G/2,0) =
P(G/2,G/2) = P(+4o00) which has an opposite sign of P(0) if mB > 0. Similarly
for a cubic lattice the P(p) of the other seven time reversal invariant momenta have
the opposite sign of P(0). Following Fu et al. [13, 16], we conclude that the modified
Dirac Hamiltonian is topologically non-trivial only if mB > 0.

In two dimensions, Z, index can be determined by evaluating the winding number
of the phase of P(p) around a loop of enclosing the half the Brillouin zone in the
complex plane of p = p, + ip,,

I = L dp - Vplog[P(p) + i6]. (4.149)
27i Jo

Because the model is isotropic, the integral is then reduced to only the path along
px -axis and the half-circle integral vanishes for 6 > 0 and |p| — +o00. Along the p,
axis one one of a pair of zeros in the ring is enclosed in the contour C when mB > 0,
which gives a Z, index v = 1. This defines the non-trivial quantum spin Hall phase.
Volovik [20, 21] proposed that the Green function rather than the Hamiltonian is
more suitable for classifying topological insulators. From the 3-dimensional Dirac

equation, the Green function has the form

1
iw, — H
iw, +vp - a + (mv* — Bp*)3

- e , (4.150)

G(iwn, p)

where h%(k) = H> = v?*p* + (mv> — Bp?)?. The frequency w, = 2n+ )7/ =
(2n + 1)wkgT. (kg is the Boltzman constant and 7 is the temperature). The topo-
logical invariant is defined as



78 4 Topological Invariants

Fig. 4.5 Phase diagram of B A
topological states of the
modified Dirac equation as a
function of the two model
parameters m and B L. L.
trivial non-trivial
:-__._
m
non-trivial trivial
- 1
N = me,,»kTr[K/ dpGd,G~'Go,,G' GO, G, (4.151)
g iw,=0 ‘

where K = 0, ® 0y is the symmetry-related operator. After tedious algebra, it is
found that

N = sgn(m) + sgn(B). (4.152)

When mB > 0, N = +2, which defines the phase as topologically non-trivial. If B
is set to be positive, there exist a quantum phase transition from a topologically
trivial phase of m < 0 to a topologically non-trivial phase of ¢+ > 0. This is in a good
agreement with the result of the Z, index in the preceding section [22].

As a summary, we present in Fig. 4.5 the phase diagram of the topological invari-
ants.

4.11 Further Reading

e L. Fu and C.L. Kane, Time reversal polarization and a Z, adiabatic spin pump,
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Chapter 5
Topological Phases in One Dimension

Abstract Polyacetylene was studied extensively in the 1980s. A re-examination of
the Su—Schrieffer—Heeger model for polyacetylene shows that it is actually a one-
dimensional topological insulator with the end states. Topological phases also exist
in other one-dimensional systems.

5.1 Su-Schrieffer-Heeger Model for Polyacetylene

The simplest “two-band” model is the Su—Schrieffer—Heeger model for polyacety-
lene [1], which is an insulator with chirality symmetry. Chiral symmetry is a com-
bination of particle-hole symmetry and time reversal symmetry. Physically, Peierls’
theorem states that a one-dimensional equally spaced chain with one electron per
ion is unstable due to lattice distortion. The lattice distortion becomes energetically
favourable to form a dimerized lattice when the new band gap outweighs the elastic
energy cost of rearranging the ions. Consider a one-dimensional dimerized lattice,

N N—1
H= Z(r +00)ch ycpa + Z(I — 00)Cl a1 CBa + hec, (5.1)
n=1 n=1

where cI‘( B).n and ca(p),» are the creation and annihilation operators of the electrons
on the A (or B) sublattice site (A(B), n), respectively. In this model, each unit cell
consists of two sites, A and B, and the hopping term connects the two different
sublattice sites. The hopping amplitude in the unit cell is # 4 d¢ and that between the
two unit cells is 7 — d§z. There are two distinct phases, the A and B phases, which are
plotted in Fig. 5.1. These two phases were believed to be degenerate. The interface of
these two phases forms a domain wall, which may generate a soliton solution nearby.
In this section, we demonstrate that these two phases are topologically distinct in an
open boundary condition.
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Fig. 5.1 Two distinct phases in the Su—Schrieffer—Heeger model. The solid and dashed lines stand

for the long and short bonds of hopping, respectively. Note that the boundary conditions are distinct
in the two phases

Performing the Fourier transformation,

1 .

@ = NG Zn“e*"""“cA,n, (5.2)
1 .

by = NG Zn“eﬂk'”“ch, (5.3)

where N is the number of the unit cells (the total number of lattice sites is 2N), we
obtain

H = (t+ 1) Z (azbk + bZak) + (t — 1) Z (eikazbk + e_ikaak) . (5.4
ke(—m,m) k

_ (%
e = ( bk) : (5.5)

we can write the Hamiltonian in a compact form,

Introducing the spinor

H =" 9[[((t + 1) + (t = 81) cos k), + (1 — 1) sin kary 1. (5.6)
k

Under the unitary transformation, o, — 0;, 0, — oy ando; — oy andk — k+m,
it is reduced to

H=>y [—(r — 6ty sinkoy + (25; +2(t — 61) sin® g) oz} Y. (5.7)
k
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It is easy to check that
oyHoy=—H (5.8)

which means the Hamiltonian possesses the chirality symmetry. Thus, a one-
dimensional dimerized lattice is equivalent to the Dirac lattice model in Chap. 3.
In general, the dispersions of this two-band model are

Ei=+/d?+ a2, (5.9)

where d, = —(t — 0t) sink and d. = 25t + 2(t — 0t) sin® ’% The eigenstates for the
negative dispersion are

sgn(dy) [1 — ‘iz =
|<p>=L VATE (5.10)

V2 _ d.
I+ N d2+d?

They are fully filled for a half filling, i.e., an average of one electron at every two
sites. An energy gap AE = 44t opens for 6t # 0.
Thus, the Berry phase for this state is defined as

+m

7=/ dk (o1 1)

™

1 [ d,
== dkioyInsgn(d )| 1 — ———
2/4 g )( ./d§+dg)

1 +9
= 5/ dkiOy Insgn(d,) (1 — sgn(dt))
-5

1 m+d
+§/ dkiOy Insgn(d,) (1 — sgn(t + 6t))
T—0

= %ﬁ[sgn(t—i—él) — sgn(dt)] (5.11)

with a modulus 27. For 6t > 0,y = 0, but for ¢ < 0, v = «. This is consistent with
the conclusion from the Dirac model. Alternatively, the winding index is given by

(=1D)" =sgn(dt)sgn(t + 6t) = sgn(1 + t/dt). (5.12)

A change in the Berry phase or the winding number accompanies a closing and
re-opening of the energy gap between the two bands near ¢ = 0. It can be understood
that the energy gap changes from positive to negative, as shown in Fig. 5.2. Atdr = 0,
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Fig. 5.2 Energy dispersions of 01 > 0, 6t = 0 and 67 < 0. The closing and reopening of the energy
gap near 0t = 0 indicates the occurrence of a quantum phase transition

the spectrum is gapless and the two bands cross at k = 0. Near the point, using
sin x ~ x for a small x, one obtains

H = ng [—(z — ot)ko, + (25: + %(r — 5:)/8) az} V. (5.13)
k

This is the continuous model of the Dirac equation. Thus, we can define the energy
gap, AE = 44t, not 4 |6t| . The sign change of 6z indicates a topological quantum
phase transition.

Existence of the end states in an open boundary condition is characteristic of
the topological phase when the Berry phase is 7 or the winding index v = 1. It
should be noted that in the open boundary the chain is cut between two unit cells,
not between two sites within a unit cell. Assume that r > 0. It is topologically non-
trivial for 6¢ < 0, but trivial for 6¢ > 0. In other words, if the end bond is a long
bond, | + &t| < |t — ¢, it is topologically non-trivial. Otherwise it is topologically
trivial.

A topological quantum transition occurs at 6¢ = 0. In the long wave approxima-
tion, we can make use of the solution given in Sect. 2.5.1 when 6¢ < 0. In this case,
there exists a solution of zero energy near the end. The spatial distribution of the
wave function is mainly determined by the scale length,

2 B|h h t — 0t
| ' 1-+1-4mB) ' » — = ——. (5.14)
|m|v 2 |6t]

£

It becomes divergent when 6 — 0, because the end state evolves into a bulk state and
the system becomes gapless. There is no end state when §¢ > 0. This demonstrates
a topological quantum phase near 6t = 0 [2].
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We can also use a numerical method to calculate the energy eigenstates and
eigenvalues by diagonalizing the Hamiltonian, which can be written in the form of
square matrix:

0 rt4+0 O 0 0 0 0
t+6t 0 t—6r O 0 0 0
0 -6 0 t+6r O 0 0
H— 0 0O t+d6t 0 =4t O 0 (5.15)
0 0 0 r—4 O 0
0 0 0 0 0 ¢+ 6t
0 0 0 0 0 t4+4 O

One can find the zero energy mode at the end by changing the sign of §z. The end state
solutions at §t = —0.1¢ and —0.3¢ are plotted in Fig. 5.3. This figure demonstrates
that the wave function has a wider distribution in the space for a smaller |6¢].
However, the most famous excitations in this model are soliton and anti-soliton,
which are the charge and spin carriers in polyacetylene [3]. They are the domain
walls of two distinct phases of m and 0. These solutions correspond to those of
the Dirac equation at the interface between two regions of positive and negative
masses, which is discussed in Chap. 2. The wave function of the in-gap bound
state is distributed around the domain walls. Given the degeneracy of the electron
spins, there are two bound states with different spins. The charge and spin states of
the soliton follow from the solutions of the domain wall along with the localized
chemical-bond representation. In total there are four possible states according to the
electron number 7 in the two states: (a) two neutral spin-% solitons with S, = :t%
for n = 1 and (b) two charge species S* for n = 0 and n = 2, in which the total

Fig. 5.3 Amplitudes of the 1
wave function ¥; of the end
states at the lattice site i for 0.8 T —— 5t = —0.1t
0t = —0.1¢ and —0.3¢. The —e— 5t =-0.3t
smaller value of |d¢| 06
corresponds to the wider
distribution of the wave 0.4}
function in space
5 02
0 oseansas
-0.2
-0.4

0 10 20 30 40 50 60

—
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spin is zero and may be viewed as spinless “ions”. However, the solitons can move
freely unless they are pinned, in contrast to the chemical analogs. From the point of
view of topological insulators, these states are the end states at the interface between
a topologically trivial phase and a topologically non-trivial phase.

5.2 Topological Ferromagnet

In the Su—Schrieffer—Heeger model, the Hamiltonian is written as a 2 x 2 matrix on

the basis of the A and B sublattices, (a,j, bZ). A new type of topological phase in

one dimension can be obtained if we replace the A and B sublattices with electrons
. . . + + . . . .

with different spins, (¢ 4, ¢; ). For a ferromagnet with spin—orbit coupling, the

Hamiltonian becomes

k
H= Z(Czw ) [/\ sinko, + (M — 4B sin® 5) az} (g‘;z) , (5.16)
- :

where c,:g and ¢, are the creation and annihilation operators for the electrons
with spin (=1, |). Here X is the strength of spin—orbit coupling. In the absence
of spin—orbit coupling, the two bands of electrons with spin-up and -down are well
separated. If the lower band is fully filled, the ground state is fully saturated with a
maximal spin, and the system is an insulating ferromagnet. In the presence of the
spin—orbit coupling A the total S, is no longer conserved. However, the filled band is
still ferromagnetic, as the expectation value of S; is still non-zero. We find that this
model has the identical mathematical structure as the Su—Schrieffer—Heeger model,
although the bases for the two models are different. It describes a one-dimensional
topological ferromagnet.

5.3 p-Wave Pairing Superconductor

The p-wave pairing spinless superconductor has two distinct phases, strong pairing
and weak pairing, which correspond to the topologically trivial and non-trivial phase,
respectively [4]. In the Bardeen-Cooper-Schrieffer theory for superconductivity, the
effective model for the superconductor can be written as,

h2k2
k

where  is the chemical potential to determine the number of electrons. Introducing
the Nanbu spinor (c,f, c_x), one obtains
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1 (B>
H= Zk: (cf, ) [Akax +3 (% - u) az:| (Ci" ) . (5.18)

—k

Here a constant 5 Zk hz—k — ) is omitted. For a p-wave pairing superconductor,
the order parameter for Cooper pairing satisfies Ay = —A_y. For simplicity here we
take Ay = Apk. The Berry phase in the ground state is always 7 for ;> 0 as m is
assumed to be positive. In this system, if A =0,

1 + h2k2 Ck
me X ()= ()

k

_Z(__M)ckck__z(@_u) (5.19)

the two states with eigenvalues £+ % (% — p) actually correspond to one state. This is
because the basis in the term of the spinors is redundant. This so-called particle-hole
symmetry persists even when A # 0.

On a lattice, k and k? can be replaced by sin k and 4 sin> § The effective model
becomes

) k
H = Z (c,l, c,k) |:A0 sinko, + (t + 4¢' sin? E) O'Z] (Cikk) . (5.20)
p z

The energy eigenvalues of the quasi-particles always appear in pairs,

0\ 2
Eyp= :t\/A(z) sin k + (t + 4¢' sin® E) . (5.21)

Performing the Fourier transformation, one obtains a lattice model in real space,
which is the one-dimensional Kitaev model for Majorana fermions.

When the system has an open boundary condition in a topologically non-trivial
phase, there exists an energy zero mode near the boundary, which satisfies

Y(E =0) =v(E =0). (5.22)

Thus, the creation operator of the zero mode is equal to its annihilation operator. This
particle is called a Majarona fermion. Due to the particle-hole symmetry, these two
states actually correspond to one state after the particle-hole transformation. Thus,
the ground states are doubly degenerate depending on whether the zero energy mode
is occupied or not. As the Cooper pairing term in the effective Hamiltonian creates or
annihilates the electrons in pairs, the number parity of electrons is always conserved.
The occupancy of the zero mode changes the number parity of the system.
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The p-wave pairing superconductor and the Su—Schrieffer—Heeger model are con-
nected through a partial particle-hole transformation [5]. Performing a particle-hole
transformation for electrons on the site B,

CBa = Chy o (5.23)

the Su—Schrieffer—Heeger model in (5.1) is transformed into

N N—-1
H ="(t+00)ch ek, + Dt —dnch . ich, +hec., (5.24)
n=1 n=1

which is a model for the p-wave pairing superconductor on a lattice [6]. A solution
for the end states of the lattice model in terms of Majorana fermions can be found in
Sect. 10.2.2.

5.4 Ising Model in a Transverse Field

The one-dimensional Ising model with a transverse field is equivalent to a spinless
p-wave pairing superconductor under the Jordan—Wigner transformation. The model
is defined as

N—-1 N
H=1J Z Ox,nOxn+1 + h Zgz,na (5.25)
n=1 n=1

where N is the number of lattice sites.

When |J| >> |h|, the ground state is determined by the first term. It is antifer-
romagnetic if J > 0, and ferromagnetic if J < 0. The magnetization is along the
x-direction and the ground state is doubly degenerate. If || >> |J| the ground state
is ferromagnetic along the z-direction, and is non-degenerate. The doubly degener-
acy and non-degeneracy of the ground state means two distinct states. Thus, a change
in the degeneracy of the ground state reveals a quantum phase transition at J = h.

For a lattice with an even number of lattice sites, under the Jordan—Wigner trans-
formation [7],

n—1

of =oentioy, =exp [_mz fi fk:| £ (5.26)
k=1
n—1

0, =0y, — 10y, =€Xp |:+i7rz f,j'fki| f;, (5.27)
k=1

Ozn = 2fyj—fﬂ -1, (5.28)
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where f,f and f;, are the fermion operators and satisfy the anticommutation relation
of { fj, fw} = Onw. Inthis way, the model is reduced to a model for a p-wave pairing
superconductor or the Kitaev’s toy model for Majorana fermions,

H=1Y (= Ui+ fue) +h D QL fu=1. (529

The ground state is doubly degenerate due to the existence of the end states when
J < h. However, it is noted that the Jordan—Wigner transformation is a non-local
transformation. The ground states in the Ising model simply have different polariza-
tions along the x-direction, not the end states.

5.5 One-Dimensional Maxwell’s Equations in Media

A one-dimensional plane electromagnetic wave of the frequency w in a nonconduct-
ing media can be described by the Maxwell’s equations [8],

O Ey = —iwu(x)H, (5.30)
and
O H, = —iwe(x)Ey. (5.31)

E, is the electric field and H, = LOBZ — M, is the magnetic field. € is the electric
permittivity and g is the magnetic permeability, which are functions of position.

To derive a Dirac-like equation for the electromagnetic wave, we introduce dimen-
sionless fields, e = E/Eq and h = H/H,, where E and Hy are the field units for
the electric and magnetic fields, respectively, and can be determined by the incident
wave, i.e, Eo/Hy = 1/cey = cpip in the vacuum. Equations (5.30) and (5.31) can be
combined to form a matrix equation,

k k.
— 10,0y (Z) = (—E(IH-E) + E(u—aaz) (;) (5.32)

where k = w/c, €(x) = e(x)/€, and [t = pu(x)/po. The dimensionless permittivity
€(x) and permeability ji(x) satisfy the relation €t = n(x) where n(x) is the index of
refraction. In this way we obtain a Dirac-like equation for the electromagnetic wave

[<io 0, + mx)o. + V(©)] (Z) —E (2) . (5.33)
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Here the mass distribution m (x) = §(€ — [1), and the potential V (x) — E = 15‘ (E+ [1).
This equation looks like the stationary Dirac equation with the eigenvalue E (h =
c=1).

In a metamaterial with subwavelength resonant unit cells, both € and i can be
tuned, and can even change their signs [9]. From this equation, it is possible to
simulate the topological phase by performing the microwave experiment in meta-
materials. For example, design a sample with an interface with m(x) > 0if x > 0
and m(x) < 0if x < 0. It is required that E = V(x) = 0. It follows from (5.33)
that we may have a solution that is distributed around the interface as in the case of a
domain wall, as shown in Fig. 2.1. Furthermore if we design a periodic structure for
m(x), it is possible to have a solution for the end states, as we plotted in Fig. 2.3. In
this way, the topological phase can be observed in quasi-one-dimensional periodic
metamaterial [10]. This provides a platform for observing topological excitations in
one dimension.

5.6 Summary

The re-examination of the Su—Schrieffer—Heeger model demonstrates that polyacety-
lene actually has two distinct topological phases. The domain wall of these two phases
constitutes the topological excitations or charge and spin carriers in the system. Also
the Dirac equation in different bases may be applied to describe topological phases
in different physical systems such as a dimerized lattice model, a ferromagnet with
spin—orbit coupling, and a superconductor.
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Chapter 6
Quantum Anomalous Hall Effect
and Quantum Spin Hall Effect

Abstract A quantum anomalous Hall system possesses chiral edge states around its
boundary, giving rise to quantized Hall conductance even in the absence of external
magnetic field. Quantum spin Hall effect is a spin version of quantum Hall effect. A
quantum spin Hall system possesses a pair of helical edge states, in which an electric
current can induce a transverse spin current or a spin accumulation near the system
boundary. It is also called two-dimensional topological insulator.

6.1 Quantum Anomalous Hall Effect

6.1.1 Two-Dimensional Dirac Model and the Chern Number

In two dimensions, the Chern number or TKNN number is associated with the quan-
tum Hall conductance in the band insulators. We first focus on the Chern number in
the two-dimensional Dirac equation in (2.45), in which time reversal symmetry is
broken. The Hamiltonian can be written in a compact form,

H=d(p) o, 6.1)

where d, = vp,, dy = vp, and d, = mv? — Bp?. Using the formula in (A.33), the
Chern number is given by

ne = —% (sgn(m) + sgn(B)). 62)

From this formula, we have topological non-trivial phase withn = 1 formB > 0,
and a topologically trivial phase withn = 0 for m B < 0. We also have two marginal
phases withn = :I:% form = 0 or B = 0. The case of B = 0 is a marginal phase. At
the junction of two systems with a positive mass and a negative mass, the topological
invariant changes by én = 1 or —1. Thus, there exists a boundary state at the junction.

© Springer Nature Singapore Pte Ltd. 2017 91
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For the gapless Dirac fermions m = 0 and B # 0, the system is also marginal. The
topological invariant also changes by on = 1 at the interface between a positive and
a negative B.

In the lattice model in (3.41), using the formula for the Chern number in (A.33),
one obtains

nc:[lif0<A/B<4 63)

—1if4<A/B<8"

The number is always an integer, as the first Brillouin zone is finite and periodic for
a lattice model. There exist three transition points: the first point is at A/B = 0 for
a transition from n, = 0 to n, = 1; the second point is at A/B = 4 for a transition
from n, = 1 to n, = —1; and the third point is at A/B = 8 for a transition from
n, = —1 to n, = 0. It is noted that the transition at A/B = 4 is between two
topological phases with n, = 1 and —1.

A non-zero Chern number indicates the existence of quantum Hall conductance.
Therefore, the two-dimensional Dirac equation is a good starting point for study-
ing the quantum anomalous Hell effect in ferromagnetic insulator with spin-orbit
coupling.

6.1.2 Haldane Model

In 1988 Haldane proposed a spinless fermion model for the integer quantum Hall
effect without Landau levels, in which two independent effective Hamiltonians in
the form as in the two-dimensional Dirac equation were obtained [1]. He proposed
that the quantum Hall effect may result from the broken time reversal symmetry with
no net magnetic flux through the unit cell of a periodic two-dimensional graphite
or graphene model, as depicted in Fig. 6.1. The lattice is bipartite with A (black)
and B (white) sublattice sites. A real hopping term #; between the nearest neighbor
sites (solid line) and #, between the next nearest neighbor sites (dashed line) are
considered. On-site energies of +M on A sites and —M on B sites are included
to break the inversion symmetry on the A and B sublattices. In addition he added a
periodic magnetic flux density B(r) normal to the plane with the full symmetry of the
lattice and with no flux through the unit cell, that is, the flux ¢, in the region a and the
flux ¢, in the region b have the relation ¢, = —¢@,. As the closed path of the nearest
neighbor hops enclose a complete unit cell, but the net flux is zero, the hopping terms
t; are not affected, but the hopping terms #, acquire a phase ¢ = 27 (2¢, + ¢»)/Po
where the flux quantum ¢y = h/e. The hopping direction is indicated when the
amplitudes are 1, exp[i¢].
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Fig. 6.1 Haldane’s honey-comb model. The white and black dots represents the two sublattice sites
with different on-site energy. The areas a and b are threaded by the magnetic flux ¢, and ¢, = —¢,,
respectively. The area ¢ has no flux

To diagonalize the Hamiltonian, a two-component spinor c; A c,: B) of Bloch
states constructed on the two sublattices is applied. Let (a;, a;, a3) be the displace-
ments from a B site to its three adjacent A sites. In this representation the model
Hamiltonian can be expressed as

H = e(k) +dk) - o, (6.4)
where
e(k) =2ncosp > cos(k - by), (6.5)
=123
dy (k) =+ Y cos(k - ay), (6.6)
dy(k) = +1, Z sin(k - a;), (6.7)
d.(k) = M — 2t sin ¢ Z sin(k - b;) (6.8)
=123

with by = a, — a3, b, = a3 — a; and by = a; — a,. The Brillouin zone is a
hexagon rotated /2 with respect to the Wigner-Seitz unit cell. At its six corners
(k-aj,k-ay, k-aj) is a permutation of (0, 27/3, 47 /3). Two distinct corners kg
are defined such that k? - b; = oz%” with @ = +£1. The energy spectra are easily
obtained by diagonalizing the 2 x 2 matrix. There are two bands, which only touch
if all three Pauli matrix terms have vanishing coefficients. This can only occur at
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the zone corner kg and only if M = a3\/§t2 sin ¢. Assume |t,/t;| < 1/3, which
guarantees that the two bands never overlap, and are separated by a finite gap unless
they touch. At the point K, (K-a;,K-a;,K-a3) = (0,27/3, —27/3). Near the
point, we expand the Hamiltonian up to the linear order in 0k = k — K. As a result,

H, = v(6k 0, — 6kyo,) +m v’o, (6.9)

where v = %tla/h and m v> = M — 34/31, sin ¢. At another point K’, (K’ - ay,
K -a,, K -a3) = (0, —27/3, +27/3),

H_ = v(=6ky0, — Skyoy) +m_v?o,, (6.10)
where v = %t]a/h and m_v? = M + 3/3t,sin . The two Hamiltonians have
different chirality when my = 0.

To compare H, and H_, we make a transformation for o in H_,

(0x,0y,0;) = (=04, 0y, —07). (6.11)

Thus, H_ can be written as

H_ = v(0ky0, — Skyoy) +m_v?o, (6.12)
withii_ = —m_ = —M —3+/31, sin ¢. Therefore the effective models near the two
points have the form:

H, = v(0k,o, — 6kyo) + 00, (6.13)

where /i, = aM —3+/31, sin ¢. Clearly, inclusion of M in the graphene lattice opens
the opposite energy gaps M and —M at K and K, respectively, while the magnetic
flux opens the same energy gap at the two points. This demonstrates that the on-site
energy =M and a magnetic flux play different roles in opening the energy gap, and
they generate different topological results.

The Chern number of the whole system is determined by

ne = % [sgn(rﬁ+) + sgn(ﬁ’t_)] . (6.14)

In the absence of magnetic flux, the Chern number is always zero, as the gaps at K
and K’ have opposite signs while it can be +1 or —1 in the presence of magnetic
flux.

Of course, the topology of the system should be determined by the whole band
structure. In his pioneering paper, Haldane used the Streda formula to calculate the
Hall conductance [2],
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which shows the variation in the density of charge carriers p with respect to the
external field B, perpendicular to the plane for a fixed chemical potential p. For a
full and complete calculation, we can use the formula in (A.33) to calculate the Chern
number, which gives +1, 0 or —1. The Hall conductance is expressed in terms of the
Chern number o, = n, Eh—z which depicts a phase diagram shown in Fig. 6.2.

6.1.3 Experimental Realization

In 2013, the quantum anomalous Hall effect was observed experimentally in a
Cry.15(Bio.1Sbg.9)1.8sTes ultrathin film by a group led by Xue in Beijing [3]. The
measured Hall conductance exhibits a quantized plateau while the longitudinal con-
ductance decreases drastically at lower temperatures. The effect was later confirmed
in a series of independent experiments with high precisions. Theoretically, it was
first predicted that quantum anomalous Hall effect could be realized in thin film
of magnetically doped topological insulators such as Cr or Fe doped Bi,Te; and
Sb2T63 [4]
An effective model for a ferromagnetic ultrathin film consists of two parts,

H=%+%m®% (6.16)
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m is the exchange field from the magnetic dopants [4], which acts effectively like a
Zeeman field. 7y is a 2 x 2 unit matrix, and Hy is the effective model for topological
insulator thin film [5, 6]

Hy = —Dk?
& — BK* k- v 0
—ivky —% + BK? 0 1%
+ A 2 . 9
Vv 0 —5 + Bk®  ivk
0 1% —ivky 5 — BK?

(6.17)

where (ky, k) is the wave vector, k? = k)% + k?. The D term breaks the particle-hole
symmetry, and the band gap opening requires |D| < |B]. A is the hybridization
of top and bottom surface states of the thin film, which becomes relevant for thin
films, e.g., BiSes thinner than 5 nm. Both A and B are functions of the thickness
of thin film, and approach zero simultaneously for a thicker film. v = vA, with v the
effective velocity. V measures the structure inversion asymmetry between the top
and bottom surfaces of the thin film, which is a natural starting point for a realistic
thin film grown on a substrate, which always induces an electric field along the film
growth direction. The derivation of Hj can be found in Sect. 7.7.

It is noted that the four bands are coupled through the term V of the structural
inversion asymmetry. This model is different from Haldane model. Under a unitary
transformation, the Hamiltonian can be diagonalized into two 2 x 2 blocks [7]

hy = —Dk* 4+ o, (I' + 5 A) + sy(kyo, — kyo,) cos O, (6.18)

where s = %1 for the outer and inner blocks, respectively. The model parameters
are

I = \/ (m/2)? 4+ y2k2sin O, (6.19)
A=/(A)2 = BK2)2 + V2, (6.20)
cos® = (A/2 — Bk»)/A. (6.21)

For a small k, it reads

_ Im| OEETS) SYA
hs—az (T‘FS A4V +\/ﬁ(kx0'y—ky(fx), (622)

which is a massive Dirac equation. For s = +1, the energy gap between the bands is
|m| + +/ A2 + 4V2, which is always positive. For s = —1, the energy gap between
the bands is |m| — ~/ A% + 4V2. Without m, the inner bands and outer bands touch at
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Fig. 6.3 a Solid and dashed curves depict the top and bottom surface states, respectively, of a
thin film of topological insulator before magnetic doping. (b—d) The exchange field from magnetic
dopants can lift the degeneracies at k = 0 and induce a band inversion, whereas structure inversion
asymmetry is competing against the exchange field. d No band crossing if AB < 0. e Band crossings
are expected if the band inversion is achieved by doping a thin film with AB > 0. f SIA can turn
the band crossings to anti-crossings while exchange the topological properties between inner and
outer bands. 0, £1 indicate the contribution to oy, (Chern number) of a band if the band is fully
occupied (Adapted from [7])

k = 0 as shown in Fig. 6.3a. A finite m can lift the degeneracies at k = 0 as plotted
in Fig. 6.3b. Increasing m then produces a band inversion when

Im| = VA2 +4v2 (6.23)

and change their topological properties from trivial to nontrivial or vice versa as
shown in Fig. 6.3c, d. It is found that a large exchange field m always gives arise to
a topological phase transition to quantum anomalous Hall effect once the gap closes
and reopens.

The Hall conductance can be given by the integral of the Berry curvature over
occupied states in momentum space, and the longitudinal conductivity can be given
by the Einstein relation. The calculated Hall and longitudinal conductances are in
good agreement with the experimental data as shown in Fig. 6.4.
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6.2 From the Haldane Model to the Kane-Mele Model

The Haldane model is for spinless fermions. One can generalize the Haldane model
to an electron system with spin, which becomes doubly degenerate if there is no
coupling between the electrons with spin up and spin down. The electrons in the
edge channel are chiral, i.e., they flow around the boundary in a counterclockwise
for n, = 1 and in a clockwise direction for n. = —1, which is characteristic of
quantum Hall effect. This is a trivial generalization. In 2005 Kane and Mele [8]
generalized the Haldane model to the graphene lattice model of electrons with spin
%. They introduced the spin-orbit coupling between electron-spin and momentum
to replace the periodic magnetic flux, and predicted a new quantum phenomenon—
the quantum spin Hall effect. Simply speaking, the quantum spin Hall effect can be
regarded as the combination of the two layers of the Haldane models for electrons
with spin up and down. In a system with the time reversal symmetry, the electrons
with spin up in the edge channel flow in one direction while electrons with spin
down in the edge channel flow in the opposite direction, /4 = —I,. The net charge
current in the two edge channels must zero, /. = I; + I, = 0, as a net charge current
breaks the time reversal symmetry. In constrast a pure spin current circulates around
the boundary of the system, I; = 2—2(1¢ — I}). Unlike the quantum Hall effect in
which the magnetic field breaks the time reversal symmetry, the spin-orbit coupling
preserves the time reversal symmetry. The spin current itself does not break the
symmetry, as the momentum p — —p and spin ¢ — —o under the time reversal.
However, it is noted that the spin-orbit coupling mixes the spin up and down, and
the spin S, is no longer a good quantum number. It is necessary to point out that
generalization from quantum Hall effect to quantum spin Hall effect is revolutionary.
It opens a new field to explore novel topological phases of matter.

The Kane-Mele model for the quantum spin Hall effect is a graphene model with
the time reversal invariant spin-orbit coupling,
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H = thich +i)Xso Z V,-J-c;szcj +iAg Zc;(s x djj)e; + Ay Zficjc,v.
(i.j) () (i.j) i
(6.24)
The first term is the nearest neighbor hopping term on a graphene lattice, where
c; = (cz . cz 1)- The second term is a mirror symmetric spin-orbit interaction, which
involves spin-dependent second neighbor hopping. Here v;; = %(di xd;), = %1,
where d; and d; are two unit vectors along the two bonds that the electron traverses
going from site j to i. The Pauli matrices s; describe the electron spin. The third term
is the nearest neighbor Rashba term, which explicitly violates the z — —z mirror
symmetry. The last term is a staggered sublattice potential with §; = =£1. Inclusion of
the Rashba term makes the system more complicate as s, is no longer conserved and
the electrons with spin up and down are coupled together. Thus, Kane-Mele model
is not a simply addition of two layers of the Haldane model for electrons with spin
up and down.
Following the method in the Haldane model, a four-band Hamiltonian can always
be expressed in terms of the Dirac Gamma matrices:

5 5
H(k) =D d, ()" + > duy(k) 1. (6.25)
a=1 a<b=1
Here the 5 Dirac matrices are
I = (0, ®50,0; 50,0y ®8x, 0y RSy, 0y D 5;) (6.26)
(a=1,2,3,4,5), where the Pauli matrices o; represent the sublattice indices and

1
et = ?[r“, roy. (6.27)
l

In this representation the time reversal operatoris ® = i(0¢ ®s,, ) K. The five Dirac
matrices are even under time reversal,

er‘e-'=re (6.28)
while the 10 commutators are odd,
Orte=! = —re, (6.29)

To have a time reversal invariant Hamiltonian, the coefficients should satisfy the
relations,

do(—k) = do (k) (6.30)
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and
dap(—k) = — ab(k)~ (631)

Thus, the coefficients in the Kane-Mele model are

k, 3k,
di = t(l + 2cos — cos L) (6.32)
2 2
d =\ (6.33)
k, 3k
dy = Mg 1 — cos — cos V3ky : (6.34)
2 2
k. . 3k
dy = —«/g)\R sin > sin \/; 2. (6.35)
. 3k,
dip = —2t cos — sin L; (6.36)
2 2
k, 3k
dis = Aso (2sinkx — 4sin - cos \/; y); (6.37)
x . N3k,
dr; = —\g cOS — Sin L; (6.38)
2 2
k. . 3k
by = v/3Ag sin > sin % (6.39)

This equation gives two pairs of doubly degenerated energy dispersions. When
the two lower energy bands are fully occupied, the system becomes insulating if an
energy gap exists between the two upper bands and two lower bands. As the whole
system does not break the time reversal symmetry, the Chern number is always zero.
For Agx = 0, the Hamiltonian is split into two independent parts,

H = Z H;, (6.40)
s=1.
where
Hs = tZCZSCj,S + iS)\SO Z V,'jC;"SCj,S + >\v Z&‘CZSCZ*J. (641)
(i, J) (i, 7)) i

In this case there is an energy gap with the magnitude ‘6\@/\ so —2\y|. For \, >

3350 the gap is dominated by \,, while for A, < 3+/3\s0 the gap is dominated
by Aso. For each Hy, we can define a spin dependent Chern number. For A, >
34350 the corresponding Chern number is zero for both H; and H . However, for
Ay < 3350 the corresponding Chern number becomes nonzero,
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Fig. 6.5 Energy bands for a one-dimensional stripe with a zig-zag boundary condition. a Quantum
spin Hall phases with A, = 0.17. b Insulating phase with A, = 0.4z. In both cases Asp — 0.067 and
Ar = 0.05¢

ng = sgn(siso). (6.42)

Although the total Chern number n, 4+ n_ = 0, their difference n, —n_ = 2 or
—2. Thus, for \, < 3v3\ so it is a combination of two independent quantum Hall
phases with different chirality, i.e., the quantum spin Hall system [9].

For A\g # O the electrons with spin up and spin down will mix together, and we
cannot separate the whole system into two independent parts as in the case of Az = 0.
In other word, we couldn’t introduce a spin-dependent Chern number to describe this
new phase. Instead Kane and Mele introduced the Z, invariant to describe it.

For a strip sample we adopt the periodic boundary condition in the x-direction
such that k, is a good quantum number. Exact diagonalization gives the energy
dispersion of the system as a function of k.a. It is found that there are two distinct
phases: (a) a pair of the bands connects the conduction and valence band; (b) no band
connects the two bands, as plotted in Fig. 6.5. As the system is insulating and there
is an energy gap in the bulk, the bands connecting the conduction and valence bands
must be the edge states, which could be confirmed numerically. Thus, we conclude
that in the topologically non-trivial phase, we have a pair of edge states between the
bulk band gap at each boundary.

6.3 Transport of Edge States

The helical edge states are characteristic of a two-dimensional topological insulator.
It can be detected through the transport measurement in a mesoscopic device. Before
we discuss the transport properties of the edge states in the quantum spin Hall system,
we briefly introduce the Landauer-Biittiker formula for electron transport.
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6.3.1 Landauer-Biittiker Formalism

Consider a one-dimensional conductor. Suppose the left side (the source) is filled up
to the energy level p;, slightly higher than that of the right-hand side (the drain) 1.
Then in the range between p; and g the conductor has fully occupied states poring
from left to right. The current through the channel is defined as

I = —eveff(SN, (643)

where v,/ is the effective velocity of charge carriers along the channel near the Fermi
energy and N is the density of the charge carriers. Assume the voltage difference
between two leads is quite small. Then

ON = D(Ef)(ps — pa), (6.44)

where D(E¢) = ON/OE|g . is the density of states at the Fermi level, and D(E ) ~
D(yis) ~ D(pig). In one dimension, the velocity v, is given by the variance of
dispersion with respect to the wave vector v.;y = OE(k)/hOk and the density of
states D(E) = 0]:7/;” = hviﬁ and p; — pg = —e(Vy — V). As a result, the current
through the channel is given by

I:%M—W) (6.45)
The conductance is
G-I __¢ (6.46)
V.-V, R’ ’

which is quantized in an ideal one-dimensional conductor.
More generally, Landauer proposed that the conductance of a mesoscopic con-
ductor is given by [10, 11],
2¢?

G="-MT. (6.47)

where M stands for the number of transverse modes in the conductor, and T is the
averaged probability that an electron injected from one end can transmit to the other.
The factor 2 comes from the spin degeneracy of the electron. The conductance is then
independent of the system’s length or width. Assume a conductor is connected to
two electron reservoirs through ballistic leads. Then at low temperatures the current
flow is caused by motion of the electrons in the energy window g1 ~ pp. So the
current transmitted from the left lead into the right lead is:

2e
I = _FMT(/JI — [2), (6.48)
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and thus, the conductance is given by the linear response formula G = 1 /0V (u; —
1o = —ed V), which is exactly the Landauer formula in (6.47).

It can be shown that the Landauer formula recovers the classic Ohm’s law in the
large conductor scale limit. For a wide conductor, its conducting mode number is
proportional to the width W: M o« W. Assuming the conductor is long, we can prove
that its transmission probability is given by:

Ly

T(L) = ,
(L) L+ Ly

(6.49)

where L is a characteristic length, and L is the conductor’s length.

Biittiker developed an approach to systematically treat the voltage and current
probes in a multiple terminal device [12, 13], which has helped in the interpretation
of numerous mesoscopic experimental results since the 1980s. The approach was to
extend the two-terminal Landauer formula and to sum over all of the probes. In a
multi-terminal device, the current in the ith terminal is given by:

e
li= g[Tﬁui — Tijpl, (6.50)
J#L

where (; is the Fermi energy in the ith probe and is related with the voltage through
Vi = u;/e, and T;; can be seen as the product of the number of modes and the
transmission probability from the jth probe to the ith probe. The summation runs
over all of the probes apart from probe i. The above formula can be written in terms
of the inter-terminal transmission coefficient 7;; as:

2
e
li =0 > [T;iVi = T V;l. (6.51)
J#i
In the equilibrium condition, all the probes have equal voltage and zero current flow.
And thus, from the above equation, we must have

2. Ti=2 T, (6.52)

J#i J#i

which enables us to rewrite the Biittiker formula in (6.51) in a more straight forward
form:

2
e
li=— %Tﬁ[vi - Vjl. (6.53)

The Biittiker formula in (6.53) enables us to write the multi-terminal conductance
and resistance in the compact forms of matrices. For example, without knowing the
specific pattern of a three-terminal device, we know the current and voltage in the
terminals are related with a set of equations:
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I 2 [(Te+Ts T =Ti3 Vi
L | = " —T To+Ts —Tn Val. (6.54)
I =T T3 T3+ Tx V3

This matrix equation satisfies the law of charge conservation, i.e., the total current
flow is conserved, I} + I, + I3 = 0. Also we know from the Landauer formula as
well as the Biittiker formula that it is only the voltage difference between the probes
that determines the magnitude of the current. Thus, we can set an arbitrary probe
voltage to be 0. For instance, we can set V3 = 0 and this enables us to reduce the
matrix dimension by 1:

Iy _ 3_2 Tin+Ts —Tn Vi (6.55)

I h Ty Ty + To3 Va)" '
The resistance is also in the matrix form, it is related with the conductance matrix
through:

-1
Ri1 Ri» h (T4 Tz —Tn

= — . 6.56

(R2l Rzz) e? =T T +Tx (6:56)

The above approach has become a standard technique to calculating the conductance
and resistance in a multi-terminal device.

6.3.2 Transport of Edge States

In the quantum spin Hall system, a pair of helical edge states consists two chiral states
of electrons with spin up (¢ =1) and down (¢ =). The transmission coefficient
of the chiral state with spin up from one terminal to its neighbor terminal, say,
in the clockwise direction is Tl]T = 1, and the transmission coefficient from one

terminal to its neighbor terminal in the counter-clockwise direction is T]Tl = 0.
Meanwhile the transmission coefficient of the chiral state with spin down from one
terminal to its neighbor terminal in the clockwise direction is Tij. = 0, and the
transmission coefficient from one terminal to its neighbor terminal in the counter-
clockwise direction is lei =1

The charge current at terminal i is defined as the summation of the currents with

spin up and down
top €
=1+ = D TV = THV)). (6.57)
j#io

The spin current at terminal 7 is defined as the difference between the currents with
spin up and spin down
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=2 (1= 1t) = % > o(T5V, — TV, (6.58)

e “~—
j#io
where we convert the unit of the charge current into that of the spin current: change

the unit of charge e into the unit of spin /2/2 by the ratio %

Two-terminal measurement: as the edge states are helical, there are two conducting
channel to connect the two terminals. The transmission coefficients 73 = 75} = 1
for electrons with both spin up (¢ =1) and down (0 =|). Take V; = V/2 and
V, = —V//2. The spin-dependent current flowing out of the terminal 2 is

2
e
L=1 = (Vi = Va). (6.59)

Thus, the charge conductance is

2
G:GT+G¢=2% (6.60)

as there are two conducting channels from the left to right. This is equivalent to a
quantum Hall conductance for n = 2 in a setup with two terminals.

Four-terminal measurement: In this case, the transmission coefficients for an elec-
tron with spin up, T4T3 = T3T2 = T;l = le = 1, and 0 otherwise, and the transmission
coefficients for an electron with spin down, T1¢2 = T;3 = T3¢4 = T4¢1 =1, and O oth-
erwise. From the Landauer-Biittiker formula, we have

1f

5 10 0 1 v

I, 1 =10 0 Vs

Al o1 -10 V3 6.61)
3 0 0 1 —1 A

1}

and

It

\ 110 0 Vv,
I, 0 -11 0 Vs
e O S A (6:62)
3 10 0 -1)\y
I¢

4

The total charge current is the sum of the currents with spin up and down, /; = If +1 iL .
Thus, the equation for the charge current,
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I 21 0 1 Vi
LI |1 210 Vs
Ll nl|l 0 1 -21 178 B (6.63)

1y 1 0 1 =2 Vi

The total spin current in each terminal is the difference between the currents with
spin up and down, I = (If - Il.i) x b2

e

Iy
0 —-10 1 Vi

L el 1 0 =10 Vs

I “ax |l 0 1 0 =1 Vs (6.64)
10 1 0 A

1

Set the voltages at terminal 1 and 3 as V/2 and —V/2 and as O for terminal 2
and 4:

Vi z
V, 0
= v |- (6.65)
V3 —7
Vy 0
The currents at terminal 2 are
2 2
1 e 1 e
I, = szlvl = +EV (6.66)
and
By Sy (6.67)
2 — h 23V3 = W . .
As a result, the total current is
=1 +1y =0. (6.68)
However,
h/2 e
L= (1T - ﬂ) x 12 Cy. 6.69
2 2 — 1 p = (6.69)
Thus, the spin Hall conductance is G; = ;=. However it is noted that the Hall
conductance for each sector is
IT 2
G! 2 ° (6.70)

V-V 2h



6.3 Transport of Edge States 107

b Ve i
(a) (b) 3
—_——— e ——— ——
V Ie=25V— 0 Is=£V —>
e ——— S T e nEaaea] — e i sl ' S =, ot et
“5_.15
: 2

Fig. 6.6 Schematic diagram showing a two-terminal and b four-terminal measurement geometries.
In (a) a charge current /¢ = (Zez/h)V flows into the right lead. In (b) a spin current Is = ﬁV
flows into the right lead

as we have set the voltages at the four terminals. In conclusion, the quantum spin
Hall effect can be measured through the charge transport in a mesoscopic system as
shown in Fig. 6.6 [8].

Strictly speaking, spin up and down here mean two different conducting channels
of the edge state, NOT a real electron spin. Due to the spin-orbit coupling none of the
spin components S, (o = x, y, z) are conserved. So the “real” spin Hall conductance
is not quantized.

6.4 Stability of Edge States

Assume the impurity potential V is time reversal invariant. There does not exist
backscattering between the two helical edge states. The time reversal operator @2 =
—1. Thus, we set |u_g,|) = O |uy 1) and |uy1) = —O |u_y ). The operator © is
anti-unitary and has the property,

(@alV1O[5) = (BlV ]a). (6.71)
Using this relation it is easy to conclude,
(| V Ju,y)=0. (6.72)

Li and Shi proposed a general argument for the robustness of the helical edge
state transport [14]. In essence, a two-dimensional quantum spin Hall insulator is a
conductor with odd number of the Kramers pairs in the conducting channel. This
is different from the ordinary one-dimensional conductor which always has an even
number of Kramers pairs in the conducting channel. In general, the transmission
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along the conductor can be characterized by a 2N x 2N § matrix, which relates the
in-coming (;,) and out-coming (¢,,,) wave amplitude:

Your = Stin, (6.73)
where
Yin=(a,al, ... ab; by, by, ..., by)T" (6.74)
and
Your = (ay a5, ... an: b, bT, .. bi)T. (6.75)

a[-+ (b)) and az (b;") denote the right-going and left-going wave amplitudes, respec-
tively. al.lL or bl.i with the same index i are related by the time reversal and form a
Kramers pair. N denotes the total number of Kramers pairs at each edge, and can
be odd for the quantum spin Hall insulator or even for an ordinary insulator. In this
notation, the time reversal symmetry imposes a constraint on the S matrix:

st =-s. (6.76)
Moreover, the conservation of charge implies that the S matrix must be unitary:

STS =1.
Under these constraints, the polar decomposition of the S matrix reads [15]

ur o\(ZT\{UO
S:( 0 VT)(T 2)(0 v)’ ©.77)

where U and V are the two N x N unitary matrix. For an even N = 2n, X' is a block
diagonal matrix

YX=J1-To, ®V1—-—Tho, & ---dV]1—-T,0, (6.78)
and
T = diagl\/Tio0, VTr00, - - , v/ Thool. (6.79)

For an odd N = 2n + 1, X is a block diagonal matrix

Y=y1-To, ®J1-To, ® - D0 (6.80)

and

T = diag[ T1CT(), TQO(), ey, 1] (681)
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T; denotes the transmission coefficient in the ith conducting channel. One immedi-
ately sees that for odd N there is at least one conducting channel that has the perfect
transmission 7; = 1, that is not being adversely affected by the disorder. This is the
reason behind the robustness of helical edge states in the quantum spin Hall effect.

According to the Z; classification for the time reversal invariant insulating system,
there always exist an odd number of Kramers pairs in the conducting edge states along
each edge of a sample. However, in the geometry of a strip, there are two edges and
the total number of Kramers pairs is still even in the system. The conductance is
not really quantized if the interaction or finite size effect makes the channels at two
edges coupling together [16].

6.5 Realization of the Quantum Spin Hall Effect
in HgTe/CdTe Quantum Wells

In 2006, Bernevig et al. [17] predicted that the HgTe/CdTe quantum well may have
an inverted band structure and may exhibit the quantum spin Hall effect. One year
later, Konig et al. [18] verified this theoretical prediction experimentally.

6.5.1 Band Structure of HgTe/CdTe Quantum Wells

The band structures of HgTe and CdTe near the I" point can be described very well
by the 6-band bulk Kane model which incorporates the I's and I'y bands but neglects
the split-off I band. CdTe has a so-called normal band structure, in which the band
I of the s-wave electron (j = %) has a higher energy, and the band I3 (j = %) has
a lower energy. However, HgTe has an inverted band structure, as shown in Fig. 6.7.
In order to consider the coupling between the Iy and g bands we choose the 6-band
basis set [19, 20]:

1
uy (r) = F6,+§> =51, (6.82)
up (r) = |I%, —%> =5, (6.83)
—F+3’—1X+'Y 6.84
us (r) = |Ig, §>v_ﬁ( iY) 1, (6.84)
1 1
uy (r) = |Ig, +§>v = 7 (X +iY) | —2Z 1], (6.85)
1 1
us (r) = |Ig, —§>v = —% (X —iY)+ +2Z |], (6.86)
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Ts LH
HH
HH
LH s

Fig. 6.7 Schematic illustration of the normal band structure and inverted band structure. The left
is the normal band structure where the blue curve represents the light hole (LH) and the heavy hole
(HH) of the I'y valence bands, the right is the inverted band structure where the LH flips up and
becomes the conduction band, the I appears below the HH bands (Adapted from [20]) (color
figure online)

1

3
I, —5>v =-7 (X —iY) | . (6.87)

ug (r) =

For the chosen basis set, the Hamiltonian for a three-dimensional system with [001]
growth direction takes the following form:

1 2 1
T 0 —LpPk. 2Pk TP 0
1 2 1
0 T 0 —Lpk. 2Pk 1Pk
1
—-LPk. 0 U+v —S_ R 0
H=| V2 . (6.89)
2 1 T
\@sz —ZPk —SL U-V 0 R
1 2 Il
1Pk, JiPk R o U-v s
0 \%qu 0 Rf S. U+V
where
ki = ki +kj ke = ke £ iky, (6.89)

2
T =E.(2)+ % [QF + D kj + k. QF + D k], (6.90)
0
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K2 2
U= Ey(2) = 5 (yikj +knke) (6.91)
mo
? 2
V= o (ki — 2k;72kz) (6.92)
R V3
R=——— — )k — k2], 6.93
T [((3— 1)k — (3 + ) k2] (6.93)
h2
Sy = —2—«/§ki (v3k: + k.73) - (6.94)
mo
P=— % (s| px | X) is the Kane matrix element between the s and p bands with m

the bare electron mass.

The quantum well growth direction is along z with Hg;_,Cd, Te for z < —d/2,
HgTe for —d/2 < z < d/2, and Hg,_,Cd, Te for z > d /2. As the quantum well is
confined along the z-direction, we make the Peierls substitution, k, = —i 0% Now
the problem reduces, in the presence of continuous boundary conditions, into the
Hamiltonian (6.88) in each of the 3 regions of the quantum well.

The basic technique for deriving an effective Hamiltonian is to start with the
Hamiltonian at kK, = k, = 0 and to find the solutions of the wave function of the
electrons in the confined quantum well. Then, using the solution of k, = k, = 0 as
the basis, one can derive an effective Hamiltonian for k., k, # 0 by means of the
projected perturbation method.

For ky =k, =0,
T 0 0 J2Pk. 0 0
o T 0 0 [t 0
0 0 U+V 0 0 0
Hky = 0) = . (695)

2Pk, 0 0 U-V 0 0

2
o Jirk, 0 0 U-V 0
0

0 0 0 0 U+V

which is reduced to a block diagonalized matrix after re-arranging the basis as
{uyr, uq, us, ur, us, ug}. On the subsector of {u;, us} for j, = %,

NEY TS

Hyy = , (6.96)
JiPk U~

which is a one-dimensional modified Dirac equation. Consider a quantum well poten-
tial V,,,(z). The model coefficients are different for CdTe at |z| > d/2 and HgTe at
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|z| < d/2. Solving this one-dimensional problem, one obtains a bound state for the
quantum well ¢;. Similarly, on the base {u3} of j, = %, one obtains a solution for
the quantum well ¢,. Use these two states, one can have an effective Hamiltonian
near the point of k # 0,

k) = (1l (o) H (K (::‘j;;) . 6.97)

Similarly, (u;, us, ug) gives two other states. In this way, Bernevig, Hughes and
Zhang derived an effective model for a quantum well of HgTe/CdTe [17],

hky O
Hppz = ( 0 h*(—k))’ (6.98)

where h(k) = e(k) + A(kco, + kyo)) + (M — Bk*)o,.
The model is actually equivalent to the modified two-dimensional Dirac model
as shown in (2.45) with the addition of the kinetic term e(k),

h(k) = e(k) + h, (6.99)
and
h*(—k) = e(k) + Uh_U ™", (6.100)

where the unitary transformation matrix U = o,. All of the model parameters are
functions of the thickness of the quantum well. The most striking property of this
system is that the mass or gap parameter M changes sign when the thickness d of the
quantum well is varied through a critical thickness d,. (=6.3 nm), associating with the
transition of the electronic band structure from a normal to an “inverted” type [21].

If the inclusion of (k) does not close the energy gap caused by M for a non-
zero B, the system should be insulating in the bulk. There exists a topological phase
transition from a positive M to negative M. However, the sign of M alone cannot
determine whether the system is topologically trivial or non-trivial. From the formula
in (2.52), we know that the system is in a quantum spin Hall phase only for M B > 0,
and there exists a pair of helical edge states at the boundary of the system.

6.5.2 Exact Solution of Edge States

In this subsection we present an exact solution of the edge state for the Bernevig-
Hughes-Zhang model in (6.98), which was first solved by Zhou et al. [16]. Here we
consider a semi-infinite plane with an open boundary condition at y = 0. In this
case, ky is a good quantum number, and k, is replaced using the Peierls substitution
k, = —i0dy. The Hamiltonian is a block-diagonalized one,


http://dx.doi.org/10.1007/978-981-10-4606-3_2
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ooy _ (P (ke —i0y) 0
H (ke zay)_( 0 h, (ks —id,) ) (6.101)

where
N _ (M= B, (k-0 Ak, — 0y)
and
(M —Bi(ki—0;) —Alk+0y)
hy (kx, ky) = ( —Alke — 9,) y _M+B (kf _ 8}2) , (6.103)

with By = B &+ D. The upper /4 and lower i blocks describe the states of spin
up (strictly speaking, it is the sector of j, = % and %) and spin down (the sector of
J. = —% and —%), respectively.

The eigenvalue problem of the upper and lower blocks can be solved separately.
Here we focus on the solution for the upper block of this Hamiltonian,

ha ¥y = EW,. (6.104)
We take the trial wave function
v, = (z)e*y, (6.105)
and substitute it into (6.104). Then the characteristic equation gives
(M S Yo s

‘We obtain four real roots +=\; and +£\,:

M2_E2
No=k+F+ [F———— (6.107)
+ —

where F = [A?> —2(MB + ED)]/(2B,B_). To find an edge state solution, the
wave function must decay to zero when deviating far away from the boundary. We
adopt the Dirichlet boundary condition ¥, (k,, y =0) = ¥; (k,, y = +0o0) = 0.
Thus, the solution has a general form,

c(ky Ny -
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if A; and )\, are positive or their real parts are positive. Substituting the solution into

(6.104), we obtain

é Alky + A1) 3 A (ke + X2)
d E—-M+B.k—B. N} E—M+B.k2— B\

Thus, it follows from this equation that
E=M— B\ — By A\ + \) k, — Bk
Atk, =0,

E=M— B\,

A\ = \/F +F2— (M?—E?)/B,B_,

Ny = \/F —JF>— (M?> - E?)/B.B_.

Thus, one obtains

E=—-M=—M,
B_+ B, B
M —-FE M
)\1)\22 =—>0,
B, B
A2
AL+ X = > 0.
1+ A2 B.B_

Therefore the existing conditions of the edge state solution are,

A2 M
>0, — > 0.
B.B_ B

Near k, = 0, from the equations for A\, \; and E, we calculate

dE
dk,

— By (A + X)li.—o

_ d(A1Ar)
=—-B,

k=0 dkx =0

2

D
=sgn(B)A,/1 — T

It follows that the energy spectrum of the edge states near k, = 0 reads

MD D? 5
Ep (k) = === +sgn(B)A\1 =~k + 0.

(6.109)

(6.110)

6.111)
(6.112)

(6.113)

(6.114)

(6.115)

(6.116)

(6.117)

(6.118)

(6.119)
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The effective velocity of this state is

/ D2
vy = +sgn(B)A,/ 1 — Tk (6.120)

Similarly, we may have the energy dispersion of the edge states for the lower block /2,

MD D?
Ey (k) =~~~ sgn(B)A/1 — Skt 0k (6.121)

and the effective velocity
D2
v, = —sgn(B)A,/1 — o (6.122)

The results can be also obtained from the perturbation theory for a small k,. Thus,
the effective velocities in the two edge states are opposite, one is positive and the
other is negative. These two edge states constitute a pair of helical edge states.

6.5.3 Experimental Measurement

The transition from the normal band to an inverted band structure coincides with
the topological quantum phase transition from a trivial insulator to an quantum spin
Hall insulator. The first experimental observation was made by a group in Wurzburg,
Germany led by Molenkamp [18]. In order to cover the regime of normal and inverted
band structures, a series of HgTe samples with quantum well widths from 4.5 to 12 nm
were grown. Initial evidence for the quantum spin Hall state was revealed in studies
of Hall bar of dimension (L x W) = (20.0 x 13.3)wm? with different thickness. For
thinner samples with dow < d. the samples show an insulating behavior. But for
thicker samples withdyw > d. afinite value of resistance was measured, as shown in
Fig. 6.8, which is anticipated as the theoretical prediction for the quantum spin Hall
effect. The inset shows the resistances at two different temperatures. Surprisingly, the
resistance at lower temperatures is larger than the resistance at higher temperatures,
which usually is characteristic of an insulating phase rather than a conducting phase.
We have to say that no quantized conductance has been measured experimentally
in the quantum spin Hall effect, although the measured conductance is close to the
predicted value at a specific temperature.

Further evidence in the helical edge states comes from the non-local transport
measurement. which is performed in a multi-terminal setup. In conventional diffusive
electronics, bulk transport satisfies Ohm’s law. The resistance is proportional to the
length and inversely proportional to the cross-sectional area, implying the existence
of a local resistivity or conductivity tensor. However, the existence of the edge state
necessarily leads to nonlocal transport, which invalidates Ohm’s law. Such nonlocal
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Fig. 6.8 Longitudinal four-terminal resistance, Rj4 23, of various normal (¢ = 5.5nm) (I) and
inverted (d = 7.3 nm) (II, III, and IV) quantum well structures as a function of the gate voltage
measured for B = 0T at T = 30 mK. The device sizes are (20.0 x 13.3) wm? for devices I and II,
(1.0 x 1.0) umz for device I11, and (1.0 x 0.5) umz for device IV. The inset shows the Ry4,23(V,) of
two samples from the same wafer, that have the same device size (III) at 30 mK (green) and 1.8 K
(black) on a linear scale (Adapted from [18] reprinted with permission from AAAS) (color figure
online)

Fig. 6.9 H-shaped
four-terminal device of the
quantum spin Hall system.
The spin-filtered edge
channels are indicated by red
(spin up) and blue (spin
down) arrowed lines (color
figure online)
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transport was first observed in quantum Hall effect, and is well described by the
quantum transport theory based on the Landauer-Biittiker formula.

In the device shown in Fig. 6.9, which is used in the non-local measurements to
prove the existence of helical edge states, two terminals act as current probes and the
other two act as voltage probes. The non-local resistance is defined as:
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Vi — Vi
Rijut = = (6.123)
ij

We can set V; = 0 and write down the Biittiker formula:

I, 2 2 —-10 Vi
L | = n -1 2 -1 Vo . (6.124)
I; 0 -1 2 Vs
If the current is driven through the terminal 1 and 4, and the terminal 2, 3 act as
voltage probes, we have I} = —I4 and I, = I3 = 0. Then we obtain
Vi—Vy h3
R = = —- 6.125
14,14 7, 21 ( )
and
Vo—V; h 1
R = = —-, 6.126
14,23 2 21 ( )

which are the predicted values if the helical edge states truly exist in the system. These
predictions have been experimentally confirmed in HgTe/CdTe quantum wells [22].

However, so far the exact quantized plateau of the conductance has not yet been
measured experimentally in HgTe/CdTe quantum wells.

6.6 Quantized Conductance in InAs/GaAs Bilayer
Quantum Well

The double layer quantum wells InAs/GaSb, which is sandwiched between AlSb bar-
riers, provides an alternative to observe the quantum spin Hall effect. In the system
the conduction band of InAs layer and the valence band in GaSb layer are sepa-
rated spatially in quantum wells and the overlap of the two bands is tunable by the
gate voltages. Hybridization of the two bands may lead to a gap opening, which has
been studied theoretically and experimentally for a long time. In 2008, a complete
phase diagram was suggested to cover metallic, normal insulating, and topological
quantum spin Hall insulating phase. In the quantum spin Hall regime a pair of heli-
cal edge states are expected to be protected topologically, and to be dominated the
transport properties near the band crossing point [23]. The helical edge states in the
hybridization gap were evidenced by low-temperature electronic transport measure-
ment [24]. In 2015, Du et al. [25] reported the clear quantized conductance plateau
of helical edge states in the sample of electron-hole bilayer of inverted InAs/GaSb
by using dilute silicon impurity doping at the interference, and non-local transport
measurement to support the helicity of edge states. Surprisingly it is observed that
the quantized conductance plateau can survive even up to 12 Tesla in-plane magnetic



118 6 Quantum Anomalous Hall Effect and Quantum Spin Hall Effect

field, which goes beyond theoretical expectation asthe magnetic field will break time
reversal symmetry and consequently the Zeeman coupling between electron with
opposite spins destroys the helical edge states. It is anticipated that the robustness of
the edge states may result from the electron-electron interaction effect in the system,
such as the Luttinger liquid in the edge channel or the emergence of excitons in this
special particle-hole bilayer quantum well structure. The edge current can be imaged
in InAs/GaAs quantum well with long edge. An effective edge resistance can be
determined to be larger than /2 /2, it is independent of temperature up to 30 K, which
cannot be explained by existing scattering mechanism [26]. Besides, Ma et al. [27]
demonstrates that HgTe/CdTe system also exhibits the robustness of edge states in
the presence of strong magnetic field, which is very similar to the InAs/GaSb. Until
now, the story behind these unconventional phenomena is still unclear theoretically.

6.7 Quantum Hall Effect and Quantum Spin Hall Effect:
A Case Study

The difference between the quantum Hall effect and the quantum spin Hall effect
can be illustrated with the conductance of a three-probe conductor with one contact
playing the role of a voltage probe. At this contact the net charge current vanishes.
Electrons that leave the contact is replaced by electrons from the contact reservoir.
In the quantum Hall effect sample with v = 2, two edge states from the left source
contact enter the voltage probe and two edge states leave the voltage probe for the
right drain contact. The potential of the probe is equal to that of the source contact and
the voltage probe has no effect on the overall conductance. However in the quantum
spin Hall effect sample, the situation is different. Here, only one edge state is directed
from the source contact to the voltage probe. Two other edge states lead away from
the probe—one to the source contact and one to the sink contact. To maintain zero
current, it is sufficient to tune the chemical potential at the probe halfway between
the potentials of the source and sink contact. Now, half the current is directed back
to the source contact. The voltage probe reduces the overall conductance by half
a conductance quantum, i.e., 0 = %‘2—7 not Zeh—2 as in the quantum Hall effect of
v = 2 [28]. Such a probe maintains a zero net charge current into the contact.
However, the spin current into the probe is nonzero with spin up in the case depicted.
Simultaneously, a spin current is induced into both the source and drain electrodes.

6.7.1 Quantum Hall Effect (v = 2)

In this setup with three-terminal geometry, using the Landauer-Biittiker formula, the
currents are
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Tief: 2 (10 1 Wieft
Iprobe - 2; 1 -1 0 Mprobe . (6127)
Irighz 0 I -1 Wright

The probe potential is tuned such that the charge current at the voltage probe vanishes,

2

e
Iprohe = 2z(ﬂleft - Hprohe) =0. (6.128)
Then,
62
Iright = 2Z(ﬂprobe - ,U/right)
62
= zz(ﬂleft - ,Ufright)~ (6129)
The conductance is
€2
Gonr =25 (6.130)

6.7.2 Quantum Spin Hall Effect

Using the Landauer-Biittiker formula, the currents are

Left 221 1 Hief:
Iprobe = Z 1 =21 M probe . (6131)
Iright 1 I =2 Hright

The probe potential is tuned such that the charge current at the probe vanishes,

2

e
Iprobe = z(,u/lefz + Mright — zuprobe) = 0. (6132)
Then,
62
]righr = ;(Mlefz + M probe — z,uri(/ht)
3e?
= EZ(MZQ‘: — right)- (6.133)

The charge conductance is

3e
Gonr = i (6.134)



120 6 Quantum Anomalous Hall Effect and Quantum Spin Hall Effect

Igrobc e 0, Igrobe =0 Igrobe G 0, Igmbe # 0

| Hprobe l | Hprobe |

>

hd
v

>

>

k 4

| <
Ic=3<Vv

-

[left

Ic =25V

L

Hright
Hieft
Hright

I

Fig. 6.10 Difference of quantum Hall effect and quantum spin Hall effect (right) in a setup with
three probes. Left quantum Hall effect for v = 2 with two chiral edge chaneels. Right the quantum
spin Hall effect with a pair of helical edge channels

In the quantum spin Hall effect, the spin currents are

lieg 0 —11

e - Hiefr
Igmbe = o 1 0 —1 Hprobe | - (6.135)
Irsztghl Lo Hright

The spin current at the probe is

e
LS ope = - (et = righe) # 0. (6.136)

Although the charge current vanishes at the probe, the spin current does not vanish.
The results are summarized in Fig. 6.10.

6.8 Coherent Oscillation Due to the Edge States

We study here the device shown in Fig. 6.11, which consists of a two-dimensional
strip of a topological insulator on which two quantum point contacts have been
patterned in series through gates (shaded regions in Fig. 6.11). The quantum point
contacts define a saddle shaped confining potential, whose height can be controlled
by a gate voltage. An effective disk with the area A = 7R? (R is the radius of
the disk) is formed in the center. An Aharonov-Bohm effect in the device can be
expected intuitively, because a topological insulator possesses a pair of independent
gapless edge states of different spins moving in opposite directions, each forming
an ideal one-dimensional loop around the disk. The two edge states are independent
because no backscattering is allowed at a given sample edge even in the presence of
weak time reversal invariant disorder. We note here that spin is not a good quantum
number in topological insulators because of spin-orbit coupling. In the absence of
a magnetic field, the actual edge states are eigenstates of the time reversal operator;
their characterization as spin up and down is not precisely correct, and the word



6.8 Coherent Oscillation Due to the Edge States 121

-

Fig. 6.11 Schematic of the setup consisting of a disk connected to two reservoirs through two
quantum point contacts. Red (light gray) and blue (dark gray) lines indicate the chiral edge channels
of spin up and down electrons, with arrows indicating the direction of their motion (Adapted from
[32]) (color figure online)

“spin” below is to be viewed more generally as the quantum number denoting the
two states of a Kramers doublet.

Suppose a weak magnetic field B, exists normal to the plane. Following [29]
we consider an electron with spin up (or spin down) travelling from the left hand
side in Fig. 6.11. At the left hand side junction it splits into two partial waves: one is
transmitted through the quantum point contact into the disk with amplitude 7, and the
other is transmitted across the quantum point contact with an amplitude r causing a
backscattering. We denote the wave function amplitudes in the upper and lower edge,
right after the left hand side junction, by u; and d, respectively. The corresponding
amplitudes in the vicinity of the right hand side junction are u, = u; exp[i6/2] and
d, = dj exp[—i0/2], where

0= 27r¢i + 27k Regr, (6.137)
0

¢o = h/eis the magnetic flux quantum, ¢ = ngff B, is the magnetic flux threading
the effective one-dimensional loop with an effective radius Res, and 27k Rt is the
phase acquired by the wave function traveling along the loop. As the Fermi level of
electrons in the edge states can be tuned by a gate voltage Vi, and the dispersion
relation for the edge states is linear in k, the phase can be tuned by the gate voltage
00 = 27TReff6k X (SVga,e.

A partial wave goes through the right hand side slit with an amplitude ¢’ and across
the slit with an amplitude r’. Using the theory of multi-scattering processes [30], it
follows that the total transmission for a spin-up electron through the slit A and B is
given by
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o'

T'(B)) = .
(B0 1+ [rr/[* = 2]rr'| cos(8 + 6o)

(6.138)

Here 6y = arg(rr’). For specificity, the following numerical calculations suppose
two symmetric quantum point contacts with || = |t’| and |r| = |r’|. Resonant
tunneling, i.e. TT(B,) = 1, occurs for cos(f + ) = 1.

The transmission coefficient for a spin down electron TV (B.), which is the time
reversal counterpart of a spin-up electron at — B, , is given by TV(B,) = T"(—B,).
According to the Landauer-Biittiker formula [11, 31], the total conductance is

2
G(B) = %[TT(BD +THBL)L. (6.139)

This coherence oscillations in the conductance G as a function of the magnetic flux ¢
through the disk are therefore expected to be symmetric with respect to the direction
of the magnetic field.

6.9 Further Reading

e FD.M. Haldane, Model for a Quantum Hall Effect without Landau Levels:
Condensed-Matter Realization of the “Parity Anomaly”, Phys. Rev. Lett. 61,2015
(1988).

e C.L. Kane and E.J. Mele, Quantum Spin Hall Effect in Graphene, Phys. Rev. Lett.
95, 226801 (2005).

e C.L.Kane and E.J. Mele, Z, Topological Order and the Quantum Spin Hall Effect,
Phys. Rev. Lett. 95, 146802 (2005).
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Topological Phase Transition in HgTe Quantum Wells, Science 314, 1757 (2006).
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Chapter 7
Three-Dimensional Topological Insulators

Abstract Three-dimensional topological insulators are characterized by surround-
ing surface states in which electrons are well described as two-dimensional Dirac
fermions. A series of materials have been identified as topological insulators after
being theoretically predicted.

7.1 Family Members of Three-Dimensional Topological
Insulators

7.1.1 Weak Topological Insulators: Pb,Sny_,Te

The first known inverted band material was SnTe, which was discovered more than
S50years ago [1]. The valence- and conduction-band edges in PbTe and SnTe occur
at the L points in the Brillouin zone. The valence band of PbTe is an Lg state and its
conduction band is an Lg state, and the valence band of SbTe is an L state and its
conduction band is an L{ state, as shown in Fig. 7.1. In a Pb,Sn_, Te alloy sample,
as the Sn composition increases, the energy gap initially decreases as the L and L
states approach each other, then closes at an intermediate composition where the two
states become degenerate, and finally re-opens, with the Lg state now forming the
conduction band and the L state forming the valence band [2]. The band structures
of PbTe and SnTe were calculated in the early sixties of the last century [3, 4]. It was
realized that the change in the energy gap corresponding to different compositions of
the Pb, Sn;_, Te alloy series can be understood qualitatively in terms of the difference
between the relativistic effects in Pb and Sn, and relativistic correction are extremely
important in determining the positions of the energy bands. Nowadays we call the
relativistic correction as the spin-orbit coupling in semiconductors.

The band inversion in Pb, Sn;_, Te occurs at four equivalent valleys. The number
of the surface states is even. Thus, itis a trivial or weak topological insulator according
to the topological classification of time reversal symmetry [5].

© Springer Nature Singapore Pte Ltd. 2017 125
S.-Q. Shen, Topological Insulators, Springer Series in Solid-State Sciences 187,
DOI 10.1007/978-981-10-4606-3_7
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7.1.2 Strong Topological Insulators: Bij_,Sb,

The first strong topological insulator to be discovered was the bismuth antimony alloy
Bi;_,Sb, [6, 7]. Semiconducting Bi;_,Sb, alloys have been studied experimentally
because their thermoelectric properties make them desirable for thermocoupling. The
evolution of the band structure of the alloy Bi;_,Sb, as a function of Sb composition
x has been well studied and is summarized in Fig. 7.2 [8, 9]. As the Sb concentration
increases, two things happen. First, the gap between the L and L, bands decreases.
Atx = 4%, the band gap closes and then reopens with the inverted ordering. Second,
the top of the valence band at T comes down in energy and crosses the bottom of the
conduction band at x = 7%. At this point, the indirect gap becomes positive, and the
alloy is a semiconductor. At x = 9% the T valence band crosses the L valence band,
and the alloy is a direct-gap semiconductor at the L points. As x increases further, the
gap increases and reaches its maximum value of about 30 meV at x = 18%. At that
point, the valence band H crosses the L valence band. For x > 22%, the H band
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crosses the L, conduction band, and the alloy is again a semimetal. As the inversion
transition between the L and L, bands occurs in the semimetal phase adjacent to pure
bismuth, it is clear that the semiconducting Bi;_,Sb, alloy inherits its topological
class from pure antimony and is, thus, a strong topological insulator [6].

Direct observation of Dirac gapless surface states in Bi;_,Sb, was first reported
by a group led by Hasan [7]. High-momentum-resolution angle-resolved photoe-
mission spectroscopy performed with varying incident photon energy allows for the
measurement of electronic band dispersion along various momentum space (k-space)
trajectories in the three-dimensional bulk Brillouin zone. The surface band-dispersion
image along the I — M direction shows five Fermi level crossings, which demon-
strates that the materials are topologically non-trivial.

7.1.3 Topological Insulators with a Single Dirac Cone:
Bi»Ses and BiyTes

Soon after the discovery of Bi 9Sby 1, anew family of stoichiometric crystals, Bi,Ses,
Bi,Tes, and Sb,Tes, was identified as a family of three-dimensional topological
insulators [10-12]. Among them, Bi,Se; (Bismuth selenide) is expected to be the
most promising for applications. It has a large bulk band gap up to 0.3 eV, equivalent
to 3000 K, which ismuch higher than room temperature. Its band inversion happens
at the I” point, leading to a simple band structure of the topological surface states
with only a single Dirac cone. The high-resoluation ARPES measurement shows
clearly the surface band dispersion on Bi,Ses, as shown in Fig. 7.3, which provides
explicit and unambiguous evidence of the surface states of topological insulators. It
also reveals a single ring around the I" point formed by the pure surface states, and
the band structure of the Dirac cone. The single Dirac cone of the surface states is
now considered characteristic of topological insulators.

7.1.4 Strained HgTe

Three-dimensional crystal HgTe is a semimetal with a neutral charge when the Fermi
level is at the touching point between the light-hole and heavy-hole Iy bands. A
unique property of the band structure of HgTe is the inversion of the Iy and I
band ordering. The effective masses of light- and heavy-holes have opposite signs
(see Fig. 6.7). The appearance of the heavy-hole band between the light-hole and I
bands makes the material metallic instead of insulating, as there is no energy gap in
the band structure. Because of the band inversion, three-dimensional HgTe is also
expected to have Dirac-like surface states, however, the surface states always mix
with bulk states. Once the system opens an energy gap, it will evolve into a topological
insulator. Usually, there are two ways to open an energy gap in the band structure. One
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Fig. 7.4 a Surface local density of states of 3D HgTe without strain. The bright line in the direct
gap between LH and HH bands indicates the first type surface state; the bright regimes in the valence
band indicates the second type surface state. b An insulating band gap is opened and the first and
second-type surface states becomes connected. ¢ The surface states when the I's and the HH band

are inverted

way is to fabricate a thin film or a quantum well. The finite size effect opens a gap,
which is the origin of the quantum spin Hall effect in two-dimensional HgTe/CdTe
quantum wells. The other way is the strain effect. A strained three-dimensional HgTe
is expected to be a topological insulator (See Fig. 7.4). The quantum Hall effect of
the surface states in a strained bulk HgTe was observed experimentally [13].
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Based on the adiabatic continuity of their band structure to HgTe, a series of
chalcopyrite semiconductors are predicted to be topological insulators [15].

7.2 Electronic Model for Bi;Ses

Bi,Se; and Bi, Tes are three-dimensional topological insulators with robust and sim-
ple surface states constituting a single Dirac cone at the I" point [11]. Bi,Se; and
BiTe; share the same rhombohedral crystal structure with the space group D3,
(R3m) with five atoms in one unit cell. We take Bi,Ses as an example and show its
crystal structure in Fig. 7.5; it is a layered structure with a triangle lattice within one
layer. It has a trigonal axis (three-fold rotation symmetry), defined as the z-axis; a
binary axis (two-fold rotation symmetry), defined as the x-axis; and a bisectrix axis
(in the reflection plane), defined as the y-axis. The material consists of five-atom
layers arranged along the z-direction, known as quintuple layers. Each quintuple
layer consists of five atoms with two equivalent Se atoms (denoted as Sel and Sel’),

i Quintuple layer
= — —— Sel
o — ( Bil e
— gy —— Se2
—_—
t.\ lafftz Bil ™ _-———""E
! _ Sel’

p. orbital

Fig. 7.5 Top Crystal structure of BiSes with three primitive vectors denoted as t; 2 3. The Sel
(Bil) layer can be related to the Sel’ (Bil’) layer by an inversion operation in which the Se2 atoms
have the role of inversion centres. Botfom Schematic diagram of the p, orbitals of electrons, and
the band inversion of the p7 orbitals of Bi and the p_ orbitals of Se due to the spin-orbit coupling
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two equivalent Bi atoms (denoted as Bil and Bil’) and a third Se atom (denoted as
Se2). The coupling is strong between two atomic layers within one quintuple layer
but much weaker, predominantly of the van der Waals type, between two quintuple
layers. The primitive lattice vectors f;.,.3 and the rhombohedral unit cells are shown
in Fig. 7.5. The Se2 site has the role of an inversion center and under an inversion
operation, Bil is changed to Bil’ and Sel is changed to Sel’. The existence of
inversion symmetry enables us to construct eigenstates with definite parity for this
system.

To get a better understanding of the inversion of the band structure and the parity
exchange in Fig. 7.5, we start from the atomic energy levels and consider the effect
of crystal-field splitting and spin-orbit coupling on the energy eigenvalues at the I
point. The states near the Fermi surface mainly come from p orbitals of Bi (6526 p*)
and Se (4s24p*). The crystal-field removes the degeneracy of the p orbitals and
only the p, orbitals become relevant in the present problem. Furthermore due to the
inversion symmetry of the crystal lattice, the p, orbitals of the electrons from Bi
and Se atoms near the Fermi surface have opposite parities. The band gap between
these two orbitals is controlled by the spin-orbit coupling: increasing the spin-orbit
coupling may cause a band inversion, as analyzed in [11].

The three-dimensional Dirac equation can be applied to describe a large family
of three-dimensional topological insulators. Bi,Tes, Bi;Se; and Sb,Tes have been
confirmed to be topological insulators with a single Dirac cone of surface states. For
example, in Bi,Tes, the electrons near the Fermi surfaces mainly come from the p
orbitals of Bi and Te atoms. According to the point group symmetry of the crystal
lattice, a p, orbital splits from p, , orbitals. Near the Fermi surface the energy levels
turn out to be the p, orbital, |[P17, ), P17, ¢), P2_, T), and |P2Z+, i), where +
stand for the parity of the corresponding states and 1, |, for the electron spin. Four
low-lying states at the I" point can be used as a basis to construct the low-energy

effective Hamiltonian [11]. On the basis of(‘Plj, | PLE L) | P27, 1) [ P2E, L),
we keep the terms up to the quadratic order in p, and obtain
H=e(p)+ D vipici+|M— D Bip|p (7.1)

i:x,y,z i:x,y,z

with v, = v, =vjand v, = v,, and B, = B, = Bj and B, = B, . The first term,
e(p) = C—Dy(p*+ pi) —D; pf, breaks the particle-hole symmetry of the system.
The linear term in p; is determined by the change in the parity of the different basis.
Anisotropy of the crystal reveals that B # B, and vj # v,. This will modify the
effective velocity of the surface states.

This model can be understood as a result of the k- p theory. Under the time reversal,
o; — —q; and § — (. Suppose the system is time reversal invariant. Expand the
Hamiltonian near p = 0. The zero-order term is M (3, where M represents the energy
gap at the point, the first order term is Zi:&yqz v; piq; since p; — —p;, and the
second order termis > ,_ y.2 Bi pizﬂ, as pi2 — p[2 under the time reversal. €(p) is
the dispersion independent of inter-band coupling.
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7.3 Effective Model for Surface States

The effective Hamiltonian for the surface states can be derived from the electronic
model for the bulk states. Consider an x-y plane at z = 0. Both p, and p, are
good quantum numbers, and p, is replaced by —i k0, in (7.1) To derive an effective
Hamiltonian for the surface states, we first find the solution of the surface states at
px = py =0in(7.1):

H(z) |¥) =E¥), (7.2)

where
H(z) = C + D, I*0? — iv  hd,o, + (M + BLR*07)B. (7.3)

We have derived an effective model for surface states for the modified Dirac equation
in Chap. 2. Here the presence of €(p) makes it a little bit more complicate to find the
solution at p, = p, = 0. The term €(p) breaks the particle-hole symmetry between
the conduction band and the valence band. If D7 > B?, the band gap closes and the
system is no longer an insulator. To have a surface state solution, we focus on the
case of D? < B?.1In this matrix equation, the first and third rows are decoupled from
the second and fourth rows. For this reason, we can adopt two trial wave functions:

ap

l¥) = ,? e (7.4)
1

0

and

Wg = eAz B (75)

respectively. The equation is reduced into two independent sets of equations

M + B+)\2 —ivl/\ ay . aq
( —ign —M+ B3 )6 ) TE (7.6)
and
M + B+)\2 +iv A a\ a)
( Fiv A M+ B)\z) (bg) =k (bz) : 7

where By = B, & D, . These two equations are equivalent to those for the edge
states in the quantum spin Hall effect at k, = 0. We first focus on the solution of a;
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and b,. To have a non-trivial solution, the characteristic equation is

M+ BN —E —ivi A _
det ( —ivn -y -£)=0 7.8)

From this equation, we find four roots for A: £A; and +\,. We adopt the Dirichlet
boundary conditions, which require that the wave function for the surface states must
vanish at z = 0 and z — —oo. For M B, > 0, we obtain

a
0 Az A
) =1, (eMF — ) (7.9)
0
with
1 2 1 v? M
M=oy o0 (7.10)
2 B+B, 4 B+B, BJ_
and
1 2 1 2 M
)\2 = — UL - - UL - 5 (7‘11)
2\ B.B_ 4B,B_ B,
which requires that
ai lA)\] ZA)\Z
= (7.12)

b By + ) B3+ )

The normalization of the wave function requires

—1
jar? + 161? = (Az';lr;; % —2M2) (7.13)
Similarly, we find the solution to |¥;) by setting a, = —a; and b, = by,
0
W) = _(;“ (€N — ). (7.14)
b

The energy eigenvalue for both statesis E = —D, M /B, .
To find the solution of p,, p, # 0 we may use the projection and perturbation
method by utilizing the two solutions at p, = p, = 0 as the basis to project the
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Hamiltonian. On the new basis, the effective Hamiltonian is projected out

_ (W H %) (| H W)
Hets = (W’zIHIWI) (lI/2|H|lI/2))' (7.15)

In this way, we obtain an effective Hamiltonian in the x-y plane [16],

Hetr = €0(p) + very (p X 0. (7.16)

where v,rr =sgn(B,),/1 — D? /B?v;. We note that the inclusion of €(p) will revise

the effective velocity of the surface states. A quadratic term appears up to p2, eg(p) =
Eo — Dy(p; + p3). Note that the effective Hamiltonian is only valid for a small p.
A key feature of this effective model is the lock-in relation between the momentum

and spin. In the polar coordinate, weset p = ./ pZ + p§ and ¢, = arctan p,/p,. The
dispersions for the surface states are £ (p) = €g(k) & v.sr p and the corresponding

energy states are
1 +e—i%
IWQ:—( el ) (7.17)

V2

The Berry phase, which is acquired by a state upon being transported around a loop
in the k space, can be evaluated exactly,

.0
7¢=%d¢p (willaT%WQJ = F7. (7.18)

The Berry phase will play an essential role in the transport properties of the surface
states, such as weak antilocalization. An ideal Dirac fermion gas is a super-metal, in
which none of the states can be localized by disorders or impurities.

Hexagonal warping effect [17]: Bi, Te; has a rhombohedral crystal structure with
the space group R3m. In the presence of a [111] surface, the crystal symmetry is
reduced to Cs,, which consists of a three-fold rotation of C; around the trigonal
z-axis and a mirror operation M: x — —x, where x is in the I" — K direction. Under
the operations of C3 and M, the momentum and spin transform as follows:

+i27/3 +i27/3

Cyipr—e P+, 0+ —> € Oy, 0, = O (7.19)

and
M:py — —p_,0c = 0x,0y; > —0y . (7.20)

In addition, the time reversal symmetry gives the constraint

H(p) = OH(-p)O© . (7.21)



134 7 Three-Dimensional Topological Insulators

Keeping the higher order term up to p?, the effective Hamiltonian for the surface
states has the form

A
H.rp = €o(p) + vepr(proy — pyox) + E(Pi + p?)o, (7.22)

where ¢y = p?/2m*. The cubic term does not breaks the time reversal symmetry.

7.4 Physical Properties of Topological Insulators

7.4.1 Absence of Backscattering

The absence of backscattering in the topological surface states can be demonstrated
as follows: a pair of the Kramers’ states |k, 1) and |—k, |) are related through the
time reversal transformation, |—k, |) = @ |k, 7). As the operator ® is anti-unitary,
it is straightforward that

(kU Ik, 1) = —(=k, |OUO |k, 1) (7.23)
=—(k, MU=k )" == (=k Uk 1), (724

where U is a time reversal invariant operator. Thus, for a potential of a nonmagnetic
impurity V, (—k, ||V |k, 1) = 0.

The absence of backscattering of the surface states was studied in the alloy
Bi;_,Sb, [18], and in the single crystal Bi;Tes [19]. Bi,Tes has only a single Dirac
cone and therefore the picture is clearer. The constant energy contour at the Fermi
energy of the conduction band of Bi, Tes is shown in Fig. 7.6. Due to the strong warp-
ing effect in (7.22), the constant energy contour of the surface band of Bi, Te; is not a
perfect ring, but looks like a hexagram. In the scanning tunneling microscopy (STM)
measurement on the surface of Bi, Tes, non-magnetic Ag atom trimers are deposited,
which can scatter the surface states. The electron wave functions before and after
scattering will interfere with each other and form a standing wave pattern. The fast
Fourier transformation from the real-space standing wave pattern to the momentum
space can reveal the momentum difference before and after the scattering. On the
hexagram, the density of states is not uniform. At some momenta, the density of
states is relatively large, as depicted by the darker area on the hexagram in Fig. 7.6.
The scattering between these high-density momenta is more obvious in some than
in others. The momentum difference between two momenta with totally opposite
momenta, i.e., backscatteringisq =k, —k; = 2K . If the backscattering is present,
there will be a high-value signal along q direction in the fast Fourier transformation
spectra, more specifically, along the K direction of the surface Brillouin zone. How-
ever, there are apparent gaps along the K direction in the STM measurement [19].
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Fig. 7.6 Constant energy
contour of Hery in (7.22).
The dominant scattering
wave vectors connect two
points in I — K directions
on the constant energy
contour. k; and kK ; denote
the wave vectors of incident
and scattered states

=
<l

This provides a direct evidence of the absence of backscattering of Dirac fermions
on the surface of topological insulator.

7.4.2 Weak Antilocalization

Weak antilocalization is a characteristic feature of transport experiments that demon-
strates the presence of the Dirac fermions in topological insulators. It appears in the
form of low-field negative magnetoconductivity, i.e., negative conductivity change
as a function of an applied magnetic field [20-24]. A series of experimental mea-
surements have been reported. So far, all of the reported samples in the transport
experiments have low mobility and a short mean free path, indicating that diffusion
dominates the electronic transport. Like many semiconductors, the phase coher-
ence length in topological insulators can be as long as several hundred nanometers
to more than one micrometer at low temperatures (below the liquid helium tem-
perature). When the sample size is comparable to the phase coherence length, the
quantum interference becomes an important correction to the diffusion transport. In
materials without or with ignorable spin-orbit coupling, the constructive quantum
interference will enhance the backscattering between two time-reversed scattering
loops (Fig. 7.7), and suppress the resistivity. This suppression of resistivity by the
quantum interference leads to the weak localization. It can be destroyed by applying a
magnetic field that breaks the constructive quantum interference. On the other hand,
people have known for a long time that strong spin-orbit scattering in some solids
could also make the quantum interference change from constructive to destructive.
As a result, the conductivity is enhanced and weak antilocalization happens.
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Fig. 7.7 a The back scattering between two time-reversed scattering loops. b The exhibition of
weak localization and weak antilocalization in magnetoconductivity. The horizontal dashed line
marks the classical conductivity

In addition to the spin-orbit scattering, the energy band structure with spin-orbit
coupling can also lead to weak antilocalization, and this case can be understood
in terms of the Berry phase argument. Due to the strong spin-orbit coupling, the
surface states of topological insulators have a two-component spinor wave function,
which describes a momentum-spin lock-in relation in the surface states. After an
electron circles around the Dirac point, its spin orientation rotates by 27, and the wave
function accumulates only a 7w Berry phase [25, 26]. The 7 Berry phase changes the
interference of the time-reversed scattering loops from constructive to destructive.
The destructive interference will enhance the conductivity, which can be destroyed
by applying a magnetic field, leading to a negative magnetoconductivity with the
cusp.

7.4.3 Shubnikov-de Haas Oscillation

All of the early in-plane transport measurements reveal the dominance of three-
dimensional bulk conductivity [20, 21, 27]. One way to determine the dimension
of the carriers and to distinguish the two-dimensional surface states from the three-
dimensional bulk states is the Shubnikov-de Haas oscillation. In the presence of a
strong perpendicular magnetic field, an electron gas splits into discrete Landau levels,
the separation between the Landau levels increases with the increasing magnetic field.
As the magnetic field increases, the Landau levels cut through the Fermi surface one
by one. When the Fermi level is (not) aligned with a Landau level, the resistivity drops
(increases). As a result, the in-plane measurement will measure an oscillating resis-
tivity, known as the Shubnikov-de Haas oscillation. Because the Shubnikov-de Haas
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oscillation only responds to a perpendicular magnetic field, a two-dimensional elec-
tron gas has no Shubnikov-de Haas oscillation for in-plane magnetic fields, whereas a
three-dimensional electron gas can have a Shubnikov-de Haas oscillation for a mag-
netic field applied along any directions. This angle-dependence of the Shubnikov-de
Haas oscillation is a convenience tool to identify the dimension of carriers. The
Shubnikov-de Haas oscillation revealed the coexistence of three-dimensional bulk
carriers with the two-dimensional surface states in the transport for Bi; _, Sb, [27, 28]
and Bi,Se; [29-31]. The Shubnikov-de Haas oscillation measured in a Bi,Se; crys-
tal shows that the bulk states dominate the transport, because it can be measured
for an arbitrary magnetic field direction. The Shubnikov-de Haas oscillation also
reveals the Berry phase information. The oscillating longitudinal resistivity p,, can

be formulated as
F
Pxx ™~ COS |:27r (E — ’y)i| , (7.25)

where F is the oscillation frequency, 7y is the phase of the oscillation. The Berry
phase can be found as [32] 27 (y — %). One has zero Berry phase for v = %, and 7
Berry phase for v = 0. The Berry phase is about 0.4, giving another signature that
the bulk states dominate the transport of as-grown topological insulator Bi,Ses.

7.5 Surface Quantum Hall Effect

When the surface states are subjected to a Zeeman field, the massless Dirac fermions
gain a mass and open an energy gap:

H=v(pxo),+A0,=d- -0 (7.26)

with d, = —vp,, d, = vpy, and d. = A. From the Kubo formula, the Hall conduc-
tance can be expressed as

& [ dkdky (fi+ — fi—) d(k) - O d(k) x O d(k)

== , 727
T = on ) Tene |d(k)[? (7.27)

where fi 1+ = {1 + exp[(£(d(k) — 1)/ kgT1)~" (for details see Sect. A.2). When
the Fermi energy level is located in the gap, i.e., 4 = 0, the Hall conductance is half
quantized at zero temperature,

sgn(A) e?
Oyy = — T (7.28)

It is noted that the Hall conductance is usually related to the Chern number, which is
always an integer if the Brillouin zone is finite, as we prove in Sect. A.1. However,
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here the integral range is infinite, which makes it possible that the conductance is not
an integer.

This is regarded as one of the key features of the surface states in topological
insulators. It has many applications in the field of topological insulators. For example,
it plays a decisive role in the development of topological field theory [33].

Although we have a half quantized Hall conductance from the Kubo formula, it
is still not clear whether or not the half quantization of the Hall conductance can
be directly observed in transport measurement. In the integer quantum Hall system,
the current-carrying chiral edge states are responsible for the quantized conductance
measured in transport experiments [34, 35]. It is not immediately clear whether or not
the similar chiral edge state will form on the closed surface of a topological insulator,
and how the quantized nature of the edge states can be reconciled with the prediction
of the half quantization of the Hall conductance [33, 36, 37]. To get a definite answer
to these questions, we investigate the multi-terminal transport properties of a three-
dimensional topological insulator in the presence of a uniform spin-splitting Zeeman
field.

To illustrate the basic physics, we consider a three-dimensional topological insu-
lator with a cubic shape. A Zeeman field is applied along the z-direction, as shown
in Fig. 7.8a. As the bulk of the system is insulating, it is effectively a closed two-
dimensional surface with six facets. The effective Hamiltonian of the Dirac fermions
for the surface states can be written as [16, 38]:

Her(K) =v(k x 0) -n— gyuphjoy —grughy -0y, (7.29)

(b) -A. +A,

/L EN CR— (c)
’:_ el e 0 +A,
a7, N
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Fig. 7.8 a Schematic of a three-dimensional topological insulator in a weak Zeeman field, and
the formation of the chiral current on the fop and bottom surface boundaries. b Chiral edge state
around the domain wall between the two-dimensional Dirac fermions with the positive and negative
masses. ¢ Edge mode splits into two halves separating by a metallic area
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where n denotes the normal vector of the surface, 0 = {0y, 0y, 0.} are the Pauli
matrices, h (o)) and h; (o) are the Zeeman field (Pauli matrix) components
parallel and perpendicular to the normal vector, respectively, and g; and g, are
the corresponding spin g-factors. Note that the surface states have anisotropic spin
g-factors due to the strong spin-orbit coupling of the bulk band: g is the same as
that of the bulk material, and g, is renormalized by the bulk band parameters and is
usually strongly suppressed [16, 38]. Different facets of the surface have different
effective Hamiltonians respective to different normal vectors n. For the top and the
bottom facets, the effective Hamiltonian can be written as

Hey = 2v(keoy — kyoy) + A0, (7.30)

where + and — are for the top and bottom surfaces, respectively, and A, = —g) gh.
The spectrum will open a gap on these facets, and the Dirac fermions gain a mass
£ A.. On the other hand, the effective Hamiltonians for the side facets can be written
as

Hegr = v[(kx + Ah)gz - kzo—x]’ (731)

where A, = g, uph. In this case, the Zeeman field simply shifts the Dirac point
from (ky = 0,k, = 0) to (—Ay, 0). When the fermi level is located in the gap of
the top and bottom surface, the system becomes effectively two insulating domains
separated by a conducting belt with massless Dirac fermions.

A chiral edge state will form and is concentrated around the boundaries between
the insulating domains and the metallic belt, as illustrated in Fig. 7.8b, c. Effectively,
the chiral edge state is split into two halves, each of which is circulating around the
boundary of one of the domains and carrying one half of the conductance quantum
e?/h. This reconciles the apparent conflict between the half quantization and the
index theorem. After establishing the existence of the chiral surface-edge states, we
can calculate the Hall conductance numerically using the Landauer-Biittiker formal-
ism [39—41]. The setup of the device is illustrated in Fig. 7.9 four identical two-
dimensional metallic leads (1 = 1, 2, 3, 4) are attached to the top square surface of
a semi-infinite three-dimensional topological insulator, acting as the measurement

Fig. 7.9 Schematic
illustration of the lead 2
three-dimensional (3D)

device with two-dimensional

(2D) semi-infinite metallic lead 1 lead 3
leads

lead 4
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electrodes. The Zeeman field is normal to the top surface, and the Fermi level is
located in the gap. The multi-terminal conductance can be deduced from the trans-
mission coefficient T, from the terminal p to terminal g,

Tpy = Trl[,G' I,G"], (7.32)

where I, is determined by the self energy at the terminal p [40]. The advanced and
retarded Green’s functions are given by

1
4 R,A°
E—H,—Y" I}

GRYE) = (7.33)

where E is the electron energy and H. is the model Hamiltonian for three-dimensional
system. The retarded and advanced self-energy terms are introduced for the semi-
infinite lead p [41].

In this way The transmission coefficients, as a function of the thickness of the
sample, can be calculated numerically. When the sample is thick enough it was found
that the transmission coefficients between the two neighboring terminals p and g has
the relation [42]

1
Tpy —Typ = 3 (7.34)

A straightforward way to measure the “half quantized” Hall conductance in the
four-terminal setup is to apply a voltage between terminals 1 and 3 (V)3), and mea-
sure the current between terminal 2 and 4 (Ip4). It is easy to show that the cross-
conductance o413 = I/ Viz = (€2/2h) (T2 — To1), yielding e?/4h for the half
quantization. The measurement using the usual six-terminal Hall bar configuration
could be more tricky due to the presence of the metallic side facets, which give
rise to the finite longitudinal conductance o . In the limit of a thick sample with
oL > e? / h, the Hall conductance oy approaches (4¢> /)Ty, —T,,) (if we assume
T,, — T,, is the same between all neighboring leads), which yields 2¢%/ h for the
half quantization. It can be compared with the case of quantum Hall effect, where
o, vanishes when oy is quantized [42].

7.6 Surface States in a Strong Magnetic Field

We now consider the surface states subjected to a uniform magnetic field. We first
consider the geometry of a strip with width L, and thickness H, which are much
larger than the magnetic length /5 and the spatial distribution £ of the surface states.
suppose the magnetic field B (along the z-axis) is perpendicular to the slab. We focus
on the top plane. The periodic boundary condition is adapted along the x-axis, and
the open boundary condition along the y-axis. In this way the wave number k, is still
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a good quantum number, and k, is substituted by —id,. We take the Landau gauge
for the vector potential, A, = —By and A, = 0. In this way, the effective model
(7.26) in a B field can be expressed in

Herr = vp [(hky — eBy)oy + ihdyo. | + Ao.. (7.35)
To solve the problem, it is convenient to define

1 B
a(yo) = z%[ay + 12 =yl (7.36)

where the magnetic length Iz = /h/eB and yo = I3k, assuming eB > 0. The
defined operators a and a' satisfy the commutation relation,

la(yo), a’(yo)] = 1. (7.37)

For simplicity, we introduce a dimensionless parameters my = \/5)‘1:;/1' In this way,
WF/tB
we obtain a dimensionless Schrodinger equation,

my a o1\ E ©1
(aT —mo) (902) "~ vp/2¢h/B (902)' (7.38)

The allowed values for y, are separated by dyy = 277112; /L, for a periodic boundary
condition with length L, and are limited within 0 < yy < L,. The solution is a
function of the good quantum number k, or yy = l%kx. When yj is far away from
two edges of y = 0 and y = L, the two components ¢; and ¢, will vanish at the
two boundaries. Let |0) be the lowest energy state for a simple harmonic oscillator
such that a(yo) [0) = 0. [n) = g (@’ (30))"10) is the eigenstates of N(yo) =

a’(yo)a(yo) with eigenvalue n (an integer). In this case, the energy eigenstates in

(7.38) are
_(sin0,qln—1)
In, ) = ( C08 B o 1) ) , (7.39)

W% and o = %1 [43]. The Landau energy is given by

E, . = avp,/2ehB (n + m%), (7.40)

which are highly degenerate for different values of yy. The number of the allowed
values of yo, N, = Ly/8yo = 2wLL,/[3, is called the degeneracy of the Landau
levels.

where tan 6, , =
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It should be emphasized that the zero mode Ey = —vp+/2¢hB |my| forn = 0
|8) . The energy expressions yield
an energy gap AE = |E,—1+| — E( between the zero mode and the states of n = £1.
For my = 0 the energy gap is about AE ~ 800 K for Bi,Se; at B = 10 T, which
makes it possible to measure the quantum Hall effect even at room temperature, just
as in single layer graphene [44].

Unlike the conversional two-dimensional electron gas where the landau levels are
evenly spaced, E,, = hw.(n+ % ), and the lowest Landau level of the conventional two-
dimensional electron gas has a nonzero energy fiw, /2 (w, is the cyclotron frequency),
the Landau-level energies of massless Dirac fermions have a square-root dependence
on a magnetic field B and the level index n, given by

and the eigenstate is fully saturated, |0, 0) =

E, = sgn(n)vp+/2eBh|n|, (7.41)

where the level index n = 0, £1, &2, .... Moreover, Dirac fermions can have the
zero Landau level index, n = 0, or even negative level indices, n < 0. This
square-root dependence has been observed in the measurement of scanning tun-
neling spectroscopy [45, 46]. Despite the observation of the Landau levels in the
STM measurement, an in-plane measurement with a Hall-bar setup still poses an
experimental challenge, so the quantum Hall conductance has not yet been observed
for the surface states of topological insulators.

7.7 Topological Insulator Thin Film

Thin film of three-dimensional topological insulators may provide an alternative
way to realize the quantum spin Hall effect. It presents the opportunity to reduce
a three-dimension topological insulator to a two-dimensional topological insulator.
The surface states have spatial distribution, which can be characterized by a length
scale &;. When this length scale is comparable to the thickness of the thin film, the
wave functions of the two surface states from the top and bottom surfaces will overlap
in space. Consequently, the two surface states open gaps. Thus, the surface states of
the thin film can be described by a two-dimensional massive Dirac model [16, 38].

7.7.1 Effective Model for Thin Film

Consider an extra-thin film in the x-y plane such that k, and k, are good quantum
numbers, and the thickness of the thin film along the z-direction is denoted as L. To
establish an effective model for an ultra-thin film, we still start with the electronic
model in (7.1) and follow the approach to derive an effective model for the surface
states where only one surface is considered, as discusssed in Sect. 7.3. The boundary
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condition in the present problem is different as two surfaces are considered simul-
taneously. If the thin film is so thick that the surface states at the top and bottom
layers are well separated, i.e., L >> )\]_1, Ay ! which are the characteristic scales
of the surface states defined in (7.3), then the thin film consists of two independent
massless Dirac cones when the Fermi level is located in the bulk gap. However, if
the thickness L is comparable with A\;' and A", the two surface states at the top
and bottom layers will be coupled together and will open an energy gap at the Dirac
point. Thus, the massless Dirac electrons will gain a mass and evolve into massive
Dirac electrons.

At k, = k, = 0, we have four roots for A in (7.8): £A; and £\, as function of
energy E. Thus, the final solution for the wave function should be a linear superpo-
sition of these solutions; for example

Nz, (7.42)

4
W) =D ¢
i=1

oS of

We take the Dirichlet boundary condition for the wave functions at z = +L/2, i.e.,
U(z= :I:%) = 0. Then, we can obtain a set of transcendental equations to determine
the values of E, \; and \, as function of thickness L,

ML ML
014}t tanh AL tanh o)
oA Ay tanh AZTL tanh A‘TL

whereajp =E—-C—-M — (D, + Bl))\%yz. In (7.43), A\, define the behavior of the
wave functions along the z-axis, and are functions of the energy E

| =F+ (DR
AalB) = \/ 2(D} — BY)

, (7.44)

where for convenience we have defined F = Ai +2D,(E—C)— 2B, M and
R = F?—4(D? — B})[(E — C)* — M?]. The two equations in (7.43) can be found
numerically, and give two energies at the I” point, i.e., E; and E_, which define an
energy gap

A=E, —E_. (7.45)

We can find two solutions of |¥;): ! for E and x' for E_ and other two solutions
for |¥,): ©?* for E and x* for E_. For details readers may refer to the reference
[16, 38]. By using these four solutions as basis states and rearranging their sequence
following (note that each basis state is a four component vector) (¢!, x*, x'. ¢?),
we can map the original Hamiltonian to the Hilbert space spanned by these four
states, and reach a new low-energy effective Hamiltonian for the ultra-thin film:
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[hek) ©
Heff_[ o h(k)] (7.46)

in which

h..(k) = Eg — Dk* — hvp(kyoy — kyo,) + 7, (% - Bkz) .. (7.47)
Note that here the basis states of Pauli matrices stand for spin-up and spin-down states
of real spin. In (7.47), we have introduced a hyperbola index 7, = %1 (or ). Unlike
the momentum correspondence in graphene, therev is a o, to —o, correspondence
in the present case. Therefore, the dispersions of 4 are actually doubly degenerate,
which is secured by time reversal symmetry. Here, 7, = = are used to distinguish the
two degenerate hyperbolas; /i (k) and h_(k) describe two sets of Dirac fermions,
each show a pair of conduction and valence bands with the following dispersions

A 2
ci(k) = Eg — DK* + (3 - Bkz) + (hvp)2k2, (7.48)

where 4 and — correspond to the conduction and valence bands, respectively. The
eigen states for e are

1 (K) = (4 - BRY) o £/(4 - BE) + (wp k2 (7.49)
e ihvpks
with
2
A A :
lusl = (3 - Bkz) T, + (5 — Bkz) + (hwp)?k? | + (hop)?k>.

(7.50)

The energy gap A and other model parameters are functions of thickness L and
can be calculated numerically. The numerical results of A, vp, D, and B are presented
in Fig. 7.10. It is noted that | D| must be less than | B|, otherwise the energy gap will
disappear, and all of the following discussions will not be valid. The A terms play a
role in the mass term in 2+1 Dirac equations.

In the large L limit,
Ay |, DI
= — /1 - —. 7.51
Vf h BJZ_ ( )
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Fig. 7.10 a—c Two fold degenerate (7, = =£1) energy spectra of surface states for thicknesses
L = 20, 25, 32 (solid lines), and L — +oo (dash lines). The gray area corresponds to the bulk
states. The parameters are M = 0.28eV, A| =2.2¢eV, Ay =4.1eV, B] = 10eV2, B, = 56.6eV2,
C = —0.0068¢V, D; = 1.3eV?, and D, = 19.6eV?. d—g The calculated parameters for the new
effective model H, sy as a function of thickness L (Adapted from [38]) (color figure online)

The dispersion relation is given by
gepolk) = vphk (7.52)

for small k. As a result, the energy gap closes at k = 0. The two massless Dirac
cones are located near the top and bottom surfaces, respectively, as expected in a
three-dimensional topological insulator.

In a small L limit,

A

Vp = 5 (7.53)
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and
ZBLTI'Z
A= 17 (7.54)
The ratio of the two velocities in the limits is
1
n=—. (7.55)
i

_B_i

It is noted that the velocity and energy gap for an ultra-thin film are enhanced for a
thinner film.

7.7.2 Structural Inversion Asymmetry

Recent experiments [47, 48] revealed that the substrate on which the film is grown
dramatically influences electronic structure inside the film. Because the top surface
of the film is usually exposed to the vacuum and the bottom surface is attached to a
substrate, the inversion symmetry does not hold along the z-direction, leading to the
Rashba-like energy spectra for the gapped surface states. In this case, an extra term
that describes the structure inversion asymmetry needs to be taken into account in
the effective model.

Without loss of generality, we add a potential energy V (z) into the Hamiltonian.
Generally speaking, V(z) can be expressed as V(z) = Vi(z) + V,(z), in which
Vi@ = [V(@)+V(=2)1/2 = Vi(=2) and Vo (2) = [V () = V(=2)]/2 = = Va(—2).
The symmetric term V; could contribute to the mass term A in the effective model,
which may lead to an energy splitting of the Dirac cone at the I" point. Here we
focus on the case of the antisymmetric term, V (z) = V,(z), which breaks the top-
bottom inversion symmetry in the Hamiltonian. A detailed analysis gives the effective
Hamiltonian for structure inversion asymmetry

0 0V 0
0 0 0 V*
ySIA — | 2 , 7.56
eff VE 0 0 0 (7.56)
0 V0o 0
where
L/2
V= / A2 Va@IX). (7.57)

—L/2
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When the term of the structure inversion asymmetry is included, the Hamiltonian in
(7.46) with V%A (7.56) gives

e

A 2 .
E\+=Ey— D>+ (3 - BkZ) + (|V| + hvgk)?, (7.58)

A 2 .
Ery = Ey— D> + (3 - BkZ) + (V| — hvgk)?, (7.59)

where the extra index 1 (2) stands for the inner (outer) branches of the conduc-
tion or valence bands. Consequently, both the conduction and valence bands show
Rashba-like splitting in the presence of structure inversion asymmetry. An intuitive
understanding of the energy spectra can be developed with the help of Fig. 7.11. On
the left is a thicker freestanding symmetric topological insulator film with a single
gapless Dirac cone on each of its two surfaces, with the solid and dash lines for the
top and bottom surface, respectively. The two Dirac cones are degenerate. The top of
Fig. 7.11 indicates that the inter-surface coupling across an ultrathin film will turn the
Dirac cones into gapped Dirac hyperbolas. On the bottom of Fig. 7.11, the structure
inversion asymmetry lifts the Dirac cone at the top surface, while lowering the Dirac
cone at the bottom surface. The potential difference at the top and bottom surfaces
removes the degeneracy of the Dirac cones. On the right of Fig. 7.11, the coexistence
of both the inter-surface coupling and structure inversion asymmetry leads to two
gapped Dirac hyperbolas that also split in the k-direction.

Fig. 7.11 Evolution of the inter-surface
doubly degenerate gapless coupling

Dirac cones for the 2D

surface states, in the

presence of both

inter-surface coupling and

structure inversion , /\ \

asymmetry (SIA), into

gapped hyperbolas that also \ I
split in the k-direction. The "‘ X !'
blue solid and green dashed N\ 7
lines correspond to the states .
residing near the top and A
bottom surfaces, respectively / I\
(color figure online) 2D \\ f’ ; Jh
Dirac cones S B8, S_i_A
inter-surface
coupling
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Fig. 7.12 ARPES spectra of BiySes thin film at room temperature. a—e ARPES spectra of 1, 2,
3,4, 5, and 6 quintuple-layer (QL) along the /" — K direction. f~h Energy distribution curves of
¢, d and e. The pink dashed lines in b represent the fitted curves using the formula in (7.48). The
blue and red dashed lines in c—e represent the fitted curves using the formula in (7.59) (Adapted
from [47])

7.7.3 Experimental Data of ARPES

Several groups have investigated the thickness-dependent band structure of molecular
beam epitaxy-grown ultrathin film Bi,Se; using angle-resolved photoemission spec-
troscopy [47, 48]. The energy gap due to the interlayer coupling has been observed
experimentally in the surface states of ultrathin film Bi,Se; below the thickness of
6QL. The spectrum splitting caused by structure inversion asymmetry was also con-
firmed. The observed experimental data can be fitted by the dispersion in (7.59) very
well as shown in Fig. 7.12.

The gap in the surface states is caused by the spatial confinement of thin film,
which does not break the time reversal symmetry. This is different from the gap
opening in the surface states in a Zeeman field or magnetic impurity doping.

7.8 HgTe Thin Film

HgTe is a semimetal with an inverted band structure. Usually a strain will induce an
energy gap and force the HgTe to evolve into a topological insulator. However, it is
technically difficult to apply a strong strain to a sample to make a semimetal insulating
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in experimental conditions. The finite size effect provides a practical way to open an
energy gap in the bulk state when the dimensionality of the sample is reduced from
three dimensions to two dimensions, as in the case of a quantum well [14].

When the film is thin enough, the band gap caused by the finite size effect becomes
obvious. In this case the finite confinement induced sub-bands are far away from the
low-energy regime. We can then use the quantum well approximation (k,) = 0,
(kf) ~ (m/ L)2. Using the relations in the Hamiltonian in (6.88), and choosing the
basis set in the sequence (|1), [13), |¥s), [¥2), |16), |¥4)), We can obtain a two-
dimensional 6-band Kane model

H(k) = (hi)k) h*(o_ k)) ’ (7.60)
where
iy —\/%qu JLng,
hk)= | —5Pk- hn  37BIZ (7.61)
ﬁph V3YBKE  hss

with
hit = Eg+ BQF + 1)(kj + (k2)), (7.62)
hyy = —(y1 +7)Bkj — (71 — 27) B{k2), (7.63)

and
hs3 = —(11 —7)Bkj — (71 + 27)B(K?). (7.64)

The system retains the time reversal symmetry, and the representation of the sym-
metry operation in the new set of basis is given by 7' = K - io? ® I3x3, where K
is the complex conjugation operator, ¢” and / denote the Pauli matrix and identity
matrix, respectively.

We can study the two blocks separately as they are time reversal counterparts
of each other. Here we focus on the upper block first. At k, = 0, the boundaries
of I, light hole (LH) and heavy hole (HH) are at £ = E, + B2F + 1)(k§),
E = —(y1 — 29)B(k?), and E = —(v; + 27)B(k?), respectively, which are con-
trollable by choosing film thickness L. Down to L ~ 30 A, I'; band flips up and
exchanges position with HH, and the system is still non-trivial. Further down to
L =~ 20 A, I's flips up and exchanges with the conduction band. The band structure
becomes trivial. Using the tight binding approximation, we can transform % (k) into
a tight binding model on a two-dimensional lattice. In Fig. 7.13 we show the local
density of states on the edge of a semi-infinite film for (k). When L > 20 A the
edge states are found connecting the valence and conduction bands. After the system
becomes trivial when L < 20 A, the edge states do not cross the band gap anymore,
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Fig.7.13 Local density of states at the edge of thin films at different thickness using the Hamiltonian
in (7.60) with 2D lattice model in the tight-binding approximation. a L = 28A; b L = 25A;
¢ L =20A;dL = 16A (Adapted from [14])

instead, they only attach to the valence band. At the critical point L = 20 A, the
valence band and conduction band touch and form a linear Dirac cone at the low
energy regime. This shows that by controlling the film thickness, it is possible to
obtain a single-valley Dirac cone for each spin block without using the topological
surface states [49]. Notice that in Fig. 7.13 we can also see the edge states submerging
in the valence bands.
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Chapter 8
Impurities and Defects in Topological
Insulators

Abstract Impurities and defects in topological insulators can be regarded as system
boundaries. Bound states may form around these impurities or defects for the same
reason that the edge or surface states form.

Topological insulators are distinguished from conventional band insulators by the
Z, invariant classification of the band insulators that respect time reversal symmetry.
Variation in the Z, invariants at their boundaries will lead to topologically protected
edge or surface states with a gapless Dirac energy spectrum. Impurities or defects
are inevitably present in topological insulators. They may change the geometry or
topology of the systems, and induce the bound states as those near the boundary.
Given that a boundary state is a manifestation of the topological nature of bulk bands,
one should examine the host bulk to understand how impurities or defects affect the
electronic structure. It is known that a single impurity or defect can induce bound
states in many systems, such as in the Yu-Shiba state in s-wave superconductors [1,
2] and in d-wave superconductors [3]. In this chapter, we study the formation of
bound states around a single vacancy or defect in the bulk energy gap of topological
insulators.

8.1 One Dimension

When a § potential V (x) = Vyd(x) is present in an infinite one-dimensional topo-
logical insulator, the equation for the wave function reads,

[vpiox + (mv* — Bp}) 0. + Vod(0) | W (x) = EW (x), 8.1)

where ¥ (x) is a two-component spinor. The continuity of the wave functionatx = 0
requires

lim ¥(e) = ¥(—e). (8.2)
e—0F
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In addition, the integral of (8.1) around the § potential leads to

. Vo
615(1)1+ [0:¥ ] — OV e ] = —WUZ‘I/(O), (8.3)
i.e., the derivative of the wave function is not continuous at x = (. To find a bound
state near x = 0, the electron wave function should vanish when x — +o0.
For x > 0,
x>0 = cfre_x/f‘ + c;re_x/fz, (8.4)

and for x < 0,
W(x <0) =cye™8 4 cyet/e, (8.5)

with &) = 2|';'|h(1 + /1= 4mB).
Substituting the wave function into (8.2) and (8.3) at x = 0, one obtains two
transcendental equations for the bound state energy,

\/1 2mB +2|mBly/ 1 B2 _ Vo [ 2mv - E (B) (8.6)
—2m m - = — | ——— Fsgn , .
m2v*  2hv | Vm2v* — E2 T8

where up to two solutions can be found. When V, = 0 and the d potential vanishes
there is no solution to the equation that satisfies the boundary condition.

The bound states essentially have the same origin as the boundary states in topolog-
ical insulators as shown in Fig. 8.1. Consider an infinite one-dimensional topological
insulator, in which the energy gap separates the positive and negative spectra. If we

(a)
v=1 v=0 v=1
end states
—00 00
0 0
(b) B
impurity
bound
states
—00 o)
0

Fig. 8.1 In-gap bound states in a one-dimensional topological insulator. a The presence of end
states with zero energy at the open boundaries of a broken one-dimensional topological insulator.
b The zero-energy end states evolve into in-gap bound states when the two open boundaries are
connected by an impurity
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cut the chain at one point, say at x = 0, then we produce two open boundaries at
the two sides of x > 0 and x < 0. There exists a pair of states (end states) at the
boundaries with the following energy:

_ C (Esen(B) /6 /6
W(i)_ﬁ( l. )(ﬁ — T, (8.7)

with C = /2(& + &) /€1 — &|. £ indicates that the semi-infinite chain lies in the
region x > 0or < 0. The energies of these states lie inside the bulk gap, and are equal
to zero. Now we paste the two ends together again with some kind of “glue potential”,
it is possible that these end states can be trapped or mixed around the connecting
point and will evolve into in-gap bound states. The shapes of the possibility density
of the wave function of our solutions for a §—potential supports this intuitive picture
of the formation of the in-gap bound states. An impurity located at x = 0, unlike the
open boundary, allows tunneling between the two ends of the chain, and will affect
the behavior of the wave function near the point x = 0. For a d—potential, the bound
states induced by it are always there, regardless its strength [4].

For comparison, consider an ordinary insulator of m B < 0. A pair of bound states
induced by a d—potential is also possible when 0 < |Vy| < 2h|v|«/1 — 2mB, but
vanishes after | V| exceeds 2h|v|+/1 — 2m B, indicating a distinct origin from those
induced when mB > 0.

8.2 Integral Equation for Bound State Energies

The bound states can be formally obtained by solving an integral equation. Although
in most cases the integral equation cannot be solved analytically, it does provide rich
information about the existence of bound states under certain impurity potentials
in various dimensions. The modified Dirac equation with a potential V (r) can be
written as

[E — Hy(n)]¥(r) = V(I)¥(r). (8.8)

The wave function ¥ (r) can be expanded by its Fourier transformation components
into

W(r) =D upe®/" (8.9)
p/
Thus, one obtains,
[E — Hy)lup = D Vopity. (8.10)
"

where V,; = [drV(r)e™ ®-P)r/hAlthough this equation cannot be solved ana-
lytically in general, one can find the solution if V,, is taken to be a factorizable
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potential [5]:

Vo = Vo&" (p)E(p). (8.11)
In this case, Vf %)
oS (P

“=Em Zé‘( Ny (8.12)

Multiplying £(p) in (8.12) and summarizing over p, it follows that

Vo&* (P)&(p) N
[;E_—Ho(p) - 1]25(;: Juy = 0. (8.13)
P
Thus, one obtains
Vo&* (p)E(p)
d = P 1| =0. 8.14
et[zp: E — Ho(p) } E19

For a magnetic impurity, it is more complicated.
More generally, the solution can be determined if the system is isotropic and V,,y
can be expanded into its partial wave components,

i > vl

1=0 m=—1

(2,)Y,7"(82,), (8.15)

with a factorizable V (|p|,
monic Bessel function.

, where Y/" (£2) is the spherical har-

8.2.1 &—Potential

For a delta potential V (r) = Vyd(r), Vppr = Vo. A nontrivial solution requires

Vo B
det [Zp: Fye 1] =0, (8.16)

or

d'p Vo _
o [/ (nh)? E — Ho(p) 1] 0 &

where d is the dimensionality.
For the one-dimensional case, the modified Dirac Hamiltonian can be easily
inverted. After some algebra we have,
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+oo qk E/p £ (mv* — BR2K?)V,
/ v [Eap £ (mv IV _ 1 (8.18)
0

T E}p — (mvt— Bh2k2)? — v2h2k2

where E4 and Ep denote the energy solution for 4+ and —, respectively. From this
equation we can recover the result given in Sect. 8.1.

For the two-dimensional case, one can obtain a similar integral equation for the
two-dimensional bound state energies,

+oo E + 2 _ Bh2k?
/ kdk  [Ea/p £ (mv R k)1 Vo _ 1 (8.19)
0

21 E3 5 — (mv? — BI2K?)2 — v2 2>

where k> = k)% + kf. However the integral in (8.19) will logarithmically diverge
when |k| — +o00o. This means that in the two-dimensional case, an impurity with
d-potential cannot trap any bound states. Similarly, in three dimensions, although the
integration equation is more complicated, divergence also exists in the k-integration,
which excludes the possibility of three-dimensional bound states under J-potential.

As the Brillouin zone of lattice crystal is always finite, it is possible to form bound
states under d—potential by introducing a reasonable cut-off of k.

8.3 Bound States in Two Dimensions

The formation of the in-gap bound states can be readily illustrated by reviewing the
edge states in two-dimensional topological insulators. As the Z, index varies across
the boundary, the edge states arise in the gap with the gapless Dirac dispersion.
Unlike the quantum Hall effect in a magnetic field, spin-orbit coupling respects the
time reversal symmetry, so the resulting edge states appear in pairs, of which one state
is the time reversal counterpart of the other, propagating in opposite directions and
with opposite spins (Fig. 8.2b). Now imagine that the system edge is bent into a hole or
punch a large hole in the system; the edge states will then circulate around the hole, as
the periodic boundary conditions along the propagating direction remain unchanged
(Fig. 8.2d). The dispersion of these edge state is proportional to (n + %)h/ R (nhis
for orbital angular momentum). As the radius of the hole shrinks, most of the edge
states will be expelled into the bulk bands as the energy separation between the states
becomes larger and larger for a smaller R. It is found that at least two degenerate
pairs of the states will be trapped to form bound states in the gap as the hole shrinks
into a point defect. This mechanism forming the bound states can be realized in a
topological insulator in all dimensions.

In two dimensions, the modified Dirac model can be reduced into two independent
2 x 2 Hamiltonians:

hi = (mv? — Bp*)o, + v(px0y £ p,0y), (8.20)
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(a)a (b) (c)
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5 dge states d ->
Y cdge sta edge states
s h— f/‘\\
edge
momentum - *
@1 (e) (d)

_ bound <+

bound
/\ states circulating
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Energy
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Fig. 8.2 Schematic description of the formation of vacancy-induced in-gap bound states in two-
dimensional topological insulators. a and b A pair of helical edge states traveling along the edge
of a two-dimensional topological insulator with the gapless Dirac dispersion. ¢ and d When the
edge is bent into a hole, the helical edge states evolve to circulate around the hole. e and f The
circulating edge states may develop into bound states as the hole shrinks into a point or is replaced
by a vacancy (Adapted from [6])

with A _ the time reversal counterpart of 4 [7-9]. It is convenient to adopt the polar
coordinates (x, y) = r(cos ¢, sin ) in two dimensions. In the coordinate

. 1o,
Py = —ihet? (a, + ’—") (8.21)
r

and . .
p> =1 (af + ;& + r—28§> . (8.22)

Here these equations are solved under the Dirichlet boundary conditions
(Fig. 8.2a), i.e., the center of the two-dimensional topological insulator is punched
with a hole of radius R, thus, the wave function is required to vanish at » = R and
r = 4-00. Due to the rotational symmetry of &, it is found that the z-component of
the total angular momentum J, = —ihdy + (h/2)0, satisfies

[hy, J.1=0 (8.23)
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and provides a good quantum number. The wave function has a general form
fl (r) ei 16
oi(r,0) = (gz (r)et+Do (8.24)

with an integer [, satisfying that J,¢;(r, 0) = jhp(r, 0) with j =1 + % Thus, the
equation is reduced so that for the radial part of the wave function,

fi(r) fi(r)
h, —E , 8.25
" (gz(r)) (gz(r)) (82
where
mv? + 2B + & — L —ihv (9, + )
he — r r r r 2 . 8.26
ff ( —itw(@, — 1) —mv? — BB + & — &7 (820

We take the trial wave function
fi(r) = aKi(Ar) (8.27)

and
g(r) = di K11 (Ar), (8.28)

where K, (x) is the modified Bessel function of the second kind. The secular equations
give four roots of A\, (= £\, £);) as functions of E,

5 v? 4B2E?
Mo =gz || —2mBE 1 —4mB+ —— |. (8.29)

2B2h?

Using the Dirichlet boundary conditions at ¥ = R and r = +o00 we arrive at the
transcendental equation for the bound-state energies:

X+ 25 KR _ A+ 25E KiiOuR).
Al K/ (M R) A2 Ki(\aR)

(8.30)

As there is more than one value of ), the wave function should be the linear combina-
tion of the modified Bessel functions; for example, f;(r) = c¢; K; (A7) + c2 K;(A\or).
With the boundary condition at » = R, the wave function «;(r, ) for i turns out
to have the form

Ki(A\1R) il0
Kiai a0 fir)e!
Aﬁm : (8.31)

(/\ v/Bh) fl+l(r)el(l+1)9

with
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Ki(\r)  Ki(Aor)
K/(\MR)  Ki(MR)

filr) = (8.32)
The solution for #_ can be derived following the same procedure.

In Fig. 8.2¢, d, we show the bound-state energies as functions of R for an ideal
case (Fig. 8.2b, mB = 1), for the HgTe quantum well (Fig. 8.2c, mB = 0.05),
and for a two-quintuple-layer of Bi;Ses thin film (Fig. 8.2d, mB = 0.32). For a
macroscopically large R, we find an approximated solution for the energy spectrum

(a) (b) mB=1
2DTI with a hole 0.50-

0.25-

<

~ 0.00

L
0254

/
-0.50+

(¢) HgTe/CdTe QW (mB~0.05)  (d)

0.50-
0.25{
<
~ 0.00-
Ll
-0.25- -312 .
512 - —
0501 -9/2
0 50 100 150 0 20 40 60 80 100

R (nm) R (Angstrom)

Fig. 8.3 Two-dimensional in-gap bound states. a A two-dimensional topological insulator with a
hole of radius R at the center. b—d Energies (E in units of the band gap A) of in-gap bound states
circulating around the hole as functions of the hole radius. m; is the quantum number for the z-
component of the total angular momentum of the circulating bound states. Inb, m=v=B=h = 1;
inc, mv? = —10 meV, BA? = —686 meV nm?, and hv = 364.5 meV nm (Adopted from Ref. [7]);
ind, mv? = 0.126 eV, BR? = 21.8 eV?, hw = 2.94 eV (Adopted from Ref. [11]). A = 2mv? for
0 <mB < 1/2,and A = (v*/|B|)v/AmB — 1 for mB > 1/2. The grey areas line mark the bulk
bands (Adapted from[6])
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of hy as E = (I + %)hvsgn(B)/R. As the time reversal copy of k., h_ has an
approximated spectrum E = —(I + %)hvsgn(B) /R. They form a series of paired
helical edge states, in good agreement with the edge-state solutions in the two-
dimensional quantum spin Hall system [10] if we take k = (I + %) /R for a large R.
As R shrinks, the energy separation of these edge state AE = hvR increases with
the smaller R, and the edge states with a higher / will be pushed out of the energy gap
gradually. However, we observe that for m B > 0 the state with [ = 0 always stays in
the energy gap, and as R — O their energies approach E = +(v?/2|B|)v/4mB — 1
formB > % or £mv? for 0 < mB < % When comparing the details of Fig. 8.2¢c
with d, we find that the two pairs of states for [ = 0 have quite different asymptotic
behaviors in the spectrum when R decreases to zero. This can be explained by noting
that there is no in-gap bound state when mB < 0, suggesting that mB = 0 is the
critical point for the topological phase transition. The bound state with a smaller m B
is closer to the transition point, and thus, tends to enter the bulk more easily.

The solutions verify the formation of the in-gap bound states as shown in Fig.
8.3. Therefore considering the symmetry between /. and i#_ we conclude that in the
presence of vacancy or defect there always exist at least two pairs of bound states in
the energy gap in the two-dimensional quantum spin Hall system.

8.4 Topological Defects

There are several types of topological defects, such as magnetic monopoles, vortex
lines, or domain walls. In Sect. 2.2, we have already solved the problem of domain
walls with a kink of mass distribution. The solution of zero energy is quite robust
against the distribution of domain walls. The solution has many applications in poly-
mers. The charge and spin carriers in one-dimensional polyacetylene are topological
excitations generated by domain walls. Here we present a solution of a zero energy
mode for a quantum vortex in the quantum Hall system, and its application to three-
dimensional systems.

8.4.1 Magnetic Flux and Zero Energy Mode

When a magnetic flux is threading the hole, the energy levels of the in-gap bound
states can be continuously manipulated. Consider a magnetic flux ¢ that threads
through a hole with a radius R. We perform the Peierls substitution p — p + ¢A
in A4 in (8.20) by taking the gauge A = (@ /27r)ey, which still keeps m; as a
good quantum number. Therefore the eigenfunctions of this new Hamiltonian can be
readily expressed as exp(—iv0)p,(r, 0) after a gauge transformation, with v = ¢/¢g
and the flux quantum ¢y = h/e. In this case, the allowed value for the total angular
momentum becomes j =1 + % + v. The energies of in-gap bound states vary with
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(@) v=1/2 (b) R=50 nm
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Fig. 8.4 Effect of magnetic flux on in-gap bound states. Energies (E in units of the band gap A)
of in-gap bound states circulating around the hole as functions of a the hole radius R when half-
quantum flux v = 1/2 is applied and b the magnetic flux v (in unit of flux quantum @y = h/e)
for a fixed radius R = 50nm. m4 (m_) is the quantum number for the z-component of the total
angular momentum ;. (j,—) of the circulating bound states. m; = m + v. In b, black (light
gray) lines belong to the 44 (h_) block. In a and b, mv? = —10 meV, BR? = —686 meV nm?,
and hiv = 364.5 meV nm (adopted from Ref. [7]. A = 2mv?). The grey areas markthe bulk bands

the radius of the hole and the magnetic flux as shown in Fig. 8.4. When v = % or

—%, there always exists one solution of j = 0. In this case, the solution has a general

form of »
Gio(r.0) = (f% (r)e™ ) (8.33)

g1(r)etis

Equivalently, we replace [ in (8.26) by —%,
4r?

fimy_ 1
(g; (r)) = ﬁqﬁ(r), (8.35)

the equation for the radial part of the wave function is reduced into a one-dimensional
modified Dirac equation.

|:E +ihw(0, + %)O’X — [mv2 + h’B (83 + % _ L)] Jzi| (f) —0.

Under a transformation,
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[—iwd, o, + (mv* + B BI?) 0.] 6(r) = E¢(r). (8.36)

There exists one bound state solution with zero energy near the boundary given in
Sect. 2.5.1. As aresult it is found that

e it Ki(\r)  Ki(hr)
0j—o(r.0) =C uit 2 2 (8.37)

isgn(B)e Ki(uR) K1 (QuR)

with E' = 0. The modified Bessel function K> (x) = \/g e *,and C is anormalized
constant. Thus, when v = % or —%, there always exists a stable solution of j = 0
with the energy eigenvalue exactly zero for an arbitrary R. As the energy eigenvalue
is independent of the radius R, the half quantum flux here is also called a topological
defect. The existence of the zero energy mode is valid even for an irregular hole that

can be deformed continuously into a point-like defect.

8.4.2 Wormhole Effect

This solution can be generalized to three dimensions. Consider a topological insulator
with a cylindrical hole (say along the z-direction) of radius R thread by a magnetic
flux v = % We take the periodic boundary condition along the z-direction. Thus,
k. is a good quantum number. The three-dimensional effective Hamiltonian can be
separated into two parts,

Hip(k;) = Hyp + V(k,), (8.38)
where
Hyp(x,y) = vpsas + vpyay + [mv? — B(p; + p)] 8 (8.39)
and
V(k;) = vhk,a, — Bk, 3. (8.40)

Atk, =0, V(k, = 0) = 0. In this case, H3p are equivalent to two separated two-
dimensional Dirac equations in a hole threading a magnetic flux. Using the solutions
in the last paragraph for the two-dimensional case, one obtains two solutions of zero

energy
_c 0 Ki(hr)  Ki(hor) 8.41)
= Ki(\MR) ~ Ki(uR) :

isgn(B)e*is

and
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0
il Ki(\ir)  Ki(\or)
p=C| . ) : - . (8.42)
isgn(B)e "2 Ki(\MR)  Ki(AR)
0

The order of the base has been re-organized. Note that the two separated equations
are counter-partners of time reversal, and the prefactors of € in ¢, change signs. Use
these two solutions as the basis, one obtains an effective Hamiltonian for a non-zero
k.,

H,rr = sgn(B)vhk,oy. (8.43)

Thus, there exists a pair of gapless helical electron states along the hole or magnetic
flux, which is independent of the radius R. This is the so-called wormhole effect
[12].

Dislocations are line defects of the three-dimensional crystalline order, charac-
terized by a lattice vector B (the Burgers vector). This is rather like the quantized
vorticity of a superfluid vortex, and must remain constant over its entire length. Dis-
locations in the three-dimensional crystal of a topological insulator is equivalent to
a hole threading a magnetic flux of v = % Ran et al. found that each dislocation
induces a pair of one-dimensional modes bound to it, which propagate in opposite
directions and traverse the bulk band gap [13].

8.4.3 Witten Effect

The Witten effect is a fundamental property of the axion media [14]. The idea of the
axion was first introduced as a means to solve what is known as the strong charge-
parity problem in the physics of strong interactions. After the discovery of topological
insulators, Qi, Hughes, and Zhang proposed that the electromagnetic response in
topological insulators is characterized by an axion term, ALgyj0n = Q%B - E with
0 = 7 [15]. The Witten effect means that a unit magnetic monopole ¢y = h /e placed
in atopological insulator will bind a fractional charge Q = —e (n + %) with n integer.
This effect has been already used to identify whether a system is topologically trivial
or non-trivial by means of numerical calculation [16].

The axion term revises the Gauss’ law and Ampere’s law by adding extra source

terms
(67

T oC

V.-D=p— VOB (8.44)

and

VxH=8D+ ]+ -2 (V0 xE+80B), (8.45)
T HoC
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where D = ¢gE + P and H = #—B M. The fine structure constant o = 2:02,16
Suppose there is a point-like magnetic monopole situated at the origin of the strength
¢o. The static magnetic field is given by B = Dy or V-B = ¢od(r). Suppose 6 = 0
initially and then increases to § = 7. 0 is umform in space and there is no current in

a vacuum. We take the divergence of the revised Ampere’s law,
V.0E=—-"20,0V-B. (8.46)
m

Thus, when 6 increases from O to 7, integrating the equation yields

1 2 1le
V- [E@ =n) —E@ =0)] = ——ﬂv B= —556@). (8.47)

This demonstrates that a magnetic monopole ¢ can bind an extra fractional charge
—e/2.

To understand the Witten effect, we consider a sphere with radius R of an isotropic
topological insulator with a magnetic monopole 2¢ ¢, situated at the origin,

H =l - a + [mv* — BIT*| 3, (8.48)

where [T =p+eAand V x A = 2""” =0y, It is well known that the magnetic field of
a magnetic monopole cannot be derlved from a single expression of vector potential
valid everywhere. We can construct a pair of the vector potentials,

2gpp 1 —cosf ~
r sin 0

Al =+ ¢fr6<7r—5 (8.49)

and
Zq(,zbo 1+4cos@ ~

r sin 6

Al = (,zS for 0 > ¢, (8.50)
such that there are no singularities in the two potentials in the defined range. In
the overlapping region ¢ < 6 < 7w — ¢, the two potentials are related by a gauge
transformation,

4900 ~

Al AT = 27 4, (8.51)
rsin @

In the overlapping region we can use either A’ or A’’; the corresponding wave
functions are related by a phase factor exp[i4gm]. Thus, the single value condition
for the wave function for either A’ or A/’ implies 2¢ = integer, which is the
quantization condition for a magnetic charge [17].

Following Kazama et al. [18], we can define

L=rx—qght, (8.52)
r
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which satisfies the commutation relation of the orbital angular momentum,
[Lo, Lg] = ihe,p, L. Denote Y, ; ;. asthe eigenfunction of L?and L, with the eigen-
values [(I + 1)h? and I.h (I, = —I, —I. + 1, - - -, and [). The total angular momentum
J is defined as J = L + S, where the spin S :%hg. The eigenstates of J? and J, can
be constructed by adding L and S:

jtm
W V2 Yai=j-172.j-172

¢ = i (8.53)
e Iy
2j ta.d=j=1/2,j:+1/2
and
_ fizmtly .
2 2j  Lal=i+1/2,—172
¢ = , (8.54)

Jj+m+1
27 Yal=j+1/2.j+1/2

which are for j =1+ 1/2 and j = [ — 1/2, respectively. The coefficients in the
expressions are the Clebsch-Gordan coefficients. For simplicity, we here focus on
the zero energy solution. We construct an ansatz for the trivial wave function for
j=lgl—%tandl=j+1=]ql

F(r)o?
e A %;z . (8.55)
G(’")ij,jj
Substituting the trial wave function into the stationary equation of H in (8.48), and
using the relation

o ¢P) (0, ¢) = —isgn(@)h(@, +r~ )¢\ (0. ¢), (8.56)
the equation for the radial part of the wave function is reduced to

F F
[—isgn(q)vharax + |:va + Bh2(8,2 — |:1—2|)i| UZ] (:Gg:;) =F (:GE:;) .
(8.57)

For our purpose, we consider a sphere with a large radius R enough by ignoring the
finite size effect between the surface states and the bound states near the center.

When r >> 1, ‘f—z‘ — 0. In this case, (8.57) is approximately reduced to the
one-dimensional Dirac equation,

. F F
[—lsgn(q)vha,.ox + (mv2 + Bh28r2) oz] (:GE:;) =K (:Gg’i) . (8.58)

as in (2.36) and (8.36), in which there always exists an end state solution of zero
energy near r = R when mB > (. The solution has the form:


http://dx.doi.org/10.1007/978-981-10-4606-3_2
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F)) _C (e &\ (1
(G(r>) T (e’\_R - eTze) (in) (8.59)

with n = —sgn(gBv), and \| , = |2Bh| +./ 43252 BW These solutions are valid

even for complex A .
Near the center of the sphere » = 0, we can find another solution

F(r) _ e—¢r/2
(G(r))_c NG e (V1= p)( in), (8.60)

where p = /m*v2/Bh2r, ( = 1/~/mB, and J,(x) is the first Bessel function.
C and C’ are the normalization constants. From the asymptotic behavior of the
first Bessel function, J,(x) — x!°!, it concludes that the solution is convergent at
p — 0 when g # 0. For (> > 4, J,(x) is replaced by the modified Bessel function

K yires (V74 =

As the final result is independent of the eigenvalue j,, thereisa 2 |g| (= 2j + 1)-
fold degeneracy of the zero energy states as well as the double degeneracy of the
states near the center and the surface. For each j, the double degeneracy of the
bound states can be lifted when the radius R is finite, and the two states at the center
and the surface will be coupled to form two new states, in which one has a positive
energy and the other has a negative energy. The energy gap decays exponentially
in the radius R. In this case, each bound state is split into two halves: one half is
distributed around the surface of the system while the other surrounds the magnetic
monopole. For a topological insulator, the system is half filled, and only the 2 |g|
zero energy states are occupied; all of the other negative energy states are filled. The
charge around the magnetic monopole from these 2 |¢| bound states of zero energy
is — |g| e. Therefore the magnetic monopole can bind extra charge

AQ =—n+lq)e,

where n is an integer which is contributed by the states of non-zero energy around it. In
this sense, the extra half charge in the Witten effect is actually related to a bound state
induced by a topological defect in the topological insulator, just as the one induced by
the half vortex in two-dimensional topological insulator. When m B > 0, the system
is topologically non-trivial while when m B < 0, the system is topologically trivial.
This means that the axion parameter ¢ is 7 when mB > 0 and 0 when mB < 0.
To interpret (8.47), we may consider the variation of the parameter B with time ¢
from negative to positive (assume m is positive). In this way the axion parameter 6
changes from O to 7. For a conventional insulator, the magnetic monopole can induce
some bound states around it, in which each state traps only one charge —e. Therefore
the extra half charge in (8.47) must be induced by the monopole in the topological
insulator.
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However, the double degeneracy of the zero energy bound states for ¢ = 1/2
and a large R makes it possible that the bound state near the center is fully occupied
and that near the surface is empty. The charge binding around the center is not deter-
mined. Therefore, further study is needed to determined whether the electromagnetic
response in topological insulators is really characterized by an axion term.

8.5 Disorder Effect on Transport

We now discuss the effect of the in-gap bound states on transport in topological insu-
lators. The wave function of the in-gap bound state is localized around the vacancy or
defect. Away from the center the wave function decays exponentially, i.e., oc e™"/¢,
The characteristic length & reflects the spatial distribution of the wave function.
When two vacancies are close, that is within a distance comparable to the charac-
teristic length &, the overlapping of the wave functions in space becomes possible.
Consequently electrons in one bound state may jump to another bound states.

Fig. 8.5 Schematic of the melting of the quantum spin Hall effect due to holes or defects. The
helical edge states at different boundaries can be scattered via the in-gap bound states induced by
these holes or defects
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Fig. 8.6 Quantum percolation of electrons through in-gap bound states induced by randomly dis-
tributed vacancies or holes of size 1 x 1. The sample is W x L = 160 x 160 in size. a and b show
the transmission coefficients 7}, versus the concentration of vacancies p under the open boundary
condition and periodic or closed boundary condition. c—e are the density of states at the concentraion
p1 =5/160, p. = 9/160 and pr = 15/160, respectively

For a single vacancy close to the boundary of the quantum spin Hall system, the
edge states will be scattered by the in-gap bound state of the vacancy. However, if
there are no other defects or disorders in the bulk, the electrons in the edge state
will not be further scattered away from the edge, as happens in the quantum Hall
effect [19], which also indicates the robustness of the edge states against the defects
or disorders. The situation will change if the concentration of vacancies is dense
enough. The bound states could form an impurity band in the gap of bulk bands.
When the wave functions of the bound states overlap in space as shown in Fig. 8.5
it becomes possible for the electrons in the edge state on one side to be scattered to
the other side via a multiple scattering procedures. In this case, the backscattering
of electrons on two sides occurs, and the quantum transport of the edge states will
break down. Thus, there exist a critical point where the quantum percolation occurs
due to the in-gap bound states of the vacancies.
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This can be demonstrated explicitly by calculating the conductance in a two-
terminal setup of the quantum spin Hall system as a function of a concentration of
vacancies [20]. We use the open boundary condition with two edges and the periodic
boundary condition or a cylinder without the edge states. In an open boundary condi-
tion, the calculated conductance is quantized to be 22/ h. Although it is immune to
the low density of vacancies, the conductance quickly decreases with the density of
vacancies, and the quantum spin Hall effect is destroyed completely. See Fig. 8.6a. In
a cylinder or periodic boundary condition, the conductance is zero in a pure quantum
spin Hall state, as there is no edge state in the geometry. A non-zero conductance
appears and increases with the concentration of vacancies, and reaches at a maximal
for a specific value of the concentration. Then it decreases as the concentration of
vacancies increases. See Fig. 8.6b. Figure 8.6c—e show the density of states at differ-
ent concentrations. A non-zero peak appears at E = 0 near the critical concentration,
which demonstrates the occurrence of quantum percolation and the appearance of a
metallic phase. The calculated conductance reveals a quantum phase transition from
a quantum spin Hall state (Z,: v = 1) to a conventional insulator (Z,: v = 0).

8.6 Further Reading

e Y.Ran, Y. Zhang, A. Vishwanath, One-dimensional topologically protected modes
in topological insulators with lattice dislocations. Nat. Phys. 5, 298 (2009).

e G. Rosenberg, HM. Guo, M. Franz, Wormhole effect in a strong topological
insulator. Phys. Rev. B 82, 041104 (2010).

e W.Y. Shan, J. Lu, H.Z. Lu, S.Q. Shen, Vacancy-induced in-gap bound states in
topological insulators. Phys. Rev. B 84, 035307 (2011).
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Chapter 9
Topological Superconductors and Superfluids

Abstract Quasiparticles in a superconductor or superfluid may have an energy gap
as that for a band insulator. The quasiparticle bands can be topologically trivial or
non-trivial. Topological superconductors and superfluids have topological nontrivial
bands, and possess the edge states or surface states just like topological insulators.
Superfluid phases in liquid helium 3 are topological ones. Spin-triplet superconduc-
tors are potential candidates for topological superconductors.

The study of topological phases in superconductors and superfluids had a long history
even before the identification of topological insulators. *He-B and -A phases are
topological superfluid liquids and can be characterized by topological invariants
[1]. A complex p + ip wave pairing superconductor is also known to process two
topologically distinct phases [2]. Soon after the discovery of topological insulators,
it was realized that there is an explicit analogy between topological insulators and
superconductors because the particle-hole symmetry in the Bogoliubov-de Gennes
(BdG) Hamiltonian for quasi-particles in superconductors is analogous to the time
reversal symmetry in the Hamiltonian for a band insulator. The BAG Hamiltonians
for a p +ip wave superconductor and *He-B superfluids are identical to the modified
Dirac equation that we discussed for topological insulators, although the bases of
these equations are completely different.

Superconductivity is a quantum phenomenon; the resistivity in certain materi-
als disappears below a characteristic temperature, which was discovered by Onnes
in 1911 in Leiden [3]. A superconductor is characterized by zero resistance, The
Meissner effect (or perfect diamagnetization), and magnetic flux quantization, though
some physical properties vary from material to material, such as heat capacity, tran-
sition temperatures and critical fields. The existence of universal properties in super-
conductors implies that superconductivity is a quantum phase with distinguishing
properties that are largely independent of microscopic details. The theory of super-
conductivity was formulated by Bardeen, Cooper and Schrieffer in 1957, and is
named the BCS theory [4]. This theory has successfully described a large class of
superconducting properties, such as aluminum, in which the electron-phonon inter-
action is weak.

The basic idea of the BCS theory is that electrons in metal form bound pairs.
Cooper pointed out that the ground state of a normal metal is unstable at zero
© Springer Nature Singapore Pte Ltd. 2017 173
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temperature if the interaction between the electrons near the Fermi surface is attrac-
tive. For an ideal metal, electrons at zero temperature form a Fermi sphere in the
momentum space, which has a sharp step in energy. If there exists an weak attrac-
tive interaction between the electrons near the Fermi surface, Cooper found that two
electrons with equal and opposite spins and momentum can forget the mutual scat-
tering and form a bound state, which always has a lower energy than that of two
free electrons. In some metals, the electron-phonon interaction can provide this kind
of attractive interaction near the Fermi surface. Most electrons in the Fermi sphere
do not form bound states, only those within the Debye energy. The bound states of
electrons pairs or Cooper pairs behave like bosons, and can condensate at low tem-
peratures, which is known as Bose-Einstein condensation. The condensation of the
Cooper pairs exhibits superconductivity, which requires a many-body description.

To explore topological phases in superconductor, we start with p-wave super-
conductivity.

9.1 Complex (p + ip)-Wave Superconductor for Spinless
or Spin Polarized Fermions

A complex p-wave spinless superconductor has two topologically distinct phases,
one is the strong pairing phase and the other is the weak pairing phase [1, 2]. The
weak pairing phase is identical to the Moore-Read quantum Hall state [2]. The system
can be described by the modified Dirac model. In the BCS theory, the effective
Hamiltonian for the quasiparticles is

1
H,pp = Z [fkack + 3 (A,’:c_kck + Akc,icik)] . 9.1)
k

It is noted that the electrons with k and —k are coupled together to form a Cooper
pair. Although the number of electrons is not conserved in this effective Hamiltonian,
the number parity, i.e., the even or odd number of electrons, is conserved. For a small
k, we take & = K2 1, where m* is the effective mass, and —pu is a constant of

2m*
&k=0-
For the complex p-wave pairing, we take Ay to be an eigen function of rotations
in k with angular momentum /. For / = +1 and small £, it generically takes the form

Ay = Alky + iky). 9.2)

Forl = —1, Ay = A(k, — iky). The states of Ay = A(k, £ ik,) are degenerate.
Consider the anticommutation relation of fermions, chk =1- ckc,i. Let ¢, =
(cZ, c_1), and then the effective Hamiltonian can be written in a compact form,
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1 i
Herp =3 ;wkheffwk 9.3)

by ignoring a constant. Here H, sy has the identical form of the Dirac equation

k2
hepr = A (kxgx + kyay) + (% - N) o 9.4

for Ap = Ak, £ iky).
The normalized ground state has the form

12) = [ Ju + vecicT) 10) ©.5)
k

where |0) is the vacuum state and the product runs over the distinct pairs of k and —k.
The functions of u; and v; are complex and satisfy lue> + |ve|? = 1. We introduce
the Bogoliubov transformation

(67" . Ur —Uk Ck
(aik) B (_Uik ”ik) (Cik)’ 00

where {ak, az,} = 0 and ay |§2) = 0. The resulting Hamiltonian becomes

0
Kepp =13 (O‘Z’ O‘*k) (8(;( —€k) (Oz)?(k) -

% 2k (Ekazak - 5k04—k04ik) . (9.8)

with g, =,/ 5,3 + | Ag |2 > 0. The first term represents the particle excitation with a

positive energy and the second term represents the hole excitations with a negative
energy. Performing the particle-hole transformation, or making using of a_parl P =

1-— aika_k, we have

1
Kesp = 2%k (O"ta" -1+ O‘T-ko‘*k) ©-9)
k

= Zska}ﬁak - z %Ek (9.10)
k

k

as € = €.
From the eigenstate equation,

[Kepr, ax] = exay, 9.11)
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& —AF up\ u
(_Zk _&f)(v’;)_sk(vﬁ). 9.12)

one obtains

The solutions are

1
w = -(1+5—") 9.13)
2 Ek
and
A |1 &
=—— [—{1==). 9.14
T A 2( ek) ©19

Here we choose a gauge that u; is real and positive.
The Bogoliubov-de Gennes equation for u; and vy becomes

. 3 Uy U
h— =K, , 15
or (vk) ff(vk) O19

_A*
Keff = ( S k) = —A(kyo, £kyo,) + &0 (9.16)

where

—Ar =&

In this way the Bogoliubov-de Gennes equation has the exact form of two-dimensional
modified Dirac equation

k2
Keff =-A (kxgx + kyay) + (2_ — /l) a;. (917)
m

It is noted that this effective Hamiltonian is distinct from that in an effective
Hamiltonian for electrons.

If we treat the Bogoliubov-de Gennes equation as the same as a conventional
Hamiltonian for a band insulator, we can introduce the topological invariant for
K.rr, in which the Chern number is

n.==+ [sgn(u) + sgn (%)} /2. (9.18)

As we take the mass of the spinless particles m positive, we conclude that for a
positive (>0) the Chern number is +1 (or —1) and for a negative x the Chern
number is 0. For i = 0, the Chern number is equal to one half, which is similar to
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the case of m — +o00 and a finite . If the quadratic term in & is neglected, we see
that the topological property will change completely.

In general, from the solution of u; and vy, we have three possibilities of behavior
atsmall k, g, — & — O.

(1). & > 0, in which u;y — 1 and vy — 0. The BCS state is close to the vacuum,
[£2) — |0). ,

(2). & < 0, in which uy — 0 and |v| — 1. 192) — [], vkc]:cik |0) in which all
the states with negative energy are occupied as free fermions.

(3). & — 0, in which both u; and vy are both non-zero.

Usually for a positive p, the system is in a weak pairing phase, and for a negative
(it is a strong coupling phase. Including the quadratic term in & we conclude that
the weak pairing phase for a positive p is a typical topological insulator. Read and
Green [2] argued that a bound state solution exists at a straight domain wall parallel
to the y-axis, with u(r) = wp(x) being small and positive for x > 0, and negative
for x < 0. There is only one solution for each k, and so we have chiral Majorana
fermions on the domain wall. From the two-dimensional solution, the system in a
weak pairing phase should have a topologically protected and chiral edge state of
Majorana fermions.

If we make the Peirls substitution in K,¢¢: ky — —i0y and k, — —i0,, the BdG
equation in (9.15) has the same form as the two-dimensional Dirac equation. When
we find a solution for the edge state within the band gap, we emphasize that the
solution for u; and vy should satisfy the relation |u%| + |v,§| = 1. For the vacuum,
uy = land vy = 0. The particle-hole spectra and the chiral edge spectra are presented
in Fig. 9.1.

A p-wave superconductor is a thermal insulating phase as there exist an energy
gap for the quasiparticles. The existence of edge states allows the heat conducting in

(a) (b)

particle
spectrum

- .
I

el Majorana
spectrum fermion

Fig. 9.1 a Particle-hole spectrum and edge state spectrum of a non-trivial Bogoliubov-de-Gennes
equation for a weak pairing phase, or a topologically non-trivial phase. b After the particle-hole
transformation, the hole spectrum is merged into the particle spectrum. The zero energy mode is a
Majorana fermion, v(E = 0) = 4T (E = 0)
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the interior of the system, and produces the thermal analogue of the quantum Hall
effect. Thus, the Chern number in a p-wave superconductor is associated with the
thermal Hall conductance as that in quantum Hall effect. The quantum Hall effect in
atwo-dimensional electron gas is associated both with a quanitized Hall conductance
neh—7 and a quantized thermal Hall conductance n%ZET with 7' the temperature and

L= % (’%)2 the Lorentz number. In a p-wave superconductor the thermal Hall

conductance is also quantized, but the value of the thermal Hall conductance is
only one half of that in quantum Hall effect, %%ET. This exact half-quantization
is caused by the structure of the Nambu spinor and the particle-hole symmetry in
its Bogoliubov-de Gennes Hamiltonian. In the picture of the Majorana fermions in
the edge states, it is attributed to the fact that the wave functions of the Majorana
fermions are real rather than complex, which reduces the thermal conductance by

two [5].

9.2 Spin Triplet Pairing Superfluidity: *He-A and -B Phases

Helium has two isotopes, >He and “He. “He atoms are bosons. At low temperatures,
liquid “He shows a phase transition to a superfluid state that is similar to the Bose-
Einstein condensation, although a strong inter-particle interaction should be taken
into account. *He atoms are fermions. Liquid *He also shows a phase transition to
a superfluid state, which is similar to the superconducting transition in a metal [6].
As 3He atoms are neutral, there are no Meissner effect, but atoms form pairs like the
Cooper pairs of electrons. Atoms also avoid the singlet pairing as in metals, and tend
to pair in the form of a spin triplet, in which the spins align parallel [7]. A schematic
of the phase diagram of *He as a function of temperature and pressure is presented
in Fig. 9.2.

Fig. 9.2 Phase diagram of 40
3He in the low millikelvin

temperature and pressure

region

Solid Helium

Pressure P (Bar)

Normal Fermi Liquid

08 28
Temperature T (mK)
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9.2.1 3He: Normal Liquid Phase

Before presenting the theory of superfluidity in *He, we first briefly introduce a nor-
mal liquid phase of >He atoms. The *He atoms are charge neutral. Unlike the electrons
in metals, these atoms are strongly interacting and highly correlated. According to
the Fermi liquid theory, the low-lying excitations of the strongly interacting Fermi
system can be described by a phenomenological model, in which the free energy of
the system can be expanded in terms of low-energy excitation énp »

1
F=Fy+ Z(e,, — w)dnp., + 5 Z Foop o Onp o0ty o+ ... (9.19)
p.o

p.o:p’.0’

The parameters in this expression can be deduced from experiments such as specific
heat, compressibility, sound velocity, and spin susceptibility. Here the energy zero
is defined as —p at p = 0 such that ¢, = 0 and ¢, = 52- with the effective
mass m* = 3m, which is the three times of the bare mass of a *He atom. The spin
dependence of the effective interaction is written as

Joopo = 152’ to- U/flfl)i" (9:20)

For details the readers can refer to several excellent reviews of Fermi liquid theory
such as Pine and Nozieres [8] and Leggett [9].

9.2.2 3He-B Phase

The theory of superconductivity for electrons in a spin triplet state was developed
by Balian and Werthamer [10]; it successfully explains superfluidity in *He. In their
theory, fermions form spin triplet pairs (s = 1) and the weak coupling between these
pairs leads to condensation at low temperatures. The effective Hamiltonian for the
quasi-particles has the form

; I i
H =Y (c, — pef ,cxo + 5 > V(@ qeCh g koo (921)
k.o k,o:K',0',q

The interaction potential describes the scattering process of the momentum change
of two vectors k; and ks = K; + q. It can be expanded in spherical harmonics, and
the first two terms are

Vg =Vo+ Viki -k +.... (9.22)

The first term is a repulsive s-wave interaction, V) > 0, and cannot cause the
bound states. The second term is for a p-wave interaction, V,k; - k¢, which leads to
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p-wave pairing. Thus, we only keep the second term for the theory of superfluidity.
The interaction terms contains four operators. In the BCS theory, the atoms tend to
form Cooper pairs and the dominate interaction is reduced to the pair-pair interaction,
Vk— k/)clL’chk’J,c,quarck/,g. A mean-field approach is used to write the interaction
term as two-operator term by introducing the order parameters for pairing,

Hep = D (€)= )¢y o0k

k,o

+ " AnK)e] el s+ AL K)eoiper
k

+ O Ao ey |+ AFK)C i i
k

+ D ALK+ AT K)e e (9.23)
k

where three types of pairing order parameters are introduced,

Ap(k) =D Vk—K)(cwrcrr) (9.24)
k/
Ap(k) = D> V(k —K) {cow.rew.y). (9.25)
k/
and
A_(K) = z V(k —K)(cow jcxy), (9.26)
k/

and (- - - ) represents the thermodynamic average.
For a p-wave pairing, the order parameter A,, (k) is an odd function of momentum,
A, (—Kk) = —A,,(K). This condition can be derived from the definition,

AL (—K) = Z V(—k — k) {c_i 1.1 (9.27)
"

= > V(—k—K){awrcow) = —AsK), (9.28)
=

where the extra minus sign comes from the permutation of two operators in
<c_kchkg¢), when the interaction potential is even for a p-wave. Thus, order para-
meters A, (K) have p-wave symmetry, and is proportional to the spherical harmony,

Yl,—m (9, QD)’

Ai1(k) = A(—k, +iky), (9.29)
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Ao(k) = Ak,
and

Ai(K) = Ak, +iky).
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(9.30)

(9.31)

In the lattice model, for example on a cubic lattice, they are modified to be fit the

lattice symmetry,
Ay(K) = A(—sink, +isink,),

Ap(k) = Asink,,
and
A_1(k) = A(sink, +isink,).
The pairing potential can be written in a compact form V + V¥,
Pt c!
V= (chyel,)Bmf H
k Tkt

and

T _ ET Ck, 4
Vi="(cokys—crt) (k)(cm)’

k

where.

o Aok) —ALH)
2k) = (A1<k) —Ao(k) )

_ Ak, A(ky —iky)
Ak, +iky) — Ak,
= A(kyor +kyo, +k.0;).

‘We introduce the basis,

T T
wk = (CZ,Ta Ck”L9 C—k,l’ _C—k,T) .

The effective Hamiltonian has the form:

1
_ T
H = 7 Ek Wi Heppi,

(9.32)

(9.33)

(9.34)

(9.35)

(9.36)

(9.37)

(9.38)

(9.39)
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where
Herp = A (keay + kyoy + ko) + &3 (9.40)

is identical to the modified Dirac equation.

As this Hamiltonian is identical to the one for a three-dimensional topological
insulator, there exists a solution of the surface states near the boundary of the surface
if it satisfies the condition for the topologically non-trivial phase. However, the bases
of the fermion operators are quite different. In the *He-B phase, we have particle
and hole excitations while we have the conduction bands and valence bands in topo-
logical insulators. Due to the particle-hole symmetry in the effective Hamiltonian,
the particle and hole excitations always appear in pairs with energy, +F, which are
connected by the particle-hole transformation,

Y(E, k) = v (—E, —k). (9.41)

Therefore, in the *He-B phase the surface state consists of only one half of a Dirac
cone with a positive energy [11].

9.2.3 3He-A Phase: Equal Spin Pairing

When Ay = 0, there exists a state with equal spin pairing. In this case there is
no relation between the orbital momenta of A, (k) and A_; (k). Thus, the orbital
motions of the spin-up and spin-down particles are arbitrary. We can write them as

Ay = Alky +iky) (9.42)
and

Ay = Ak, + iky). (9.43)

For the particles with spin up, the effective Hamiltonian is

B 1 s & Ak, +iky) Ck,t
H, = 5 Zk: (CM, ka,T) (A(kx — iky) =& ) (CTM)

1 .
> Zk; (c,'m, c,m) (Mkyo, — Akyoy + &) (C";“ ) . (9.44)

—k.4

where

h? Rk?
G = -0+ k) — (u - Zmz) : (9-45)
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This is identical to the two-dimensional modified Dirac equation. For a layered
h*k?
system, the term T

may be suppressed. The spectrum of the quasi particle is

e = \J1AP (2 +42) + €. (9.46)

The new feature of this model is that the effective chemical potential becomes k,
212
dependent, p(k,) = p — % The Chern number for a specific k; is

if B <
nek) =4 Lip 2 = (9.47)

Ol'fh;—:;>ﬂ.

At kz2 = 2mu/hz, pw=0,and g = [A]k) + O(kﬁ), which is linear in the
momentum for a small ky (kj = k; + k). It is a marginal phase between two
topologically distinguishing phases. Thus, in the *He-A phase, there always exists a
nodal point. Due to the non-zero Chern number, there exist chiral edge states around
the boundary of the system.

There are several possible choices in the state of equal spin pairing.

The Anderson-Brinkman-Morel state [12]:

Aq = Ag(k) (ke +iky), (9.48)
Ao =0, (9.49)

and
A_y = Ay(k)(ky +iky), (9.50)

where A, (k) is an even function of k. In the case the two phases of spin up and
spin down particles are identical, and possess the same Chern number if they are
topologically non-trivial.

The two-dimensional planar state:
Aq = Ag(k) (ke +iky), (9.51)
Ao =0, (9.52)
and

Ay = Ay(k)(ky — iky). (9.53)
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In the case the two phases of spin up and spin down particles possess opposite Chern
numbers if they are topologically non-trivial.

The one-dimensional polar state:

A =0, (9.54)
Ay = Aa D)k, (9.55)
and
A =0. (9.56)
The effective Hamiltonian becomes
Hepr = Aq(K)k o, + E(ky, k)3, (9.57)
where {(ky, k;) = %kz —(u— %). This equation can be deduced into two degen-
erated one-dimensional Dirac equation, as discussed in Chap. 2. There always exist
two crossing points at % =pand k, = 0.

9.3 Spin-Triplet Superconductor: Sr;RuQOy4

There are several classes of candidates of spin-triplet superconductors, such as heavy
fermion superconductor UPts, organic superconductor (TMTSF), X (X =ClO4 and
PFs) and ruthenate superconductors Sr,RuQy. In this section we briefly introduce the
unconventional properties of Sr,RuQ,, which is thought to be a spin-triplet super-
conductor or even a topological superconductor, comparable with the odd-parity,
pseudo-spin-triplet superconductor UPts.

Sr,RuQy is an oxide superconductor in the same layered structure as high-Tc
cuprates but with a low superconducting transition temperature of 1.5 K [13]. The
availability of high quality single crystal and the relative simplicity of its fully-
characterized Fermi surface lead to a large number of experimental and theoretical
studies. Rice and Sigrist [14] proposed a similarity between the superconductivity
of Sr;RuO, and the spin-triplet superfluidity of *He soon after the discovery of the
ruthenate superconductivity, which leads to the first direct experimental evidence of
spin triplet pairing in Sr,RuQO, by the measurement of electron spin susceptibility
with NMR.

At low temperatures, Sr,RuO4 maintains a tetragonal structure with the crystal
point group symmetry Dy;,. Neglecting the dispersion along the out-of-plane ¢ direc-
tion, possible spin triplet states are limited to those for the two-dimensional square
lattice with Cy4,, symmetry. One possible state in SrpRuQy is so called chiral pairing
states, which possess two polarizations of the relative orbital angular momentum of
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pairing quasi-particle: the left- and right-polarizations correspond to
Ap o sink, £ i sinky, (9.58)

respectively. They are the states with the orbital angular momentum L, = +1 and
—1 and the Cooper pair spins lies in the plane, S, = 0 whereas the total spinis § = 1.

The direct evidence of spin-triplet pairing in Sr,RuQy is based on the electron
spin susceptibility measurement by the NMR Knight shift of both 7O and *’Ru
nuclei [15]. Combined with the observation of the internal magnetic field by SR, it
is believed that the superconducting state of Sr,RuOy is a spin triplet chiral p-wave
state, a two-dimensional analogue of the *He-A phase. The odd parity of the orbital
part of the order parameter has been unambiguously demonstrated by phase sensitive
measurements.

Inthe sectorof § = 1and S, = 0, the superconducting state with AF = A(sin k=&
isink,) is similar to a spinless p + ip wave superconductor. The Chern number
can be defined as we discussed in Sect. 9.1. The states with A(J{ = A(sink, +
isinky) and A, = A(sink, — isink,) are degenerated, but may have opposite
Chern number due to the sign difference in A(f. According to the the bulk-edge
correspondence, a non-zero Chern number will lead to the emergence of chiral edge
states around the system boundary, which breaks the time reversal symmetry. The
superconducting states of AJ and A, possess opposite propagating edge states,
respectively. The superconducting state in Sr,RuOy4 has broken the time reversal
symmetry spontaneously, and one of the states of AéE will be selected to be the
ground state.

The existence of edge states has been studied in an experiment using quasi-particle
tunneling spectroscopy [16]. The measured conductance spectra has provided evi-
dence of edge states. However, it is still under debate whether Sr,RuQy is a topolog-
ical superconductor. We expect more and conclusive experiments to settle the issue
in the near future [17].

9.4 Superconductivity in Doped Topological Insulators

Doped topological insulator Cu, Bi,Se; exhibits the signature of superconductivity
at low temperatures [18, 19]. The undoped Bi,Se; compound is a topological insu-
lator with a single Dirac cone of the surface states. Copper atoms can add holes
or electrons in the Bi,Sej lattice. It was found that about 10% copper is needed to
bring about superconductivity in bulk Bi,Se; when the transition temperature of T,
is about 3.8 K; this was confirmed by the observation of the Meissner effect. The
temperature dependence of specific heat suggests a fully gapped superconducting
state. Experimental data even suggest the coexistence of superconductivity and sur-
face states of protected by time reversal symmetry. However, superconductivity of a
doped topological insulator does not mean that the superconducting phase is always
topologically non-trivial.
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For a time reversal invariant superconductor, the mean field Hamiltonian in
Bogoliubov-de Gennes formalism preserves the additional particle-hole symme-
try, PH(k)P = —H(—k) with P? = 1. This particle-hole symmetry can define
a Z, invariant as that for time reversal symmetry. Based on the calculation of the Z,
invariant, Fu and Berg [20] and Saito [21] proposed that a time reversal-invariant cen-
trosymmetric superconductor is a topological superconductor if (1) it has odd-parity
pairing symmetry with a full superconducting gap and (2) its Fermi surface encloses
an odd number of time reversal invariant momenta I, (which satisfy I'y, = —T",, up
to a reciprocal lattice vector) in the Brillouin zone.

It follows from the criteria that Cu,Bi,Ses is a potential candidates as a topological
superconductor, although further experiments to confirm this potential.

9.5 Further Reading

e J.R. Schrieffer, Theory of Superconductor, Persues books (1964).

A.J. Leggett, Nobel Lecture: Superfluid *He: The early days as seen by a theorist,
Rev. Mod. Phys. 76, 909 (2004).

e N. Read and D. Green, Paired states of fermions in two dimensions with breaking
of parity and time reversal symmetries and the fractional quantum Hall effect,
Phys. Rev. B 61, 10267 (2000).

G.E. Volovik, The Universe in a Helium Droplet, Clarendon Press, Oxford (2003).
e Y. Maeno, S. Kittaka, T. Nomura, S. Yonezawa, and K. Ishida, Evaluation of
spin-triplet superconductivity in Sr,RuQy, J. Phys. Soc. Jn. 81, 011009 (2012).
D. Vollhardt and P. Wofle, The Superfluid Phases of Helium 3, Taylor and Francis,
London (1990).
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Chapter 10
Majorana Fermions in Topological Insulators

Abstract A Majorana fermion is a particle that is its own antiparticle. This type of
particle can appear as an end state in a one-dimensional topological superconductor or
as a bound state induced by a half quantized vortex in a two-dimensional topological
superconductor.

In his interpretation of the Dirac equation, Dirac introduced the concept of antipar-
ticles as part of the negative energy solution. While the positive energy solution is
used to describe an electron with spin 1/2, the negative energy solution describes an
anti-particle of an electron, i.e., a positron, which has a negative mass and a positive
elementary charge [1]. Ettore Majorana found that the Dirac equation can be sepa-
rated into a pair of real wave equations, in which the fields are real and an particle
and its antiparticle have no distinction [2]. For massless and neutral particles, their
own antiparticles might be themselves. Neutrinos and antineutrinos are expected to
the same particles, but it has been confirmed experimentally that neutrinos do have
tiny mass. Thus, Majorana fermions as elementary particles have never been realized
in nature [3]. But now it is highly possible to realize Majorana fermions in solid as
quasi-particles of the collective behavior of many-particle systems.

10.1 What Is a Majorana Fermion?

A Majorana fermion satisfies the rules

v = (10.1)

and
v =]+ = 6. (10.2)
© Springer Nature Singapore Pte Ltd. 2017 189
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A fermion operator can be always written in terms of two Majorana fermions,

s 1 .
cly = %(% +iv2) (10.3)
and
1 .
Cclp = ﬁ(’Yl —im), (10.4)

with 'yf = v, and 'y; = ;. Conversely,

1
M = E(CL + c12), (10.5)
and
1 T
Y2 = %(012 —C12). (10.6)
i

One 7, toggles the fermion number between even and odd, which is called the fermion
number parity. The fermion parity operator is

P =1-2c,c10 = 2imim, (10.7)

which has an eigenvalue +1 if the state is empty, and —1 if the state is occupied.

10.2 Majorana Fermions in p-Wave Superconductors

10.2.1 Zero Energy Mode Around a Quantum Vortex

The quantum flux in a p-wave superconductor can induce a bound state of zero
energy, which is a Majorana fermion. Consider a disk of size L with a hole of radius
R in which a magnetic flux ¢ threads through. We require the wave function vanishes
at » = R. In the presence of the magnetic flux, the wave function should satisfy the
boundary condition

&0 + 2m) = €77/ (0), (10.8)

where the quantum flux ¢y = h/e if we take a gauge that the vector potential is
absent in the Hamiltonian,

H(p—eA) — H(p). (10.9)
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In a polar coordinate system the Hamiltonian becomes
R* a2 4 1 1 92 : —if i
= Or + 320, + 509 — . —idoe™" (0, — 1 0p)
H:( m v i ’ . (10.10)
—iAget (0, +10p) (P +10,+ 50 +u

Solution of the wave function for the Schrodinger equation has the form,

_ f(l") ivl
o= (g(r)e,-e) e, (10.11)

where v = m + ¢/¢o and m an integer. In this way, this two-dimensional problem
is reduced to a one-dimensional equation for radial part of the wave function,

L@+ L - —ideO, + (f)_E(f)
—iN@B, —Y) B4l ey S\ g)

(10.12)
The solution of the equation has the form:
f=c,K,(Gyr)+d,K,(G_r), (10.13)
and
9=, Kir(Gir) +dK, 11 (G_r), (10.14)
where K, (x) is the modified Bessel function, and the two coefficients are
2 , Am? 2

where F = 2m2A(2)/h4 — 2myu/mh?). With the boundary condition ¢(r = R) =0,
one obtains

Gy +2m(E 4+ )/h* K, 1(GLR) G2 +2m(E + p)/I* K,11(G_R)

Gy K,(GiR) G_ K,(G_R)
(10.16)

Solving the set of (10.15) and (10.16), one may obtain the energy eigenvalues of the
bound states around the hole. It is known that the equation becomes topologically
non-trivial when p > 0. For u < 0 no bound state exist around the hole. For n > 0,
there exist a series of bound states. For a half quantum flux ¢/¢o = %, there always
exists a zero energy mode that is independent of the radius of the hole, and robust
against other interactions and even the geometry of the hole. For an integer quantum
flux ¢/¢py = 1 the bound states always exist in pairs of +E.
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The robustness of the zero mode for a half quantum vortex can be demonstrated
in the following way. When v = —%, (10.12) becomes

_ 1 R, o 1 N _ (]
|10+ g0 = [ (42 - 5) +] ] (1) =2 ()

(10.17)
Furthermore, take a substitution,
(g((:))) = %d)(r), (10.18)
then the equation for the radial part of the wave function is reduced to
72
|:—iA08,Ux — (Eaf + u) azi| o) = Ed(r), (10.19)

which is identical to a one-dimensional modified Dirac equation in (2.33). r is
between R and disk size L. The dispersions for several different angular momenta
as a function of R are plotted in Fig. 10.1. There exists a zero energy mode, which is
independent of radius R. One can find the bound state solution in Sect. 2.5. A zero
mode always exists near r = R and L if > 0.

In the geometry of a disk with a finite radius, the solution of zero energy is split
into two parts: one half is located around the vortex, the other half is distributed
around the boundary. The zero energy modes appear simultaneously near the vortex
and the system boundary. Thus, in this case, the Majorana fermions is non-local.

Ivanov [4] pointed out the equivalence between a half quantum vortex for spinful
fermions and a single-quantum vortex for spinless fermions, and there exist an zero
energy mode near a half quantum vortex.

Fig. 10.1 Energy m=1;A=1;B=1
eigenvalues of the bound T T
states as a function of radius
R of the hole in the presence
of a half quantum vortex.
The parameters for the
numerical calculations are
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10.2.2 Majorana Fermions in Kitaev’s Toy Model

The Kitaev’s toy model is a one-dimensional lattice chain of spinless p-wave super-
conductor [5],

N N—1
H=—pY clee = D (tcierys + Aececeiy + huc), (10.20)
x=1 x=1

where u, t > 0, and Ae'® denote the chemical potential, the tunneling strength,
and the superconducting order parameters, respectively. It has the same form as the
modified Dirac model on a one-dimensional lattice. In the special case, u = 0 and
t = A, the Hamiltonian can be factorized as

N—1
H=—1> (" c+e ey (e ey — e Pc] ). (10.21)
x=1
We define
1.
Vox = —= (e +e7'Pc)) (10.22)
B ﬁ
and
Yax = L (9P, — et (10.23)
V) o
which are Majorana fermions and obey
Vax = T (10.24)
and
VBx = Vhx- (10.25)
In this way,
N—1
H = =2it 3 yp.s7axst- (10.26)

x=1

Furthermore two Majorana fermions, yp_x and y4 x+1, can be combined to form a new
fermion operator d, = %2 (Vaxt1 +ivp.x) and ivgya i1 = 3 —did,. Notice
that the new fermion operators are not the original c-operators in (10.20). The Hamil-
tonian has a diagonal form in term of d,,
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N—1
H=+2tY did — (N — D (10.27)

x=1
However, although all pairs of (g x, Yax+1) for x =1,2,--- | N — 1 form new

fermions, 74, and 7p y are absent from the Hamiltonian, i.e., [ya, H] =
[va.n, H] = 0. For ¢t > 0, the lowest energy state is |g), in which d, |g) = 0 for
all x, and

Hlg) = —(N — Dt lg). (10.28)

As [va.1, H] = [vs.n, H] = 0, we can construct two degenerated states v4. 1 |g)
and g n |g), which are related to an ordinary zero-energy fermion d = \/%(’YA.I +

ivp,n). As the v operator changes the fermion parity, (g|d |g) = 0. v4,1 lg) and
8.~ |g) have a relation:

1—2d'd

10.29
2i ( )

(9l 19 H > +5 ford'd =1;
gIYa1YB.N19) =\9 g|= ; .
—5 for d'd =0.

This is determined by the number parity of |g). Thus, these two states are not inde-
pendent. Therefore the ground states of the Kitaev model are doubly degenerate, i.e.,
|g) and d |g). The two states have different parities: one is even and the other is odd.
The doubly degeneracy reveals that the Kitaev model is topologically nontrivial. The
solution is illustrated in Fig. 10.2, which looks like the Aflack-Khomoto-Lieb-Tasaki
state for a spin-one system.

As an example, we further present the solutions of a two-site problem. The Hamil-
tonian is

H = —t(cfcz + c;cl +cicr + c;c}L). (10.30)

We have two eigenstates with even parity,

1 .
U, = —(1xcyc)|0) (10.31)
+ /2 261
with the eigenvalues ¢, + = F¢, and two eigenstates with odd parity,
Gys = —(c| £ 10) (10.32)
V2

with the eigenvalues €, + = F¢. The states are doubly degenerate.

o O O O O O mm=m=—0 O

Fig. 10.2 Schematic of two end Majorana states in the Kitaev’s toy model
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In the language of the Majorana fermion operators,
H = —2ityg 1 yaxs = +2tdld, —t, (10.33)

which commutes with v4 ; and v ». Multiplying the two Majorana operators on one
of the ground states, one obtains

iy )
Yanler = 5 (] +c}) 10y = iv, 4 (10.34)

and
’YB,lee,-i— = l110,4— = _i’}/A,xlpe,-k—- (1035)

Thus, these two states are identical by differing a trivial phase factor.

10.2.3 Quasi-One-Dimensional Superconductors

The Kitaev model can also be realized in a quasi-one-dimensional system. Recently
Potter and Lee [6] generalized the results to a quasi-one-dimensional system. They
found that for a strip of a two-dimensional p-wave superconductor, when the width
of the strip is narrow enough that the edge states at the two sides overlap in space,
and open a finite energy gap as a consequence of finite size effect. The zero energy
modes may exist at the two ends of the strip. The Majorana fermions of zero modes
are quite robust against this disorder.

We consider a two-dimensional spinless p-wave superconductors on a square-
lattice [7],

L n

H = ZZ [_Mcj,ozcjﬂ — ([C;’acj’aJrl + ACj’,leﬂH (1036)
j=1 a=1
+[Cj aCj+l, (¥+lACJ aCj+1, (y+hc)] (1037)

where cJr creates an electron on site (j, ), t (> 0) is the hopping amplitude,  is

the chemlcal potential and A (for simplicity we take A > 0) is the p-wave pairing
amplitude. Here we consider a strip geometry in which the lattice site numbers are
L along the x-axis direction and n along the y-axis direction (the sample width
direction), thus, which total number of lattice sites is N = nL. First, we adopt a
periodic boundary condition along the x-axis direction, i.e., cz o = c;a, and the
Fourier transforms of the operator cj.,a

,a— Z (q) e, (10.38)
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where ¢ = ¢, is the wave vector along the x-axis, and —7 < g < . In terms of the
new creation and annihilation operators cj; (g) and ¢, (¢), the Hamiltonian (10.37)
can be rewritten as

H = ZZ{—(MHf cosq) ¢} (q) ca (q) (10.39)
q a=1

—[t¢l @) car1 (@) + 1Al o (@) Cast (—q) (10.40)

+ilAle™ e, () ca (—q) +hec ]} (10.41)

Then, we define a set of the operators v,,—1 (¢) and 72, () as,
Va1 (9) =i [} (=q) = ca (@)] (10.42)
and
Y20 (@) = ¢ (=4) +¢a (@), (10.43)

which satisfy the anticommutation relations {'y;; @) s Yn (q’)} = 20mndqq and
vfn (@) = vm (—¢q). In fact, v, (0) is just a Majorana fermion operator due to
fy,jl (0) = vy, (0). In the basis of the news operators Y2,—1 (¢) and vz, (¢), the Hamil-
tonian (10.41) has the following form

1
H=i72> % (=) Bye @)% @) (10.44)

q K

where the elements of the 2n x 2n matrix B (g) are given as

Brana = —Baa—12a-1 = —2i |Alsing, (10.45)
Bro2a—1 = —Baa—120 = —t — 2t cos q, (10.46)
Bra2a+1 = —Baat120 = —1 — |A], (10.47)

Bya-120+2 = —Baat220-1 =1 — |4], (10.48)

and all other elements are zero.

Here we will give the phase diagrams of the presence of Majorana end modes
in quasi-one-dimensional p-wave superconductors by using Kitaev’s topological
arguments [5]. To this end, we consider the 2n x 2n matrix B (g) in the Hamiltonian
in (10.44). The matrix B is an antisymmetric matrix when ¢ is equal to zero or
m, such that we can calculate the Pfaffians PfB (0) and PfB (7). The topological
property of the system described by the Hamiltonian in (10.44) is characterized by
a Z, topological index (Majorana number) M:

M = sgn[PfB (0)]sgn[PfB (m)] = £1, (10.49)
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where 41 means topologically trivial phases and —1 means topologically nontrivial
states (i.e., the existence of zero mode Majorana end states).

For the simplest case, there is only one lattice site along the y-axis direction
(i.e., n = 1). This case is just the one-dimensional Kitaev model. The two 2 x 2
antisymmetric matrices are

+2
By (0/m) = (_(MOjE o H 0 t), (10.50)

and PfB,_; (0/7m) = pu £ 2t, where 4 and — correspond to the cases of ¢ = 0 and
«, respectively. The Majorana number in the one-dimensional limit is

Mozi = sgn (i +21) sgn (u — 21) (10.51)
thus, we have the topologically nontrivial condition:
20el > |pl (10.52)

with (A # 0). The (10.52) is consistent with the result given by Kitaev [5], who
demonstrated that a long open chain (in the limit of L — 00) has zero energy Majo-
rana end states located near the boundary under the same condition.

For the case of n = 2, the lattice site numbers along the y-axis direction are two.
The two 4 x 4 antisymmetric matrices are

0 p+2t 0 t—A
—(uE2t) 0 —(@+4) 0

By= (0/m) = 0 FLA 0 [+ 2 (10.53)
—@t—4) 0 —((ux2t) O
The direct calculation yields the Pfaffians PfB,—, (0/7),
Pf B, (0/7) = (u=+2t)> + A% — 1% (10.54)

For the larger lattice site numbers n (> 3), PfB,, (0/7) can also be calculated analyt-
ically. A recursion relation gives

PfB, (0/m) =asPf B, (0/m) +bPf B, (0/m), (10.55)

where ay = p1 4 2t and b = |A|* — 2. We further solve (10.55), and give an analytic
formula for PfB, (0/7)

n+l _ n+l
PrB, O/m = =)

JJakt +4b ’

(10.56)
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Fig. 10.3 Phase diagram for a quasi-1D p-wave superconductor model as a function of the p-wave
pairing amplitude and chemical potential for lattice site numbers n along the y-axis direction. N
denotes the topologically nontrivial region with zero-mode Majorana end states, and T denotes the
topologically trivial region. When |A| /¢ = 0.1, the solid (red) lines and dotted (blue) lines guide
the values of u/t, corresponding to the topologically nontrivial and trivial phases, respectively
(Adapted from [7]) (color figure online)

where

ay +./al +4b ay —/al +4b

rH=——-rn=

10.57
5 5 ( )

According to the Pfaffians PfB, (0/7) one can compute M as a function of the
physical parameters, and then plot the phase diagram for the lattice site number 7.
Figure 10.3 presents the phase diagram for the lattice site number n along the y-axis
direction. The phase diagrams of this tight binding model are symmetric for positive
and negative p, thus, here we only plot the part of negative p values because the plot
of positive y values is a mirror image. However this ;4 — p symmetry is not generic
to models with say, next-nearest-neighbor hopping or next-nearest-neighbor pairing.

10.3 Majorana Fermions in Topological Insulators

Fu and Kane proposed that as a superconducting proximity effect the interface of
the surface stets of a three-dimensional topological insulator and an s-wave super-
conductor resembles a spinless p, + ip, superconductor, but does not break time
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reversal symmetry [8]. The system supports Majorana bound states at vortices. Sup-
pose that an s-wave superconductor is deposited on the surface of a topological
insulator. Because of the proximity effect, Cooper pairs from superconductor can
tunnel into the surface states of topological insulator, which is described by the
pairing potential V = Acl:Tc; | T h.c.where A = Aoe'?. In the Nambu notation,

C;i = {(Cl,m Cik,i)’ (c_k,l, —ck,¢) }, the surface states can then be described by
1 t
H=> ; C, H,s;(k)Cy, (10.58)

where
H,ff = —ivr,0 - K — p1, + Ao(7y c08 ¢ + 7, sin @), (10.59)

where 7 are the Pauli matrices that mix the ¢ and ¢ blocks of C. The Hamiltonian has
the time reversal symmetry 7, & = io,K (K is the complex conjugate operator),
and the particle-hole symmetry P, E = 0,7, K. The energy spectra are

Ey = £/ 2ok — w2 + A3, (10.60)

For 11 > Ay, the low energy spectrum resembles that of a spinless p, -+ ip, super-
conductor. Define dj = (cxr + e"ekcki) for k = k(cos 0, sin6;) and vk ~ p. The
projected Hamiltonian is then

Hyp = Z(vk — wydidy + Ao did", + h.c). (10.61)
k

This is identical to the one for a p-wave pairing superconductor. Following the
approach in a p-wave superconductor, a half quantum vortex in this system leads to
a Majorana bound state.

Experimental realization of the proximity effect was reported in a superconducting
topological insulator/superconductor heterostructure by growing Bi,Se; thin films on
superconductor niobium diselenide substrate. Using scanning tunneling microscopy
and angle-resolved photoemission spectroscopy, the localized Majorana zero mode
at the vortex core has been observed [9].

10.4 Sau-Lutchyn-Tewari-Das Sarma Model
for Topological Superconductors

Sau et al. [10] proposed an idea to create Majorana fermions in a ferromag-
netic insulator/semiconductor/s-wave superconductor hybrid system. They originally
proved the existence of Majorana fermions in the setup by solving the vortex problem
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in the Bogoliubov-de Gennes equation. Alicea [11] found that the model is connected
to a spinless p + ip superconductor. Here we prove that the system is actually equiv-
alent to two spinless p = ip superconductors, among which one is always topologi-
cally trivial, and the other is possibly topologically non-trivial.

Consider first an isolated zinc-blende semiconductor quantum well grown along
the (100) direction in the presence of a perpendicular Zeeman field. Assume there
is structural inversion asymmetry in the system, which generates Rashba spin-orbit
coupling. The system can be modeled as a two-dimensional electron gas with Rashba
spin-orbit coupling plus a perpendicular Zeeman field. The effective Hamiltonian
reads

Hy =Y c} , (ek)oo + alkeoy — kyoy) + Vz02), | cror (10.62)
k,o

where (k) = % — p. 1 is the chemical potential and «(>0) is the Rashba spin-orbit
coupling strength. Furthermore consider the two-dimensional electron gas contact-
ing an s-wave superconductor. Due to the proximity effect of superconductivity, an
additional pairing potential is generated

v=>" (Ac;Tcik7¢ + h.c.) . (10.63)
k

Thus, the total Hamiltonian for the electrons in quantum well becomes
H=H,+V. (10.64)

To illustrate its connection to spinless p-wave superconductors, we first introduce
a unitary transformation to diagonalize H,

O —iok i Ok
cosx —e sin 2
C 2 2 a
( M) = , ( k*). (10.65)
k.| e'¥k sin cos 3 ak, -

2

Consequently, Hj is transformed to

Ho= " () +vAy) ay ax,. (10.66)

k,v=+4

where Ax = ,/VZZ + a?k2. The parameters are determined by cosfi = Vz/Ag,

sin 0k = ak/Ax and tan g = —k, /k,. After the transformation, the pairing poten-
tial V can be divided into two parts:

V=V +V, (10.67)
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where
Vi=> (Anea paly+he) (10.68)
k
and
V= —% kz (Ak,ya,";ﬁyaik,y - h.c.) : (10.69)

Here Ax,. = Acosfy and Ag + = AeFi¥xsin . Thus, H, = Hy + V) is equiva-
lent to a s-wave superconductor with a “Zeeman” splitting, Ax. We introduce the
Bogoliubov transformation to diagonalize H,:

a4+ cos B —sin & (bk+)
= ; ’ , (10.70)
(“ik,— ) ( sin & cos % by _

where cos 1k = e(k)/\/e(k)? + Af . and sin ik = Ak ./ /e(k)? + Af . As aresult,
Ho= > ( [e(k)> + A} + yAk) by b, (10.71)
k,v=+

up to a constant. Meanwhile, the pairing potential V, has the form:

1 .
=3 kz (bl by, +hec) (10.72)

In the language of b; Land by +, the pairing potential V, consists of two pairing
potentials between the same types of particles. The particles with v = + and v = —
are decoupled completely. Therefore, the total Hamiltonian is reduced to

a 1 N
_ 2 A2 t 1 oot
H= k;i [( €(k)? + A2 + uAk) bisbes = (Ak,,,bkql,b_k’y n hc)} .
(10.73)

The order parameters are
al
J V7 +a?k?

which obey p £ ip symmetry. Thus, the effective model consists of two different
types of spinless p, & ip, wave pairing superconductors. By introducing a Nambu

Axy = (ky + ivk,), (10.74)
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spinor, w;u = (blt,w b,k,,,), the total Hamiltonian has the form

1 . aA
H = 3 kVZ::i Uy, [( [e(k)? + AL, + VAk) ™ (kyo, — ukxay)] V.
(10.75)

The equation can be reduced to two modified Dirac equations near k = 0. In each
type of superconductor, the factor « A/ V, which is equivalent to the velocity in the
modified Dirac equation, plays a role in coupling the two bands. This fact illustrates
that Rashba spin-orbit coupling, the pairing potential and the Zeeman field combine to
form three indispensable ingredients to realize a topological superconductor. For the
particles of v = 4, the gap between the particle and hole bands is always positive,
and never close if A # 0. The Chern number is equal to zero. Thus, it is always
topologically trivial. For the particles of v = —,

1 + aA
H ~ 3 ;wk,— [(‘//ﬂ + A2 — |VZ|) o, — @ (kya)r — kaay)i| Y —.
(10.76)

The gap closes at |Vz| = /u? + A2. Thus, the sign change demonstrates that a
topological quantum phase transition can occur near |Vz| = /2 + AZ2. The Chern
number can be calculated explicitly,

Ne = % [sgn (w/u2 T A |VZ|) — 1] . (10.77)

It is topologically non-trivial if /> + A% < |V,|. Therefore a large Zeeman term
can induce a topological superconducting phase in this system.

Experimentally, it was reported that the bound, mid-gap states at zero bias voltage
were observed in electric measurements on indium antimonide nanowires contacted
with one normal (gold) and one superconducting electrode [12]. Several other groups
also reported their experimental data to support existence of the Majorana fermions
[13, 14].

10.5 4m-Josephson Effect

Consider two one-dimensional superconducting wires with Majorana end fermions
connected at x = 0 to form a Josephson junction as shown in Fig. 10.4. The effective
Hamiltonian of the junction can be written in terms of two Majorana fermions at the
two ends

Hjunesion = 20T @174 = 1) (1-2ddo) . (10.78)
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where I" (¢) is the coupling strength and is a function of the phase difference between
the two superconductors, ¢ = ¢r — ¢, . Suppose a gauge is chosen such that ¢; —
¢ + 2m and ¢ — ¢. In this gauge transformation, we have

YB,L = —7B,L (10.79)
and
YA,R = YA,R- (10.30)

As the Hamiltonian for the superconductor is invariant under the gauge transforma-
tion, we have a relation that I"(¢) = —I" (¢ + 2m). This condition shows that I" (¢)
is of period 47 and crosses zero at ¢ = +.

Equation (10.78) shows that I" (¢) and — 1" (¢) are the eigenvalues of H,,¢sion and
|0) and d |0) are the corresponding eigenstates. If the fermion parity is conserved at
the junction, this energy crossing is protected because |0) and d; |0) have different
fermion parities and there is no transition from one state to the other when ¢ equals 7.
Since the energy eigenvalues +1"(¢) are periodic of 47 and there are no transitions
among the states with different fermion parities, the Josephson current, which is
given by

2e
I = j:;&ﬂ“(d)) (10.81)

is also 47 periodic as shown in Fig. 10.4. The observation of this 47 periodic Joseph-
son current is explicit evidence of Majorana fermions, and the sign of the current
reveals the fermion parity of the junction.
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10.6 Non-Abelion Statistics and Topological Quantum
Computing

If the overall phase of the superconducting gap shifts by ¢, it is equivalent to rotating
the creation and annihilation operators of electron by ¢/2: ¢ — ¢'/?c and ¢/ —
e~?2¢T. The solution for the Majorana fermion v = uc’ 4+ u*c — ue™%>c" 4
u*e'?? ¢ If the phase of the order parameter is changed by 27, the Majorana fermion
in the vortex changes its sign: v — —. Let us fix the initial positions of the vortices.
Permutations of the vortices may form a braid group B,,, which is generated by the
elementary interchange 7; of neighboring vortices [4].
Under the action T;,

Yi = i+l (10.82)
Yiel = =i (10.83)

and
Vi > Vj (10.84)

for j # i and j # i + 1. This action obeys the commutation relations
LT, =T1,T;, for |i —j| > 1 (10.85)

and
LTT = TyTT;, for li—jl=1, (10.86)

which describe for the braid group. The expression for this action is

7(T;) = exp (gmm) —exp (—i%P) (10.87)
cosﬂ 'Psinﬂ ! (142 ) (10.88)
= — —1 _ = — i i) .
4 4 ﬁ Yi+17,

where P is the parity operator and P?> = P. Thus, the Majorana fermions associated
with a quantum vortex obey non-Abelion statistics.

In the case of four vortices the four Majorana fermions combine into two complex
fermions ¢; = % (71 +iv) and ¢, = %(73 + i74). The ground state is four-fold
degenerated and the three generators 77, T, and T3 of the braid group are represented
by

r(T) =exp (72m) (10.89)
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T
(1) = exp (574 (10.90)
and
r(Ty) = exp (5772) (10.91)

One may write the operators in a matrix form in the basis {|0), cf |0), cg 10), c'll'c'zr [0)}.

e 0 0 0
(1) = exp (37201 = RN RO (10.92)
0 0 0 ets
e is 0 0 0
(1) = exp (34) = 8 6‘0”62% 8 (10.93)
0 0 0 et
and
1 0 0 —i
7(T3) = exp (gvm) =% 8 _ll. _li 8 (10.94)
-0 0 1

A quantum computation consists of three steps.

1. Create: if a pair of i, j of vortices is created, they will be in the ground state |O,< j)
with no extra quasi-particle excitations. Creating N pairs initialize the system.

2. Braid: Adiabatically rearranging the vortices modifies the state and performs a
quantum computation.

3. Measure: Bringing vortices i and j back together allows the quantum state asso-
ciated with each pair to be measured. |0i j) will be distinguished by the presence
or absence of extra fermionic quasi-particles associated with the pair.

Majorana fermions might provide the basic elements for a quantum computer. This is
the motivation behind the search for Majorana fermions in condensed matter systems.
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Chapter 11
Topological Dirac and Weyl Semimetals

Abstract A topological Dirac or Weyl semimetal is a topological phase of matter,
in which the conduction and valence bands touch at a finite number of points, i.e., the
Weyl nodes. Uniaxial rotation symmetries protect the nodes against gap formation.
Topological Weyl semimetals host paired monopoles and antimonopoles of Berry
curvature at the Weyl nodes and topologically protected Fermi arcs at certain surfaces.
The chiral anomaly of the Weyl fermions, a pure quantum mechanical phenomenon,
can be realized in solids, and is attributed to the exotic magneto-transport properties
in Weyl and Dirac semimetals.

11.1 Weyl Equations and Weyl Fermions

11.1.1 Weyl Equations

In 1929, Weyl [1] found that the Dirac equation in (2.1) can be decoupled into two
Weyl equations when the mass term vanishes, i.e., m = 0,

0
i~y =2vp- 0y, (11.1)
ot
with b1 = 10| & 1,. The subscripts % in the Hamiltonians,
Hy = +vp-o, (11.2)
define two types of fermions with opposite chirality, the left- and right-handed par-
ticles. In a chiral particle, its quantum spin is tied to its momentum. The helicity is

defined as i = p - o/ p with two eigenvalues, 1, which is also the chirality for the
gapless case.
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Either Hy or H_ has two eigenvalues, E = vp. At p = 0 the two bands across
at one point, i.e., the Weyl point. A Dirac point is usually regarded as consisting of
two Weyl points of opposite chirality, i.e., fourfold degeneracy at the point. It is noted
that in three dimensions, as there are only three Pauli matrices, any perturbation § - &
to Hy = Fvp-o just shifts the crossing point from zero to p = F§ /v, and cannot gap
out the crossing point. Thus, the crossing point is quite stable, and hence is dubbed the
Weyl nodes. In two dimensions, say x—y plane, as only two Pauli matrices are used in
the Hamiltonian H = +v(p.o, + p,0,) as p is suppressed, addition of a mass term
mv203 opens a gap at p = 0. Hence two-dimensional crossing point is not as robust
as that in three dimensions except for some specific uniaxial rotation symmetries.
For terminology, it is dubbed the Dirac points in two dimensions. The Dirac point
can be stable if the system is protected by some specific rotation symmetries. For
example graphene is a two-dimensional Dirac semimetal.

A more general form of the Hamiltonian for the Weyl fermions is

H =Zvijpi0j, (11.3)

where v;; have dimension of velocity and form a 3 x 3 square matrix. The chi-
rality number is defined as the sign of the determinant of the velocity matrix,
X = sgn[det(v;;)].
Helicity and chirality are two different concepts for massive Dirac fermions. The
helicity is defined as
2) - X
poHp_2-p (11.4)
pl pl

where J = r x p+ X denotes the total angular momentum and ¥ = o ® o denotes
the spin matrix. Note that orbital angular momentum is normal to the momentum.
The chirality operator is defined as

1 1
L=70=7):R=2(+7). (I1L.5)

For massive Dirac fermions the chirality operators do not commute with the Dirac
Hamiltonian and the Dirac operator s (see Appendix C) does not commute with the
mass term, unlike the helicity operator. For massless Dirac fermions both chirality
and helicity are conserved.

11.1.2 A Single Node and Magnetic Monopole

Consider a single three-dimensional Weyl node, H = v/k-o. In spherical coordinate,
the spinor wave function of the valence band can be found as
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sin ¢

k,0,0)) = 2 ), 11.6
(k. 0. 2)) (_cosgew) (11.6)

where cos 0 = k./k with k = | /k? + k} + k7. The Berry connection is defined as
A = i{uy |Vi|uy) with the gradient operator Vi = (0, (1/k)0g, (1/ksin0)0,,).
One finds that

(Ax, Ag, Ay) 0,0 cos’ % 11.7)
ks 46, Dyp) = ) ksinf . .
The Berry curvature can be found as Q = V x A = % The monopole charge is

defined as the Berry curvature flux threading a sphere that encloses the origin,

N=i/ds'§2:]. (11.8)
21 Jx

™

Using the Gauss’s theorem, it is found that V - Q = 27(k). In the Dirac cone
of opposite chirality, the Hamiltonian can be written as H = —v#k - o, the wave
function of the valence band |u_) can be obtained by letting § — 7/2 — 6 and p —
m+ @in |uy), and |u_) = (cos g, sin %eiy”). In the other Weyl node with opposite
chirality, following the same procedure, the Berry curvature is ; = —1/2k?, and the
monopole charge is —1. Thus, they are called magnetic monopole and antimonopole
in momentum space.

In 1981 Nielsen and Ninomiya proved a no-go theorem [2]: for a Hamiltonian
H with translational invariance on a three-dimensional lattice, and its Fourier-
transformation is a smooth function, the numbers of left-handed Weyl states are
always equal to number of right-handed Weyl states. Equivalently, the theorem says
that there are as many charges of monopoles as of anti-monopoles in a lattice.

11.2 Emergent Dirac and Weyl Semimetals

A three-dimensional Dirac or Weyl semimetal indicates a phase whose low energy
excitations consists of degenerated quasiparticles with distinct chirality and linear
energy dispersions. It may exist as a consequence of the band crossing in the systems
with some uniaxial rotation symmetries.
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11.2.1 Dirac Semimetal

Letus consider a system having both time reversal symmetry and inversion symmetry.
In general the time reversal symmetry 7 requires that E,, 4 (k) = E, | (—k), and the
inversion symmetry P requires that E, ,(k) = E, ,(—k). Consequently the energy
band is doubly degenerate for all k, E, 4 (k) = E, (k). Under the condition a
three-dimensional Dirac point with fourfold degeneracy can be degenerated when an
accidental band crossing occurs. Due to the strong repulsion between the degenerated
bands, the accidental band crossing can be achieved at a time reversal invariant
momentum only when the conduction and valence bands have opposite parities. In
this case, a three-dimensional Dirac semimetal appears at the quantum critical point
between a normal insulator and a topological insulator [3]. Usually this type of the
Dirac semimetal is not stable when the system deviates from the critical transition
point. It is found that some crystals with uniaxial rotational symmetry C, as well as
the time reversal symmetry and inversion symmetry may allow the Dirac semimetal
to be stable.

The invariance of the system under the C, rotation (the n-fold rotation about a
principal axis) gives

CnH(k)C;1 = H(R,k), (11.9)

where R, is the 3 x 3 rotation matrix defining the 27 /n rotation in three dimensions
with n = 2, 3,4, 6. Combined with the time reversal symmetry and the inversion
symmetry in space, a more rigorous classification of stable Dirac semimetals can be
found in the paper by Yang and Nagaosa [4].

From the modified Dirac equation, when the band gap is closed, one has an
effective Hamiltonian for massless Dirac fermions

H = vk - a = vk, +vkyo, + vk o, (11.10)

where higher order terms are ignored. As «; change their sign under time reversal,
the Hamiltonian is time reversal invariant. In the Dirac representation, ® = io, o, K.
It is easy to find @ H(k)@~' = H(—k). The crossing point is fourfold degenerated
as shown in Fig. 11.1a.

Bi;_, Sb, occurs a topological phase transition from a band insulator to a topolog-
ical insulator at x ~ 4% as shown in Fig. 7.2. At the point the L, and L, bands cross,
and massless Dirac fermions appear at the crossing point. Therefore Bi;_, Sb, at the
transition point is identified as a Dirac semimetal, in which the Dirac point is fourfold
degenerated. It can be described in the three-dimensional modified Dirac equation by
taking the gap parameter M = 0. Recent quantum transport measurement evidenced
the properties of massless Dirac or Weyl fermions in Bi;_,Sb, [5].


http://dx.doi.org/10.1007/978-981-10-4606-3_7

11.2 Emergent Dirac and Weyl Semimetals 211

(b)

()

Fig. 11.1 Dirac semimetal, topological Dirac semimetal and topological Weyl semimetal and
Fermi arcs. a Dirac semimetal without Fermi arc. b Topological Weyl semimetal with a Fermi arc.
¢ Topological Dirac semimetals with Fermi arcs. d Topological Weyl semimetals with Fermi arcs.
circled plus and circled minus represent positive and negative monopole charges, respectively

11.2.2 Topological Dirac Semimetal

One effective Hamiltonian for a topological Dirac semimetal is
H = A(kcay + kyay) + M(k)S. (11.11)

For a time reversal invariant system, the coefficient before [ has to be even in k under
time reversal. One keeps the quadratic term by taking M (k) = mv* — Bik} — Bik; —
ngzz, and coefficients B| ; are introduced to describe the topological properties. One
of o; matrices, say o, is absent to guarantee the occurrence of the band crossing
at k, # 0. For m and B, with the same sign, the bands will cross at two points,
ky = ky = 0 and k, = £k, = £/mv?/B,. As M (k) =~ Bi(ky, + k;)(ky — k;) is
linear in k, £ k,, at the two points k, = Fk,,, hence the Hamiltonian describes a pair
of Dirac points as shown in Fig. 11.1c. In this case the system still respects rotation
symmetry around the z axis.
Under a unitary transformation, the Hamiltonian can be written as

_(HKk) 0
H—>H_( 0 H*(_k)), (11.12)
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where H(k) = A(kco, + kyo,) + M(k)o, and H*(—K) is its time-reversal partner
where the asterisk refers to a complex conjugate. The Dirac points are still fourfold
degenerated. As there exists topological invariants for specific values of k, between
the two Dirac points, according to the bulk-boundary correspondence, there always
exists an edge states for each Chern number, and a set of edge states for k, between the
two nodes. The dispersions of these edge states construct the Fermi arcs connecting
the Dirac points near the Fermi surface, which is one of the key characteristics for
topological Dirac semimetal.

Cd;As; [6] and Na3Bi [7] were predicted to be Dirac semimetals, and confirmed
to be so by photoemission and transport experiments [8, 9].

11.2.3 Topological Weyl Semimetal

Furthermore if the inversion symmetry is broken, the fourfold degenerate Dirac
points may be split in to two doubly degenerate points. In this case the two pairs
of Dirac point in a topological Dirac semimetal can be split into two pairs of Weyl
nodes, which means that the energy crossing point is only doubly degenerated. For
example, the Dirac points in Dirac semimetal (0, 0, +k,,) evolve into two pairs of
Weyl nodes (ko, ko, k) and (—ko, —ko, £k,,) as shown in Fig. 11.1d. Of course
the time reversal symmetry breaking can also lift the degeneracy of the Dirac points.
Thus, this class of materials is named topological Weyl semimetal. From the model
in (11.12), one can have an effective Hamiltonian for a topological Weyl semimetal,

_(H(ky — ko, ky — ko, k) 0
H—>H_( N H (ke — ko, _ky_ko’kz)). (11.13)

TaAs [10, 11] is a stoichiometric, inversion breaking, single-crystal materials
and confirmed to be a topological Weyl semimetal with the Fermi arc states on the
surface. It is a representative of the transition metal monopnictide or TX family
where T=Ta/Nb and X = As/P. There are twelves pairs of Weyl nodes near the Fermi
surface. This material is confirmed as a topological Weyl semimetal by Xu et al. [12]
and Lv et al. [13] using ARPES to detect the Fermi arcs on the sample surface.

11.3 Graphene: A Topological Dirac Semimetal

Graphene [14] is a monolayer of carbon atoms packing a hexagon lattice to host
two pairs of two-dimensional Dirac fermions or four Dirac cones in the absence of
or with negligible spin—orbit coupling. Each pair of Dirac fermions have two Dirac
cones with opposite chirality [15], where the well-defined Berry phase 7 or —7 rest
around the Dirac cones when an electron moves around the Dirac points adiabatically
[16-18].
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(b) kA b

Kl

Fig. 11.2 a The lattice unit vectors a; and aj in a unit cell of a hexagonal lattice of graphene.
b The corresponding Brillouin zone, and the Dirac cones are located at the K and K’ points. The
shadowed area indicates the region with non-zero electric polarization

Since the spin—orbit coupling in graphene is tiny, only the spin degeneracy of
electrons is assumed here. The energy dispersions of electrons in graphene have been
investigated extensively [14, 19]. To diagonalize the tight-biding model for graphene,
abasis of two-component “spinors” of Bloch states constructed on the two sublattices
A and B is introduced. Let d1, d, and J3 be the displacements from a B site to its
three nearest-neighbor A sites as shown in Fig. 11.2a. The lattice vectors are chosen

to be a; = ﬁa(@, %) and a; = ﬁa(@, —%). The corresponding reciprocal

lattice vectors are b; = g—g(%, @) and b, = ;‘—Z(%, —g). In this representation the
Hamiltonian becomes
0 ok
H=—t , 11.14
Zk] ( 5 0 (11.14)

where o; are the Pauli matrices and ¢(k) = >7°_, ¢/* (=) The energy band dis-
persions are obtained as,

E, = —st |p(K)|, (11.15)

where s = +. The two bands touch at the points of K = (%—Z, Sf/%a) = %bl + %bz

andK' = (£, —%) = 1b; + b, in the Brillouin zone formed by the reciprocal
lattice vectors by and b, as shown in Fig. 11.2b, and the dispersions become linear
in k approximately measured from the two points. Thus, two Dirac cones are formed
around K and K’. The density of states is linear in energy E near the two Dirac
points, which is a key feature of a semimetal. The vector connecting K and K’ is
along 0K = K - K' = % (b; — by). To explore the topological properties of the
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two Dirac cones, we take kK = k;b; + k;b, and consider a specific direction by
taking a specific value of k; (or k, ) as a constant, and the model is reduced to one-
dimensional along the b, (or b;) direction. When k; is away from the Dirac points,
i.e., k| # 1/3 and 2/3, the reduced one-dimensional system always possesses a finite
band gap. This gap closes and re-opens when k| is sweeping over one Dirac point,
which indicates that a topological phase transition may occur in the process.

Ryu and Hatsugai [20] first realized that zero energy modes in the zigzag rib-
bon of graphene are closely associated to a hidden chiral symmetry for a reduced
one-dimensional Hamiltonian in a parameter space. Denote the eigenstates of H
by | oy (ke ky)) = % (1, s¢(k)/ k)" with the eigenvalue E,(k) in (11.15). In
reduced one-dimensional momentum space, e.g., keeping k; constant, the electric
polarization for the reduced one-dimensional band is defined as Sect. 4.4

e

Py =— j{dkz (s k1, k)| (i0k,) |ds (k1 K2)) - (11.16)
C

3a
27

The electric polarization has its topological origin, and is quantized to be P; =
evgy/3a, where the integer v, = 0 or 1/2 with modulo 1 appears as a topological
invariant for quantum transport. It is found that P, = se~/3a/2 for 1/3 < k; < 2/3,
and P; = 0 otherwise. Thus, the 1D system is topologically nontrivial when 1/3 <
k; < 2/3. Therefore a spinless graphene is a two-dimensional topological Dirac
semimetal characterized by a topological invariant, which is very similar to the three-
dimensional Weyl semimetal with k-dependent Chern numbers [21]. According to
the bulk-boundary correspondence, there exists a pair of end modes near the two ends
of an open and topological nontrivial chain, and the energy of the end states should
be zero due to the chiral symmetry [20], just as the end modes in the Su—Schrieffer—
Heeger model. Correspondingly, the open boundary parallel with the vector b; (or
b,) is the zigzag boundary of the lattice. Each k; in the shadow regime will have a pair
of zero energy modes near two edges according to the the bulk-edge correspondence
and the particle-hole symmetry. As the number of k; between the two Dirac points
is finite, the same number of the zero energy of the end states form a flat band for a
zigzag boundary of the graphene lattice. This demonstrates that the famous flat band
of graphene with a zigzag boundary condition has its topological origin related to
the non-zero electric polarization or topological invariant [22].

11.4 Two-Node Model

To explore the topological properties in topological Dirac and Weyl semimetals, one
can start with an effective model which captures the key features of these systems.
The results from this model can simply be generalized to the time reversal invariant
systems.
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11.4.1 Model

Under the time reversal symmetry breaking, a minimal model for a Weyl semimetal
can be written as

H = Alkcoy + kyoy) + Myo, (11.17)

where o are the Pauli matrices, My = My — M (k> + k}2 +k2), k = (ke ky, k)
is the wave vector, and A, M are model parameters. This minimal model gives a
global description of a pair of Weyl nodes of opposite chirality. It has an identical
structure as that for A-phase of *He superfluids as in (9.32). If MoM > 0, the two
bands intersect at (0, 0, £k,,) with k,, = /My/M (see Fig. 11.3), giving rise to the
topological semimetal phase. Here we want to emphasize that if the quadratic terms
of k, and k, are missed in My the Hamiltonian can still describe two weyl nodes,
but fails to describe the topological properties such as the Chern numbers and Fermi
arc which will be discussed in the following subsection. In the topological semimetal
phase, the model can also be written as

H = Alkyo, +kyo,) + Mk —k*)o, (11.18)

(b)

Fig. 11.3 Nontrivial band structure and Berry curvature of a topological semimetal. a A schematic
of the energy spectrum of a topological semimetal. (ky, ky, k;) is the wave vector. k|2 = kﬁ + kﬁ.
b The vector plot of the Berry curvature in momentum space. The conduction and valence bands
of a topological semimetal touch at the Weyl nodes, at which a pair of monopoles are hosted. The
arrows show that the flux of the Berry curvature flows from one monopole (red) to the other (blue),
defining the nontrivial topological properties of a topological semimetal (Adapted from [25])
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where A, M, k,, are model parameters. The dispersions of two energy bands are

Ei =+ /IM( — k)P + A2K2 + k), (11.19)

which reduce to Ey = £M|k2 — k2| at k, = k, = 0. The two bands intersect at
(0,0, k) (see Fig. 11.3). Around the two nodes (0, 0, +k,,), H reduces to two
separate local models

HiIMi~O', (1120)

with My = (AEX, AEy, F2M kwic;) and (7(}, Ey, Ez) the effective wave vector mea-
sured from the Weyl nodes.

The topological properties in H can be seen from the Berry curvature [23], €2 (k)
= Vk x A(k), where the Berry connection is defined as A(k) =i (u (k)| Vi |u(K)). For
example, for the energy eigenstates for the 4 band [u(k)) = [cos(8/2), sin(6/2)e'¥],
where cos § = My/E, and tan ¢ = k,/k,. The three-dimensional Berry curvature
for the two-node model can be expressed as

2

A*M 1
Q(k)zF|:kzk)nkzky,§(kf—ki—kf—kf)]. (11.21)
+

There exist a pair of singularities at (0, 0, =k,,) as shown in Fig. 11.3. The chirality
of a Weyl node can be found as an integral over the Fermi surface enclosing one Weyl
node (1/27)¢$Q (k)-dS(k), which yields opposite topological charges Fsgn(M) at
+k,,, corresponding to a pair of “magnetic monopole and antimonopole” in momen-
tum space.

11.4.2 The Chern Number and Fermi Arc
For a given k., a Chern number is defined as
ne(k;) = —(1/27r)/dkxdky9(kx, ky) (11.22)
to characterize the topological property of the band in the sliced k,-k, plane,
nek,) = —%[sgn[M(ki, — k)] + sgn(M)]. (11.23)

The Chern number n.(k;) = —sgn(M) for —k,, < k, < ky, and n.(k;) = 0
otherwise. One can say that a Chern number flux connects two Weyl notes. The ends
of the flux are the magnetic monopole and antimonopole. The nonzero Chern number
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Fig. 11.4 The energy spectrum of the bulk states (a) and the surface states at the y =0 surface (b)
of the topological Weyl semimetal. ¢ Both the bulk and surface states. d The real-space schematic
of the topological Weyl semimetal and its surface states. We assume that the X and Z directions are
infinitely long. The lines with arrows in the y = 0 (red) plane indicate that the chiral surface states
travel along only one direction. In contrast, a topological Dirac semimetal hosts helical surface
states that travel along both the X and —X directions. Parameters: k. = 0.1/nm, M = 5 eV nm?2, and
A =1 eVnm (Adapted from [27])

corresponds to the k,-dependent edge states (known as the Fermi arcs) according to
the bulk-boundary correspondence [26].

To further demonstrate the topological properties of the two-node model, one can
find the edge state solution and the Fermi arc in the k.—k, or k.—k, plane which
is parallel with the z axis. Suppose a semi-infinite system in the half plane y < 0
with open boundary conditions and with translational symmetry along the x- and
z-directions, as shown in Fig. 11.4d. In the case k, and k, are still good quantum
numbers butk, isreplaced k, = —id, in (11.18). One can assume a trial wavefunction
for each set of k., k, as

Py = ekt (5;) N (11.24)
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Substituting the trial wavefunction into the eigen equation
H(ky, —i0y, k)\ = Ey (11.25)
after some algebra, one finds that the dispersion of the surface states is given by
Eqre(ky, k) = sgn(M) Ak, . (11.26)

The corresponding wavefunction is
Wktf{fiz (l') — Ceikxx+ikzz (Sgnl(M) ) (ex\ly _ e)\zy)’ (1 127)

where C is a normalization factor and \;, = A/2|M| F /(A/2M)? — A;. The
surface states are eigenstates of o, with a uniform effective velocity, v.;y =
sgn(M)A/h. Thus, they are chiral surface states around the surface parallel with
the z axis. We require that A\; A\, > 0 and henceforth A; > 0. Therefore the solution
of Fermi surface states is restricted inside a circle defined by k2 + k? < kZ, as shown
by Fig. 11.4b, c. At zero Fermi energy, i.e., k, = 0, the surface states exist for all
|k,| < k. which produces a Fermi arc connecting two Weyl nodes. For a non-zero
Fermi energy, the ends of the Fermi arc are shifted away from the Weyl nodes until
they vanish.

Thus, the two-node model in (11.18) provides a generic description for Weyl
topological semimetals, including the band touching, opposite chirality, monopoles
of Berry curvature, topological charges, and Fermi arcs.

11.4.3 Quantum Anomalous Hall Effect

In a magnetic field along the z direction, the energy spectrum is quantized into a set of
one-dimensional Landau bands dispersing with k. Consider a magnetic field applied
along the z direction, B = (0, 0, B), and choose the Landau gauge in which the vector
potential is A = (—yB, 0, 0). Under the Pierls replacement, the wave vector in the
Hamiltonian in (11.17) is replaced by the operator k = (k, — % v, —idy, k;), where
ky and k, are still the good quantum numbers as introduction of the vector potential
does not break the translational symmetry along the x and z direction. By using the
the ladder operator in (7.32), then one can write the Hamiltonian in terms of the
ladder operators,

| My Ak_ M, na
Hk) = |:Ak+ _Mk] — |:7]a"' —Ma]’ (11.28)
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where M, = M, — Mlkz2 —w(ata + 1/2), w = 2M1/Z2, and n = \/EA/ZB. The

eigen energies are

Ef* =w/24 JM2Z+vpPv =1 (11.29)
and

E) =w/2— Mo+ Mk2, v=0, (11.30)

where M, = My— M, kf —wv. The Landau energy bands (v as band index) disperse
with k.. The corresponding eigen states for v > 1 are

0z,
cos 5| — 1)
v, ky, ky, +) = o lky, k) (11.31)
sin == |v)
and
sin 22 — 1)
v, ke, kyy —) = o lky, k), (11.32)
—cos 5-|v)

where cos 0] = M, //MZ + vn?, and the state for v = 0 is

v =0,k k;) = (|8)) |k, k). (11.33)

The wave functions v, x_x, (r) = (r|v, k,, k;) are found to be

c, ... —Loo? Y — Yo
'l/)u ek (T) = —ezkghezkxxe %% H, , (11.34)
el VL.L.lg (g

where C, = 1/\/v!2"/, L, L. is area of sample, the guiding center yo = k, (%, H,,
are the Hermite polynomials. As the dispersions are not explicit functions of k,, the
number of different k, represents the Landau degeneracy Ny, = 1/27¢% = eB/h in
a unit area in the x—y plane.

Now itis ready to present a derivation for the Hall conductance. In the presence of
an electric field E, the correction to the model Hamiltonian comes from the electric
potential, AV = —eE,y. Consider the Fermi level is located near the Weyl node,
all the bands of |v > 1, k,, k,, —) are fully occupied. Only the band of v = 0 is
partially occupied. Thus, one can focus on this band only. The energy dispersion
of the band is corrected to E) — e¢E{%k, as (y) = I3k, which is replaced by the
guiding center of the Landau levels. This energy correction leads to a velocity shift
along the x direction,
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1 0(E) — eE, t3k,) ¢E 0%
Uy = — - = — =

h Ok, h

(11.35)

For each k., the occupation of the band with the Landau degeneracy indicates to a
quantized Hall conductance

. 2
e _ e 1 e (11.36)
E, E, 273 h

The total Hall conductance is obtained by integrating over k. up to the Fermi wave
vector k%, and o, = k% % In particular, k. = k,, + mnoh/eB for Weyl semimetals
with a fixed carrier density n¢, and a Hall conductance is found as

eny €%k,

B

Oy = (11.37)
The first term is attributed to the classical Hall effect, and the second term comes from
the non-zero Chern number of the fully filled low energy bands of —k,, < k, < ky,.
When the Fermi level is located at the Weyl node, ny = 0, there is no free charge
carriers. Hence the contribution from the Lorentz force vanishes.

Even in the absence of magnetic field the quantum anomalous Hall conductance
still exists. This is one of the key features in the two-node model. The quantum
anomalous Hall effect in this anisotropic three-dimensional system is attributed to
the quantum transport of the surface electrons.

11.5 Tight-Binding Model and Topological Phase
Transition

A tight-binding model can be established by using the replacement in (3.5) as done
in Sect. 3.2. The Bloch Hamiltonian on a cubic lattice with lattice space a = 1 reads

H (k) = 2ty sinkyo, + 2t sinkyo, + M(k)o. (11.38)

with M (k) = A — 41, sin® % — 4z, (sin2 & + sin? % . Here anisotropic coefficients
t; and 1, are introduced for the purpose of general discussion. The two bands are
given by

E— :I:\/4t§ sin” k, + 412 sin? k2 + M2 (k). (11.39)

As a result the two bands touch only if sink, = sink, = 0 and M (k) = 0. The
conditions require
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sin? 5 = £ for ky =k, = 0; (11.40)
-2 k. P .

sin” % = % — i—l for ky, ky = 0, 7; (11.41)

sin & = £ — 2 for ky =ky =m. (11.42)

In the first case, if 0 < A/4ty < 1, k, = =k, (k, = 2arcsin/A/4t;)
gives two Weyl nodes. In the second case, the two Weyl nodes are located at

k, = £2arcsin ,/ A;T‘l”z if 0 < A;T‘]”Z < 1. In the third case, the two Weyl nodes
are located at k, = 42 arcsin A;—flz if 0 < A;T?tz < 1.

Without loss of generality, we just focus on the first case in the following dis-
cussion. For a specific value of k., the model is equivalent to one for the quantum
anomalous Hall effect as we discussed in Sect. 12.2. In the case of 0 < A /41 < 1,
there are two crossing points at (0, 0, £k,,). Ifk, # *k,, there exists an energy gap.
In the reduced two-dimensional momentum space, the Chern number is given by

1t A k,
n(k;) = —W |:1 + sgn (R — sin? ?“)] . (11.43)

The separation distance of two Weyl nodes is controlled by the ratio of A /4¢,.
Variation of the ratio leads to the annihilation of two monopoles at the Weyl nodes
and generates topological quantum transitions in the system as shown in Fig. 11.5.
Assume #| and #, have the same sign. The Chern numbers is —sgn(Af,) when —k,, <
k., < +k,.When A — 0, the pair of monopoles collide, and annihilate at A = 0 due
to their opposite signs. When the ratio of A /4t; changes from positive to negative, the
Weyl nodes disappear and the band gap opens. In the case the system changes from
a Weyl semimetal into a normal insulator. Thus, the sign change of A can generate
a topological quantum phase transition. On the other hand, when the ratio increases,
the two monopoles move away in opposite direction. At A /4t = 1, k,, = 7. The
position of two nodes is separated by on one reciprocal lattice vector 27r. Due to the

E (c) = (d) ¢ e) =

Fig. 11.5 Annihilation of magnetic monopole and antimonopole and topological quantum phase
transition. From a, b, ¢, a conventional insulator evolves into a topological Weyl semimetal, and
further a topological Chern insulator while A /4¢; increases from a negative value to a positive one.
Here assume 11, > 0
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periodicity of the Brillouin zone the two monopoles meet again and annihilate at the
point. An energy gap opens as the ratio continues increasing. In this case the zone of
non-zero Chern number extends into the whole space. Hence the system evolves into
a topological Chern insulator from a topological Weyl semimetal. Similarly if #; and
1, have the opposite signs, the system will evolve into a topological Chern insulator
when the ratio of A /4t; changes from positive to negative, and into a normal insulator
when the ratio of A /4t becomes larger than 1.

The two-node model breaks time reversal symmetry. A minimal lattice model
of topological Weyl semimetal respecting the time reversal symmetry should be a
4 x 4 square matrix. It can be constructed by using the continuous model as shown
in (11.12). The topological invariants for the topological phases is the Z, index
instead of the Chern number, and the surface states will appear in pairs with opposite
velocities and spin or time reversal polarizations. In the case the system possesses
quantum spin Hall effect.

11.6 Chiral Anomaly

Chiral anomaly is a quantum mechanical phenomenon for Weyl fermions dating back
to 1960s. It is a surprising discovery that some exotic magnetotransport properties in
Weyl semimetals is related to the chiral anomaly. Usually it is said to be a symmetry
when in classical mechanics the Lagrangian L({g;, ¢;}) remains invariant under the
transformation ¢; — ¢; + d¢; while in quantum mechanics the path integral must be
invariant under the same transformation. However, symmetries in terms of classical
variables may not be retained when expressed in terms of non-commuting quantum
variables. Such a symmetry is said to have a symmetry anomaly. In the theory of
a single massless fermion L = i v*0,%. L is invariant under the transformation
of p — ¢ and v — 657’591/), corresponding to the conserved vector current
J" = 1py"4) and the conserved axial current Ji = 1y"~31). Consider the chirality
operatorsin (11.5),1 = R+Landy’ = R—L. J" and JS“ are the sum and difference
of the right and left handed currents, respectively. Chiral anomaly here is related to
the axial symmetry, in which the conservation of the axial current is violated due to
the quantum fluctuation [29]. This anomaly for Weyl fermions was first proposed by
Ader [30], and Bell and Jackiw [31]. It is Nielsen and Ninomiya who first realized
that that the chiral anomaly could be detected in solid crystals [32].

In the presence of both electric field E and magnetic field B, it is found that the
chiral charges at each Weyl node (y = =) violate the continuity equation

3

0 e
PV Ji= X BB, (11.44)

where p, is the charge density and J is the electric current near the Weyl node x. As
Weyl nodes always appear in pair of opposite chirality, the total charges is therefore
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conserved. In quantum field theory this anomaly comes from two triangle Feynman
diagrams associated with the decay of the ¥ particle. Here following Nielsen and
Ninomiya, we present an intuitive derivation of chiral anomaly in condensed matter
physics [32].

Consider a magnetic field B along the z direction. The energy dispersion of v = 0
" 0 2M 5

E; =E—MO—1—M1/’<Z (11.45)

which always crosses from the valence bands to conduction bands. The Landau bands
disperse with k, with the Landau degeneracy N; = eBL,L,/h. When the Fermi
level is located near the Weyl nodes at k, = £k, only the zeroth Landau band is
relevant to the low energy physics we are interested here. The system now looks like
a one-dimensional conducting channel along the z direction or the magnetic field.
If an electric field E is now applied, all electrons move along the magnetic field
according to ik, = —eE - B/ B. As the states in the zeroth Landau band move in one
direction, electrons moving away at the Weyl node at k, = +k,, will appear at the
other Weyl node at k, = —k,,. In other words, the charges at each Weyl node are not
conserved. The charge rate of charge at one Weyl node is given by

L.k. = —ye’L E-B (11.46)
e =X Ry B :

2010 .
o Yor

Consider the Landau degeneracy of the Landau bands. The three-dimensional charge
density at Weylnodeis p, = N Q;(D /LxL,L,and the current at a single Weyl node
is of divergence free V - J due to the translational invariance of the system. Hence one
obtains the equation for the non-conservation of chiral charges in (11.44). Finally we
need to pint out that although we only consider the zeroth Landau level in a strong
field limit, the equations are valid for a general case when the Fermi level crosses
even more Landau levels.

11.7 Exotic Magnetotransport

11.7.1 Three-Dimensional Weak Antilocalization

The Dirac fermions in the surface states of topological insulators give rise weak
antilocalization as discussed in Sect. 7.4.2. The effective Hamiltonian for Weyl
fermions in (11.2) respects the time reversal symmetry but breaks spin rotational
symmetry. Hence it belongs to the symplectic class, and the weak antilocalization is
expected. Atlow temperatures, when the mean free path is much shorter than the sys-
tem size and phase coherence length, electrons suffer from scattering but can maintain
their phase coherence. In this quantum diffusive regime, the quantum interference
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between time reversal scattering loops is destructive, and can give rise to a positive
correction to the conductivity. When a weak magnetic field is applied, the destructive
interference can be destroyed, and the positive correction to the conductivity is sup-
pressed, leading to a negative magnetoconductivity, or positive magnetoresistivity,
as the signature for weak antilocalization. The weak antilocalization has been widely
observed in three-dimensional Dirac and Weyl semimetals, including Big.97Sbg.03,
ZrTes, Na;Bi, Cd3As,, TaAs, etc. Three-dimensional weak antilocalization is one of
the clear signatures for Dirac and Weyl semimetals.

A theoretical approach to calculate the magnetoconductivity is the linear response
theory of conductivity by means of the Feynman diagram techniques. Both disorders
and interaction have to be taken into account. The magnetoconductivity arising from
the quantum interference §o¢' strongly depends on the phase coherence length /4
and the magnetic length /3. When B — 0, 60! is proportional to —~/B for I, > I
or at low temperatures, and —B? for I, < I or at high temperatures. [z can be
evaluated approximately as 12.8 nm/+/B with B in Tesla. Usually below the liquid
helium temperature, /4 can be as long as hundreds of nanometers to one micrometer,
much longer than /g which is tens of nanometers between 0.1 and 1 Tesla. Therefore,
—+/B law of the magnetoconductivity at low temperatures and weak fields serves as
a signature for the weak antilocalization of three-dimensional Weyl fermions.

Lu and Shen proposed a formula to fit the magnetoconductivity arising from the
weak localization [34], which was applied in the experiment on TaAs [35]

B? B?
d0(B) = —Cyw (VB—— +yB>?——< 1}, 11.47
o(B) w( BZ+B§+7 BZ+B§.) ( )

where the fitting parameters Cy and +y are positive and the critical field B, is related
to the phase coherence length ¢4 according to B, ~ h/ eﬁi. Empirically, the phase
coherence length becomes longer with decreasing temperature and can be written
as £y ~ T~P/%; then B. ~ T?, where p is positive and determined by decoherence
mechanisms such as electron-electron interaction (p = 3/2) or electron-phonon
interaction (p = 3). At high temperatures, £, — 0; thus, B. — oo and we have
S0l o« B2. At low temperatures, £, — oo; then B, = 0 and we have Jo%: o v/B.
By fitting the magnetoconductivity, we find that p ~ 1.5. This indicates that the
decoherence mechanism is dominated by the electron-electron interaction in TaAs.

11.7.2 Negative Magnetoresistance

Magnetoresistance is the tendency of a material to the value of its electric resistivity
in an external magnetic field. In metals and semiconductors it is very common to
have a positive magnetoresistance which is proportional to 1 + (B, )* where 1 is
the electric mobility and B, is the perpendicular magnetic field to electric current
because the charge carriers experience the Lorentz force when moving in a magnetic
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Fig. 11.6 The electrons on
the cone R are transferred to
L due to the chiral anomaly
as shown in the arrow at the
bottom, and the exceeding
electrons with higher energy
in L are scattered back to L
to form a steady state

field. However, negative magnetoresistance has been reported in a series of Dirac
and Weyl semimetals. The measured negative magnetoresistance is quadratic in B,
and sensitive to the directions of electric field to the magnetic field [36, 37], which
is regarded as a consequence of chiral anomaly for Weyl fermions.

Consider a system with a pair of Weyl nodes. In the absence of external fields,
without loss of generality, we assume that the chemical potentials near two Weyl
nodes are equal, 4y = p— = p > 0. The linear dispersion gives the relations
between the charge density of chiral electrons and the chemical potentials

T

s (11.48)

pr =

In the presence of both electric and magnetic fields, the chiral anomaly will force
part of electrons move away at one node and reappear at the other node. However,
the process will be balanced through the inter-node scattering between the left and
right handed electrons as shown in Fig. 11.6. Denote the scattering time by 7,. The
equation for the chiral anomaly is changed to

d(”d; p-) =—2;;2E-B—%. (11.49)
The solution of the equation in a steady state is given by
&3
Pt — p- = —WE-BTU. (11.50)

The difference will lead to the chemical potentials deviating from p, i.e., uy =
ntdp/2 (assume o < p). Hence the chiral anomaly generates a chemical potential
difference between the two Weyl nodes,
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272 (vh)?
b= . (1151)
e?

Remember the total number of electrons should be conserved. The relation is valid
for small §u << 1. A finite chemical difference can produce a charge current from the
general argument of energy conservation [32]. Since the Fermi levels are different,
the transfer of electrons from one node to the other one costs energy is the product of
the change rate and the energy difference, ;-7 h? —5~>B-Edu. The energy must be extracted
from the electric field E, i.e., the Joule’s heating effect in the presence of a charge
current J. Thus, from the energy balance,

&2

J E= 2th Edp. (11.52)

As the electric field is continuous, the possible solution for the current is

o2
J= ymor SuB (11.53)
which is proportional to the magnetic field. The magnetic field induced current is
also called the chiral magnetic effect [38]. The Hall current is normal to the electric
field and does not cost energy. So we do not include it here. Using the chemical
difference produced by the chiral anomaly, one obtains

e’ ezv3

=3 (E - B)B. (11.54)

Hence when E is parallel with B, the conductivity caused by the chiral anomaly is
given by
e’ ?v’B?

2th 12

Ty. (11.55)

Oca =

This result is identical to the one by Son and Spivak by means of the semi-classical
theory in terms of the Berry curvature [39]. Except for the chiral magnetic effect, the
Ohmic current may also be magnetic field-dependent.

It is noted that the quadratic behavior of magnetoconductivity in B is based on
the assumption that the inter-node scattering time is independent of B. However this
may not be true at least in a quantum limit, or in a strong field case. Consider possible
field dependence of the scattering time. The key feature of the chiral anomaly may
not the quadratic B dependence of the magnetoconductance, but the electric current
is along the direction of the magnetic field.



11.7 Exotic Magnetotransport 227

11.7.3 Linear Magnetoconductance Near the Weyl Nodes

When the Fermi level is located near the Weyl point at sufficiently low tempera-
tures, i.e., kT < w and in a strong magnetic field, the electronic transport can
be effectively conducted by the Oth bands of Landau levels. When the electric and
magnetic fields are in parallel with each other, the changing rate of density of charge
carriers near one node is maximal according to the chiral anomaly. In this case, the
semiclassical conductivity of the Oth Landau bands can be found with the help of
the standard Green function formalism. It is found that the conductivity depends on
the form of impurities potentials. Consider the random Gaussian potential
Ui

Ur) = ——F——e IF-RI2E (11.56)
Z{.“ (d+/2m)3

where u; measures the scattering strength of a randomly distributed impurity at

R;, and d is a parameter that determines the range of the scattering potential. The

Gaussian potential allows us to study the effect of the potential range in a controllable

way. In the Born approximation, the conductivity is given by

o..(B) = 0y (1 + 25’—) , (11.57)

. 2 2 272
with og = & 2L pdd'kc

- , where V;,, = Zi ”,2 /V measures the strength of the
scattering and V is the volume of the system. This conductivity is generated by
the inter-node scattering with a momentum transfer of 2k.. As the magnetic field
goes to zero, the magnetic length diverges and d/¢p — 0, and one has a minimum
conductivity o even though the DOS vanishes at the Weyl nodes at zero magnetic
field. The magnetoconductivity exists only for a finite potential range, i.e., d > 0.
Using (11.57),

0:(B)—0.(0) B

where By = h/2ed”. This means that we have a positive linear z-direction mag-
netoconductivity for the Weyl semimetal. A small but finite carrier density ny can
drive the system away from the Weyl nodes, then k. in (11.57) is to be replaced by
kr = k. + sgn(M )ZﬂZZ%no. The finite ny can vary the linear-B dependence, but a
strong magnetic field can always squeeze the Fermi energy to k., and recover the
linear magnetoconductivity.
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11.7.4 High Mobility and Large Magnetoresistance

Ultrahigh mobility and extremely large magnetoresistance were measured in three-
dimensional topological semimetals. According to the Einstein relation, the Drude
conductivity is given as

o =¢>DN (Ep), (11.59)

where D = %v%ﬂ, is the diffusion coefficient, vy is the Fermi velocity, 7 is the
transport relaxation time and N (Ef) is the density of states near the Fermi level.

Alternatively, the Drude conductivity can be expressed in terms of mobility as

o = nej, (11.60)

where p is the mobility, and 7 is the carrier density. For three-dimensional Weyl and
Dirac semimetals with linear dispersions € = £vghk, the corresponding zero-field
mobility has the form

eVF Ty
hkp

o= (11.61)

Thus, the large Fermi velocity and the long transport relaxation time leads to a
high mobility. The typical value of Fermi velocity of Weyl and Dirac semimetals
ranges from 10° to 10 ms~!. It implies that high-quality Weyl semimetals and Dirac
semimetals potentially have a relatively high mobility.

It was reported that an ultrahigh mobility, 9 x 10® cm? V~! s7! is measured
at 5 K in single crystals of Dirac semimetal Cd;As, [40]. The ratio between T,
and 7, could reach value of 10*, where the quantum lifetime 7 is extracted from
the Dingle temperature via Shubnikov—de Haas oscillation experiment. This high
mobility in Dirac semimetal was attributed to strong suppression of backscattering
processes through an unknown protection mechanism. Meanwhile, the transverse
magnetoresistance p,, of most samples shows a striking H-linear feature. There is
a trend from H-linear to H® with o = 2-2.5 with increasing mobility. In fact, the
H -linear profile of magnetoresistance here already exists at a very low magnetic field.
Therefore, one can safely rule out the mechanism proposed by Abrikosov for Dirac
electrons in the quantum limit. Furthermore, giant magnetoresistance was observed
in all samples with a high mobility. It is also found that the H-linear feature remains
almost unchanged even when the temperature is raised to 300 K, which calls for an
unconventional mechanism.

The noncentrosymmetric Weyl semimetal NbP was also reported to exhibit an
ultrahigh carrier mobility of 5 x 10° cm? V~! s~! and a giant non-saturating magne-
toresistance of 850,000% in a magnetic field up to 9 T at about 2 K [41]. Unlike the
Dirac semimetal CdsAs,, the band structure of NbP possesses an important feature
that the Fermi surface crosses both the quadratic-type valence bands and the linear
Dirac-type conduction bands. The ideal electron-hole compensation might account
for the huge magnetoresistance in NbP.
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11.8 Further Reading

Overview:

e On the chiral anomaly, see A. Zee, Quantum Field Theory in a Nutshell, (Princeton
University Press, 2003)
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Chapter 12
Topological Anderson Insulator

Abstract A topological Anderson insulator is a distinct type of topological insu-
lator, which is induced by disorders. Unlike conventional topological insulators, its
Fermi energy lies within a so-called mobility gap instead of in a real band gap. The
robustness of the edge or surface states is protected by the mobility gap.

12.1 Band Structure and Edge States

We start with a two-dimensional ferromagnetic metal with strong spin-orbit coupling,
h(k) = e(k) +d(K) - o, (12.1)

where d(k) = (Ak,, Ak,, M — Bk*) and e(k) = C — Dk*with A, B, C and D being
sample-specific parameters. This is a modified Dirac equation plus an additional term
€(k), which breaks the symmetry between the conduction and valence bands. In order
to keep the band gap open, we require that B2 > D?. In this case, the Chern number
for this model is given by

ne = —% [sgn(M) + sgn(B)]. (12.2)

For a positive B, the sign change of M signifies a topological quantum phase transition
between a convention insulating phase (M < 0 and n, = 0) and a topological
quantum phase (M > 0 and n, = 1). A non-zero Chern number indicates that the
Hall conductance is quantized, oy = nee? / h. Thus, the existence of the additional
term e(k) does not affect the Chern number once the band gap is open.

In an infinite-length strip with open lateral boundary conditions, the solution of
the two-band model H¥ = EV is given by [1]:

ke, y) = (ee®™ + p_e ™ +vpe® +v_e™), (12.3)

1+ and vy are two-component &, -dependent coefficients, and v and 3 are determined
self-consistently by the following set of equations,
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MZ_EZ

C¥2=k§+F— Fz—m, (124)
M2 _ EZ
ﬁzzkf+F+‘/F2—m, (12.5)
and
ELF* + E50* — YE Epof = kX(E. — Ep)*. (12.6)

Here, we have

A2 —2(MB + ED)

F= B =DY (12.7)
E,=E—M+ (B+ D)(k* —a?), (12.8)
Es=E — M+ (B + D)(k* — 3%, (12.9)

B tanh % tanh % (12.10)

- BLy aLy’
tanh T) tanh >

and L, is the width of the strip. We take the Dirichlet boundary condition at y =
£L,/2to get

L
W(kx,y:i%) —0. (12.11)

The solutions of this set of equations naturally contain both helical edge states
(o® < 0) and bulk states (o> > 0), which are shown in Fig. 12.1 for the three
cases M < 0, M = 0,and M > 0. The edge states (red lines in Fig. 12.1) are seen
beyond the bulk gap for all cases, up to an M dependent maximum energy. When
M < 0, the edge states cross the bulk gap producing a quantum Hall effect. At
M = 0, the edge states exist only in conjunction with the lower band, terminating
at the Dirac point. For M > 0, there are no edge states in the gap, producing a
conventional insulator, but the edge states may co-exist with the valence band. The
appearance of an edge state is a key feature of this model even for a normal band
structure, although these states mix with the bulk states.
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(a) M<0 (b) M=0 (c) M>0

E (meV) E (meV) E (meV)

k (nmi")

002 _F o0z 002 9 o002

Fig.12.1 Band structure of HgTe/CdTe quantum wells in a geometry of a stripe with a finite width.
a The “inverted” band structure case with M = —10 meV. Edge states (red lines) cross the bulk
band gap and merge into bulk states (gray area) at a maximum energy in the upper band. The
green dashed lines mark the boundary of the bulk states. b The transition point between an inverted
band structure and a “normal” band structure with M = 0 meV. ¢ The normal band structure with
M =2 meV. In all the figures, the strip width L is set to 100 um. The sample specific parameters
are fixed to be A = 364.5 meV nm, B = 686 meV nm?, C = 0, D = 512 meV nm? (Adapted
from [2]) (color figure online)

12.2 Quantized Anomalous Hall Effect

For numerical simulation, we take the tight binding approximation on a square lattice,
and the Hamiltonian has the form

dk) = (A sink,, Asink,, M — 4B sin’ 5 4B sin? ?) (12.12)

for the periodic boundary condition. In the lattice space, by performing the Fourier
transformation we obtain a lattice model identical to the one as in Chap. 3, and then
take specific open boundary conditions.

The most surprising aspect revealed by the numerical calculation is the appearance
of quantized anomalous conductance at a large disorder when the clean system is a
metal without a preexisting edge state. We study transport as a function of disorder,
with the Fermi energy varying through all regions of the band structure. For this
purpose, disorders are introduced through random on-site energy with a uniform
distribution within [-W/2, W/2]. The conductance of the disordered strips with
width L, and length L, was calculated in a two-terminal setup using the Landauer-
Buttiker formalism [3, 4]. The conductance G as a function of disorder strength W is
plotted in Fig. 12.2. Furthermore the conductance was scaled by the width of the strip.
Figure 12.2 shows the calculated conductances of a strip as a function of its width
L,. In the region before the quantized anomalous conductance plateau is reached,
the scaled conductance GL, /L, or conductivity, is independent of width, as shown
in the inset of Fig. 12.2, which implies bulk transport. Within the quantized plateau,
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Fig. 12.2 (Left) Width-dependence of the conductance in disordered strips with several values of
strip width L, and alength L, = 2000 nm. In the inset, the conductance traces prior to the quantum
anomalous Hall phase (left-hand-side of the dashed line) are scaled with the width of the strips
as 0 = GL,/L,. The formation of the edge states is indicated by the presence of conductance
quantization 2/ h. In this figure, M = 2 meV, and the Fermi energy E # =20 meV. (Right) Three
independent spin-resolved transmission coefficients, Tle s TJ] and T4T] , are plotted as functions of
disorder strength W. Standard deviations of the transmission coefficients for 1000 samples are
shown as the error bars. In the shadowed range of disorder strength, all bulk states are localized
and only chiral edge states exist, which is schematically shown in the inset (for spin-up component
only). The width of leads is 500 nm and M = 1 meV and E; = 20 meV (Adapted from [2])

the absence of such scaling indicates a total suppression of the bulk conduction, thus,
confirming the presence of conducting edge states in an otherwise localized system.

We further examine edge-state transport in a four-terminal cross-bar setup by
calculating the spin resolved transmission coefficients 7,, between each ordered
pair of leads p and g (= 1, 2, 3, 4). Three independent coefficients, 751, 73; and Ty,
are shown in Fig. 12.2 as a function of the disorder strength inside the cross region.
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The shadowed area marks the appearance of a quantized plateau, where (Ty;) = 1,
(T>1) = (T31) = 0, and all of the transmission coefficients exhibit vanishingly small
fluctuations. From symmetry, it follows that (Ty) = (Thy) = (T32) = (T13) — 1,
and all other coefficients are vanishing small. These facts are easily understood from
the presence of a chiral edge state. Two consequences of this chiral edge state transport
are a vanishing diagonal conductance G,, = (T»; — T12)e?/h = 0 and a quantized
Hall conductance G,y = (T4 — Tyr)e? /h= &2 / h, which is analogous to Haldane’s
model for the integer quantum Hall effect with parity anomaly [5]. The quantized
Hall conductance G, reveals that the topologically invariant Chern number of this
state is equal to one. Thus, this is an disorder induced quantum anomalous Hall effect.

A noncommutative Chern number can be defined in a disordered system. Prodan
[6] did a series of calculations for disordered systems, and found that the Chern
number takes a quantized value of £1.

12.3 Topological Anderson Insulator

Now we are ready to consider a topological Anderson insulator, which does not break
the time reversal symmetry. The effective Hamiltonian for a clean bulk HgTe/CdTe
quantum well is given by [7]:

hy 0 ) (12.13)

H(k):< 0 h*(—k)

where & (k) has the form as the 2 x 2 Hamiltonian for a two-dimensional ferromagnet
with spin-orbit coupling. This 4 x 4 model is a combination of A(k) and h*(—k),
which is the time reversal counterpart of (k). The model is equivalent to the two-
dimensional modified Dirac model in (2.35) with an additional kinetic energy term
e(k). When h (k) contributes a Hall conductance e?/ h its time reversal counterpart
h*(—k) will also contribute a quantum Hall conductance, but with an opposite sign,
—e?/h. As aresult the total Hall conductance in this system is always equal to zero.
Both A (k) and h* (—k) produce a chiral edge state: electrons in one of the edge states
of h(k) are moving in one direction, and electrons in the other edge state are moving
in an opposite direction. The electron spins in the two states are connected by the
time reversal operation and must be anti-parallel. Therefore this is a quantum spin
Hall effect in H (k).

The calculated behavior confirms to the qualitative expectation for certain situa-
tions. For the Fermi level in the lower band, for both M < 0 and M > 0, an ordinary
Anderson insulator results when the clean limit metal is disordered (green lines in
Fig. 12.3a, d). The conductance in this case decays to zero at a disorder strength of
around 100 meV, which is about five times that of the conventional hopping energy
between nearest neighboring sites t = —D/a*> ~ 20.5 meV, and much larger than
the clean-limit bulk band gap E, = 2|M| = 20 meV. Here a = 5 nm is the lattice
spacing of the tight binding model. The topological insulator (red line in Fig. 12.3a)
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Fig. 12.3 Conductance of disordered strips of HgTe/CdTe quantum wells. The upper panels (a—c)
show the results for a quantum well “inverted” with M = —10 meV, and the lower panels (d)—(f)
show the results for a “normal” quantum well with M = 1 meV. a Conductance G as a function
of disorder strength W at three values of Fermi energy. The error bars show the standard deviation
of the conductance for 1000 samples. b Band structure calculated with the tight-binding model. Its
vertical scale (energy) is the same as in ¢ and the horizontal lines correspond to the values of Fermi
energy considered in a. ¢ Phase diagram showing the conductance G as a function of both disorder
strength W and Fermi energy E ;. The panels d—f are the same as in a—c, but M > 0. The TAI
phase regime is labeled. In all figures, the strip width L is set to 500 nm; the length L is 5000 nm
in a and d, and 2000 nm in ¢ and f (Adapted from [2])

is robust, and requires a strong disorder before it eventually yields to a localized
state. This is the expected result of the absence of backscattering in a topological
insulator when time reversal symmetry is preserved [8].

The most surprising aspect revealed by our calculations is the appearance of
anomalous conductance plateaus at a large disorder for situations when the clean
limit system is a metal without preexisting edge states. See, for example, the blue
lines in Fig. 12.3a (M < 0) and Fig. 12.3d (M > 0). The anomalous plateau is
formed after the usual metal-insulator transition in such a system. The conductance
fluctuations (the error bar in Fig. 12.3a, d) are vanishingly small on the plateaus; at the
same time, the Fano factor drops to nearly zero indicating the onset of dissipationless
transport in this system, even though the disorder strength in this scenario can be as
large as several hundred meV. This state is termed a topological Anderson insulator.
The quantized conductance cannot be attributed to the relative robustness of edge
states against disorder, because it occurs in the cases in which no edge states exist
in the clean limit. The irrelevance of the clean-limit edge states to this physics is
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further evidenced by the fact that no anomalous disorder-induced plateaus are seen
for clean limit metals for which bulk and edge states coexist; these exhibit a direct
transition into an ordinary Anderson insulator.

The nature of topological Anderson insulators is further clarified by the phase
diagrams shown in Fig. 12.3c for M < 0 and in Fig. 12.3f for M > 0. For M < 0,
the quantized conductance region (green area) of the topological Anderson insulator
in the upper band is connected continuously with the quantized conductance area of
the topological insulator phase of the clean-limit. One cannot distinguish between
these two phases on the basis of the conductance value. When M > 0, however, a
anomalous conductance plateau occurs in the highlighted green island labeled TAI
(topological Anderson insulator), surrounded by an ordinary Anderson insulator. No
plateau is seen for energies in the gap, where a trivial insulator is expected. The
topology of the topological Anderson insulator as well as the absence of preexisting
edge states in the clean limit demonstrate that the topological Anderson insulator
owes its existence fundamentally to disorder.

The existence of topological Anderson insulators has been confirmed by several
independent groups. As a new type of topological insulator, topological Ander-
son insulators exist even in three dimensions [9]. To confirm the genuine three-
dimensional nature of the topological Anderson insulators, Guo et al. probed for
the Witten effect in their three-dimensional model. According to Witten, a magnetic
monopole in a media could bind electric charge —e(n + %) with an integer n. They
found through numerical calculation that an half charge is bound to a monopole in a
three-dimensional topological Anderson insulator.

12.4 Effective Medium Theory for Topological Anderson
Insulator

Groth et al. [10] proposed an effective medium theory to explain the disorder induced
transition from a conventional metal to a topological Anderson insulator. Consider
a scalar short-ranged potential with for the disorder: V (r) = Vy >, (r — R;) where
Vo is the strength of the disorder. The retarded Green function can be written as

GRk, E, X = (E — h(k) — %)~ (12.14)

Here the self energy X ® is defined by

_ R\l _ 1
(=0 - 20 = { ) (12.15)

with (- --) the disorder average. The self energy can be expanded in terms of the
Pauli matrices: X% = >, v,z 2i0i. Thus, in the effective Hamiltonian, Herr =

h(k) + X, the renormalized parameters are given by
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M =M + lim Re X, (12.16)
k—0

and

Er=Ep — lim Re . (12.17)

The phase boundary of the topological Anderson insulator is at M = 0, while the
Fermi level enters the negative band gap when Ep = — M. In the Born approximation,
the self energy is given by the integral equation

1 ray? dk
> = E<E) VOZ/B G @k Er +i07, 25), (12.18)
Zz

where the integral runs over the first Brillouin zone.
An approximate solution can be derived in a closed form,

oy B BB D (rhY (12.19)
= n — .
487h? B> — D?  |E2 - M2\ a
and
. U2a* D BX—D? (7h\’
Er=E 0 1 —) | 12.20
¥ F+48wh232—02nE;—M2(a) (12:20)

In the clean limit, if M and B have different signs, say B > 0 but M < 0, the system
is a conventional metal. The modification of §M = M — M is positive provided
B? > D? which is the condition for the gap opening between the conduction and
valence bands. This will change a negative M into a positive M, leading to a quantum
phase transition.

This theory describes very well the transition from a metal to a topological Ander-
son insulator in a weak disorder, but fails to predict the transition from a topological
Anderson insulator to an Anderson insulator in an even stronger disorder.

12.5 Band Gap or Mobility Gap

The edge or surface states in a topological Anderson insulator are expected to be
protected by the mobility gap instead of by the band gap as in a topological (band)
insulator. In this section, a statistical analysis of the local density of states (DOS),
a function of energy, makes it possible to identify which states are localized and
which states are extended. The kernel polynomial method is a powerful method for
evaluating spectrum properties [11-13].
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There are two distinct average DOSs in a disordered calculation. The average
DOS is defined as the algebraic average of the local DOS that is,

Pav = (pi(E)); (12.21)

the typical DOS is defined as the geometric average of the local DOS that is

Pryp = expl(In(p; (E)))]. (12.22)

When the electrons states are extended, the DOS distribution is almost uniform in
the space, and thus, there should be not much difference between the two definitions.
However, when the electron states are localized, the DOS is high near some sites,
but almost vanishes on the others. Thus, we expect a significant ratio between the
two types of DOS [14].

We can take a lattice sample of the periodic boundary condition on both the
x- and y-direction (i.e., a torus) and apply (12.21) and (12.22). The upper block of
the Hamiltonian in (12.13) is used, and we take A = B = 1, C = D = 0 such that
the electron-hole symmetry is recovered. M = 0.2 such that the system is initially a

Fig. 12.4 Averaged DOS Ir(a)
Pav (blue line), typical DOS 0.8+
Pryp (black line) and the ratio 0.6+
between the two pyyp/pav 0.4 ==rvrucs |,
(red line) as a function of the 0.2 ShE
Fermi level. From a to e, the
disorder strength increases.
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trivial band insulator. The result is plotted in Fig. 12.4 with the increasing disorder
strength shown in Fig. 12.4a—e.

The mass renormalization phenomenon proposed by Groth et al. [10] is confirmed
in the weak disorder regime, where initially a band gap in Fig. 12.4a is clearly seen
but is gradually closed in Fig. 12.4b as the disorder increases. As is seen from the
ratio pyyp/ pav, at the strong disorder regime, we can observe two extended states at
E = =1 in Fig. 12.4c, which indicates that the system is topologically non-trivial.
It is noted that no band gap opens again for a stronger disorder, but the mobility gap
opens to separate the two extended states. As the disorder further increases, these
two extended states move towards each other and finally collide and disappear in
Fig. 12.4d. Finally, all of the the states become localized. This phenomenon can be
identified as the Levitation and pair annihilation. Levitation and pair annihilation
indicate that an extended state carryies topological numbers. Such states are stable
against disorder until those with opposite topological numbers collide with each other
and become trivial when the disorder strength is increased. In the disorder induced
non-trivial Hamiltonian % (k), these exist the gapless edge states between the two
extended states, which is the origin of topological Anderson insulators.

12.6 Summary

Topological Anderson insulators are distinct from conventional topological insulator,
and topological band insulators. We find that there exists a mobility gap instead of
a band gap in the system. From the point of view of time reversal symmetry, both
phases can be described by the Z, index, and belong to the same topological class.
However, the disorder breaks the translational invariance. They are distinct provided
whether or not electrons in the bulk are localized.
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Chapter 13
Summary: Symmetries and Topological
Classification

Abstract For non-interacting electron systems, symmetry classification has already
exhausted all possible topological insulators and superconductors: each dimension
has five possible topological phases.

13.1 Ten Symmetry Classes for Non-interacting
Fermion Systems

Following Altland and Zirnbauer [1, 2], all of the possible symmetry classes of a
random matrix, which can be interpreted as the Hamiltonian of some non-interacting
fermionic systems, can be systematically enumerated: there are ten symmetry classes
in total. All classes are sets of Hamiltonians with specific transformation properties
under some discrete symmetries.

Consider a general system of non-interacting fermions, which is described by a
second quantized Hamiltonian,

H = v,Ha s, (13.1)
A,B

where w; and 15 are the creation and annihilation operators of fermions and satisfy
the relation

{wl, wg} = 6a.5 (13.2)

The subscripts A and B can be collective indices. For example, for a system of
electrons on a lattice, A = (i, o), which represent the electrons with spin ¢ on the
lattice site i. In this case, H4 p is a square matrix. The symmetries of the Hamiltonians
means that Hamiltonian H is related to —H, its transpose H’ and its complex
conjugation H*. We demand that these transformations are implemented by unitary
transformations and that their actions on the Hamiltonian square to one. Hence we
consider the following transformations [3].

© Springer Nature Singapore Pte Ltd. 2017 243
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P symmetry: H = —PHP~', where PPT = P> = 1.

C symmetry: H = ¢, CH"C~', where CCT = 1 and CT =,.C (¢, = £l and 1. =
1.

K symmetry: H = ¢ KH*K~!, where KK" =1 and K7 =K (¢ = %1 and
m = £1).

Type P symmetry is commonly referred to as chirality symmetry, C expresses
as the particle-hole symmetry and K the time reversal symmetry. For Hermitian
Hamiltonians, H = H = (H*)T. Thus, H” = H*, and C and K are identical. We
shall only talk about C symmetry, where €. = 41 will be interpreted as time reversal
symmetry and €, = —1 will be referred to as particle-hole symmetry.

An ensemble of Hamiltonians without any constraints other than being Hermitian
belong to the unitary symmetry class (A class). If a Hamiltonian possesses P sym-
metry, it belongs the chiral unitary classes (AIIl class). For C symmetry, we have
four classes of €, = 1 and 7, = £1. If a Hamiltonian possesses both P and C
symmetries, then it automatically has another C-type symmetry C’:

H=¢eCHC™, (13.3)

where C' = PC and e, = —¢.. As C’ canbe interpreted as a time reversal symmetry if
€. = +1 oraparticle-hole symmetry if ¢, = +1. the classes with P and C symmetries
automatically have chirality, time reversal or particle-hole symmetry. As a result, we
have ten symmetry classes related to P and C symmetries, as listed in Table 13.1.

Alternatively, the system can also be classified according to time reversal symme-
try 7 and the particle-hole symmetry P [4]. 7 can be represented by an anti-unitary
operator on a Hilbert space, which commutes with the Hamiltonian and is written as
a product of the complex conjugate operator K and unitary operator C, 7 = KC,

THT '=H, (13.4)

or the system is invariant under time reversal symmetry if and only if the complex
conjugation of the Hamiltonian is equal to itself up to a unitary operator:

Table 13.1 Ten symmetries classes following the random matrix ensembles

Symmetry classes

A H=H"'

Al € =+1 Ne = +1

All e =+1 e = —1

c € =—1 e = —1

D € = —1 Ne = +1

Alll P2 =

DI P?=1 € =+l e = +1 pPcPT =C
cn P? =1 € = *I e =—1 PCPT =C
CI Pr=1 € = +l1 ne = %I pcPT =—C
DI P2 =1 e =Fl ne = £1 PCPT =—C
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T :C'H} ;,C=+Hyp. (13.5)

Thus, for a time reversal symmetry 7, the Hamiltonian can be (i) not time reversal
invariant, in which we take 7' = 0; (ii) time reversal invariant, but the square of the
time reversal operator is +1, 7 2 =1, in which case we take T = 1. For example,
a spinless or integer spin system; (iii) time reversal invariant, but the square of the
time reversal operator is equal to —1, 72 = —1, in which case we take T= — 1 (for
example, a half-odd-integer spin system). So there are three possible cases, T = 0,
+1, and —1.

The particle-hole symmetry P is also an anti-unitary operator which anti-
commutes with the Hamiltonian and can be expressed in terms of H:

PHP ' = —H, (13.6)

where P = KV or the system is invariant under time reversal symmetry if and only if
the complex conjugation of the Hamiltonian is equal to a minus itself up to a unitary
operator V:

P:V'H; ;V=—H,p. (13.7)

Thus, for a particle-hole symmetry, the Hamiltonian can be (i) not particle-hole
invariant, in which case we take V = 0; (ii) particle-hole invariant, but the square of
the particle-hole operator is +1, P? = 1, in which case we take V = 1; (iii) particle-
hole invariant, but the square of the particle-hole operator is equal to —1, P?> =
—1, in which case we take V = —1. So there are three possible cases, V =0, +1,
and —1.

Thus, there are at least 3 x 3 possible ways for a Hamiltonian to response the
time reversal and particle-hole operations. In addition, the product of 7" and P gives
C =T x P, oftenreferred to as sublattice or chiral symmetry. C is an unitary operator
which anti-commutes with the Hamiltonian. C is not independent of 7" and P. The
assignment (7', V) = (1, 1) allows C to be present and (7', V) = (1,0) or (T, V) =
(0, 1) means C to be absent. However, if (T, V) = (0, 0), then C to be either present
(C = 1)orabsent (C = 0). Therefore one obtains ten symmetry classes by combining
time reversal symmetry and particle-hole symmetry together.

13.2 Physical Systems and the Symmetry Classes

13.2.1 Standard (Wigner-Dyson) Classes

Class A: The Hamiltonian that possesses neither the time reversal symmetry nor
particle-hole symmetry belongs to the unitary symmetry class, i.e., class A. For
example, a two-dimensional electron gas in an external magnetic field.
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Class Al: The Hamiltonian of integer spin or spinless particles that possess time
reversal symmetry belongs to the orthogonal symmetry. In this case 72 = +1
and

HT = H. (13.8)

Class AIl: The Hamiltonian of spin % particles which possesses time reversal sym-
metry belongs to the symplectic symmetry. In this case 72 = —1. For example,
an electron system with spin-orbit coupling,

ioyH" (—io,) = H. (13.9)

13.2.2 Chiral Classes

The symmetry classes of Hamiltonians possessing a P-type symmetry are convention-
ally called chiral symmetries. In complete analog with the standard (Wigner—Dyson)
classes, there are three types of chiral symmetries.

Class AIIl: The ensemble of chiral Hamiltonians without any other constraint is
called a chiral unitary class.

Class CII: The ensemble of chiral Hamiltonians with time reversal symmetry and
T2 = —1is called a chiral symplectic class.

Class DI: The ensemble of chiral Hamiltonians with time reversal symmetry and
T? = 41 is called a chiral orthogonal class.

13.2.3 Bogoliubov-de Gennes (BdG) Classes

We consider a general form of a Bogoliubov-de Gennes Hamiltonian,

I . E A c
— (T
H = 2(c , ) (—A* —ET) (cT)’ (13.10)

where & = Z7 as required by the Hermiticity of the Hamiltonian H™ = H and A =
—AT for Fermi statistics. ¢ can be for either spinless fermions or spin—% electron
c=(cy,cy).

BdG Hamiltonian can be classified into four subclasses: C and CI are primarily
relevant to spin singlet superconductors whereas D and DIII are primarily relevant
to spin triplet superconductors.

Class D: t,H't, = —H, for example, a p & ip wave pairing superconductor:
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_ 1 t & —p Aotk £iky) Cr
H= 22}(:(ck,c_k)(A0(kx$iky) e g ) as

Class DIIL: ,H"t, = —H and isyH” (—is,) = H, for example, a superposition of
p +ip and p — ip wave pairing superconductor.

Class C: ryHr, = —H, for example, a d £ id wave pairing superconductor.

Class CI. H* = H, for example, d,>_,> or d,, wave pairing superconductor.

Note that ¢,, s, and 7, are all the Pauli matrices.

13.3 Characterization in the Bulk States

Following Schnyder et al. [4], we discuss the bulk characteristics of topological
insulators based on the spectral projection operator. In the presence of translational
invariance, the ground states of non-interacting fermion systems can be constructed
as a filled Fermi sea in the first Brillouin zone. From the eigenvalue equation in the
band theory,

H (k) lun(k)) = Ey(k) |un(k)) , (13.12)

the projection operator onto the filled Bloch states at a fixed k is defined as

Py= D" |un(k) (k). (13.13)

ne filled

Then it is convenient to define

Q) =2P(k) — 1, (13.14)
which satisfies the relations
0’=1,0"=0 (13.15)
and
TrQ =m—n, (13.16)

where m is the number of the filled states and n is the number of empty states. Depend-
ing on the symmetry class, an additional condition may be imposed on Q. Without
any such further conditions, the projector takes values in the so-called Grassmanian
Gm.m+n(C): the set of eigenvectors as a unitary matrix, a member of U(m + n).
Once we consider a projection onto the filled Bloch states, we have a gauge symme-
try U (m). Similarly, we have U (n) for the empty Bloch states. Thus, each projector
is described by an element of the coset

Ulm+n)/[U@m) x Um)] = Gumsn(C) = Gumsn)- (13.17)
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As Q(k) |u,(k)) =+ |u,(k)) if n is filled, and Q(k) |u,(k)) = — |u, (k)) if n is
empty, an element of G, ,,+,(C) can be written as

0 =UAU", A = diag(1,, — 1,) (13.18)

and U € U(m + n). Imposing additional symmetry will prohibit certain type of maps
from the Brillouin zone to the space of the projectors.

13.4 Five Types in Each Dimension

Possible topologically non-trivial phases with discrete symmetries are listed in Table
13.2. It gives possible values of topological invariants of such a symmetry in the
dimension. An empty entry means that the system does not have a topological phase.
In the case all gapped Hamiltonians with the symmetry in the dimension can be
deformed into each other, without closing the bulk gap and without breaking any
existing symmetry. Z means that the topological invariant is an integer number,
0 =0, +£1,£2,...2Z means that the topological invariant is an even integer, Q =
0, 2, £4, ... Z, means that there are only two distinct topological phases, trivial
or non-trivial with O = %1 (or Q = 0, 1, depending on convention).

A regular pattern appears in the Table 13.3 by reorganizing the ten classes into
two categories, two complex classes and eight real classes.

For class A, Z at d = 2 means the Chern number or TKNN number, and such a
system is quantum Hall effect. Z corresponds to the number of the edge states. In the
case the topological invariant Z always appears in an even dimension, and does not
exist in an odd dimension, which means that there is no quantum Hall effect in an odd

Table 13.2 Ten symmetry classes of single-particle Hamiltonians and possible topologically non-
trivial ground states characterized by Z and Z; invariants. Z represents the group of an integer and
Z, represents the group of (0, 1) or (—1, +1)

T P c d=1 2 3
Standard | A (unitary) 0 0 0 - -
Al (orthogonal) +1 0 0 - - -

All (symplectic) -1 0 0 - Z V4
Chiral AIII (unitary) 0 0 1 VA - V4
BDI (orthogonal) | +1 +1 1 zZ - -

CII (sympletic) -1 -1 1 2Z - Z>
BdG D 0 +1 0 Z> V4 -
C 0 -1 0 - 2Z -
DIII -1 +1 1 Z> Z> z

CI +1 -1 1 - - 2Z
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Table 13.3 Periodic structure of the symmetry classes and possible topological phases

Class |C P T d=0]1 2 3 4 5 6 7
A zZ VA Z VA

Alll |1 Z Z Z Z
Al 1 Z 2Z Zy Z)
BDI |1 1 1 Zy V4 2Z Zy
D 1 Z> Zy Z 27

DI |1 1 -1 Z> Z> Z 2Z
AIl -1 2Z Zy Z) VA

CII 1 —1 —1 2Z Z) Zy Z

C —1 27 Zy Z> VA

CI 1 -1 1 2Z Z> Z> zZ

dimensions. For class AlII, an example of d = 1 is the Su—Schrieffer—-Heeger model.
Z represents the winding number. With increasing the dimension d, the topological
phase interchanges from

A— AIlIl - A— ---. (13.19)

For the eight real classese from Al to CI, topological invariants also appear in a
periodic structure with increasing dimension d, from Z to Z,, and 2Z,

Al - EDI —- D — DIII — AIl — CII - C — CI — Al (13.20)

This is called Bott periodicity.

In short, there are five possible topological phases in each dimension. Among
them, there two topological phases with Z, one phase with 2Z, and two phases
with Zz.

13.5 Conclusion

Topological classification has exhausted all of the possible topological insulators and

superconductors. The topological phases exist from one dimension to three dimen-

sions, and from insulators to superconductors. Some materials have been known for a

long time, but their topological properties of some materials were only acknowledged

in recent years. More and more new topological materials have been discoveried.
In conclusion, we can say that

Each topological insulator or superconductor is governed by one modified Dirac equation.
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Appendix A
Derivation of Two Formulae

A.1 Quantization of the Hall Conductance

In this section we present a proof showing that the Hall conductance is quantized to
be ve®/h (v is an integer) in (4.54). For simplicity, we first drop the band index first.
Given the definition of the Berry curvature, the Hall conductance is expressed as

e 1

27 27
- ——/ dkx/ dk, [Vi x Ak, k)., (A.1)
h 2w 0 0 : :

Oxy

where the lattice constant is taken to be the unit. Therefore the conductance is deter-
mined by the Berry curvature integrated over the reduced Brillouin zone.

To evaluate the surface integral, the Stokes’s theorem can be applied with the
condition that the surface is simply connected. To this end, we illustrate the formation
of the torus from a rectangle with the periodic boundary condition, as shown in
Fig. A.1. In this way the surface integral can be reduced to a line integral around the
first Brillouin zone:

82 1 2w 27
o= o ), dk, /0 dky [0k, Ay (ky, ky) — O, Ax (ky, ky)]
62 1 2w
=% ), dky [Ay 27, ky) — Ay (0, ky)]
6‘2 1 2T
- dk, [Ay (ky, 2m) — Ay (ky, 0)] . (A.2)
]’l 27'(' 0

Recalling that |u(k,, 0)) and |u(k,, 27)) actually represent the same physical state
due to the periodicity in the reciprocal vector space, which can only differ by a phase
factor, |u(ky, 2m)) = explif, (ky)]|u(ky, 0)), one has

Ay (ky, 2m) = (u(ky, 2m)[i O, |u(ky, 27))
= _akx ex (kx) + Ax (kxv O) (A3)
© Springer Nature Singapore Pte Ltd. 2017 251
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Fig. A.1 Equivalence of the (a)
first Brillouin zone and a
torus: a rectangle of the first (U? Q?T) | e S e - (27Tr 2?1-)

Brillouin zone with periodic |
boundary conditions; b the [
rectangle is rolled into a tube 1
along the k,, direction; ¢ the |
tube is rolled into a torus !
along the k, direction. The !
four corners of the rectangle I
are actually one point in the k
torus surface Y

(0,27) (27, 2m)
(0,0) (2,0)

Similarly, taking |u (27, ky)) = exp[if, (k,)]|u(0, k,)), one obtains
A7, ky) = —04,0,(ky) + A, (0, ky). (A4)

0y (k) and 0,(k,) are smooth functions. Using these two relations, the integral is
reduced to

82 1 2w e2 1 2
=5 ) ks [~ 00,0, (k)] + 55— |k [0, 0x (k)]
et 1
=3 [6,(0) — 6,27 + 6, (2m) — 6, (0)] . (A.5)

On the torus surface of the first Brillouin zone, the four wave states |u(0, 0)),
lu(0, 2m)), |[u(2m, 0)), and |u(2m, 27)) actually represent the same states (see in
Fig. A.1). Using the phase matching relations of these states,
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140, 2m)) = |u(0, 0)), (A.6)
&% C\u2n, 27)) = |u2w, 0)), (A7)
&O2r, 0)) = |u(0, 0)), (A.8)
P12, 2m)) = u(0, 27)), (A.9)
one obtains
[u(0, 0)) = ei[f)x 0)+60, 2m)—0, (27)—0,(0)] 1u(0, 0)). (A.10)

The single-valuedness of |u(0, 0)) requires that the exponent must be an integer
multiple of 27, i.e.,

0:(0) +0,(2m) — 0,.27m) — 0,(0) = 2v7 (A.11)
with an integer v (including 0). Therefore the Hall conductance must be quan-
tized when the band is fully filled. This integer v is called the Thouless-Kohmoto-

Nightingale-Nijs (TKNN) number or the first Chern number, and it characterizes the
topological structure of the Bloch states |u(k,, ky)) in the parameter space (ky, k).

A.2 A Simple Formula for the Hall Conductance

A simple two-band model has a general form in terms of the Pauli matrices o,

H (k) = e(k) + Z do(K)o,. (A.12)

a=1,2,3

The energy spectra of the model are

EL(k) = e(k) £ d(Kk) (A.13)

with d(k) =,/ Za=1,2,3 |d, (k) |2, and the corresponding eigenstates are
0 ,—i¢
k. +) = (C"S.zi ) (A.14)
sin 5
and .0 i
sin Ze~'?

k,—) = 2 , A.15

ko= (57) e
where 6 = arccos % and ¢ = arctan %.
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In electric conduction, the conductivity o4 is defined as

Jo(r, 1) = Z oap(q, w)Egexpli(q-r —wt)], (A.16)
8

where J,,(r, t) is the electric current and Zzexp[i(q - r — wt)] is the electric field.
In the linear response theory, the Kubo formula for the Hall conductance gives

i
0y(q, w) = —i—;ﬂxy(q, w) (A.17)

with the retarded correlation function of the current operator J,(q, ¢) and J,(q, ')

: +o0 ) ,
ITy(q, w) = —lv/ dif(t —1)e "™ (W[ 1)@, 1), Jy(@, O [)), (A18)

where V is the volume of the system. The dc conductivity is obtained by taking the
limit ¢ — 0 and then w — 0,

Oxy = lim lim o4, (q, w). (A.19)
i w—0g—0

Usually the retarded correlation function can be calculated in the Matsubara for-
malism

. 11 . .
H)?;{(lwl,) = V3 Z Tr{LK)GIK, i(w, + w)Jy,(DGIK, iw,s1}  (A20)

k,v'

with frequencies w, = 2vw/fand w, = 2V + 1)7/3 (8 = kgT). The Matstubara-
Green function is given by

Gk, iw,) = [iw, — HK)]™'
P, P_

S o —E K | iw—E® (A-21)
with
Py = % [1 + > d”(l;)g“} . (A.22)
a=1,2,3

Using the frequency summation over iw,,

1 1 1 m — fxn
> . = e
ﬁ v l(wl/ + wl/) - En Wy — Em Wy + Em(k) - En(k)
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where the Dirac—Fermi distribution function fx , = 1/{1 +exp[B(E, (k) — )]}, one
obtains

fk,n - fk,n’
iwu + En(k) - En’(k) .
(A.24)

Its analytical continuation to the retarded function is realized by replacing iw, —
hw + i€,

1 ! !
@mm:Vme@®kﬂmﬂh®mm

k,n,n’

MY (w,) = I3 W) (A.25)
Using the L’Hospital’s rule,
Im (TR (w drR (w
lim M = Im(—’”( )) (A.26)
w—0 w dw o

and

d 1 1
lim —— =- 7
ﬂ%m{m+x+m—ml (E, — Ey)(E, — Ey +i€)

(A.27)

the Kubo formula for the dc Hall conductivity can be written as

ho. (fin = S Im ((,n| Jo(K) [k,n') (k,n'| Jy(K) |k,n))
Oyy = — lim Z -
Vo e (En(K) = Ey () (Ey (k) — Ey(K) + i€)
(A.28)
From the model in (A.12), the current operator J; (k) = —ev; (k) is given by
Ji(k) = —%8kiH(k) = _% (&qe(k) + z 8kida(k)aa). (A.29)
a=1,2,3

For n # n’, one has

(k,n| J; (k)

k)= =2 > 00 kol ou k). (A30)

a=1,2,3
Furthermore,

d, (k)

Im ((k,n| oo [k, —n) (k, —n| o |k,n)) = n€asy 100

(A.31)

We limit our discussion in the case that two levels do not cross in the whole momentum
space such that e — 0T can be taken before the integral of k. Thus, the conductance
can be expressed as
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1 ¢ [0k, do(K) ] [0k, ds(K)] d- (k)
Oxy = <55 €afy
22 h 4 d3 (k)

(St = fio)- (A.32)

If there exists an energy gap between the upper and lower bands, and the lower band is
fully filled, i.e., Ex— < pu < Ex 4, then fx + = 0and fix _ = 1 at zero temperature.
The Hall conductance has the form

e 1 (Ok, d(k) x 5y, d(K)) -d (k)

Oxy = _ZE dkxdky d3(k)

(A.33)

It is noted that the conductance may not be quantized in some continuous models
in which the Brillouin zone is not finite. For example a massive Dirac model has a
half-quantized conductance. This case does not occur in a lattice model.



Appendix B
Time Reversal Symmetry

The time reversal symmetry demonstrates the invariance of physical laws under time
reversal transformation. The terminology was first introduced by E. Wigner in 1932.

B.1 Classical Case

Let us first consider a classic case: the motion of a particle subjected to a certain
force. Its trajectory is given by the Newtonian equation of motion,

d*r
mﬁ =-VV({@). (B.1)
If r(z) is the solution of the equation, then r(—¢) is also the solution of the equation.
In other word, when we make the transformation + — —t, the Newtonian equation
of motion is unchanged. However, we should note any changes in the boundary
condition or initial conditions of the problem.
Maxwell’s equations and the Lorentz force F = —e(E 4 v x B) are invariant
under the time reversal provided that

Vo> =V, j—> —jp—p (B.2)
and
B— -B,E—E. (B.3)
Maxwell’s equations are

OB
V-D:p,VxE—i—E:O, (B.4)

oD
V.-B=0,VxH—- — =1, (B.5)

ot
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where D = ¢gE + P and H = B/ 1y — M. Therefore, the magnetic field changes its
sign and the electric field remains unchanged under time reversal.

B.2 Quantum Case

In quantum mechanics, the Schrédinger equation is written as

L0 (x, 1) P,
,ﬁT = (—2mv + V) W(x,1), (B.6)

in which the Hamiltonian in the right hand side is invariant under the time reversal.
If ¥ (x, 1) is a solution of the equation, ¥ (x, —t) is not a solution of the equation
because of the first order time derivative and the imaginary sign of the left hand side.
However, ¥*(x, —t) is a solution. One can check it by using the solution of a free
particle, ¥ (x, t) = ce!P*~ED/M The ¥ (x, —t) = ce!P*+ED/M is also a solution of
the Schrodinger equation. However, the momentum is still p, NOT —p.

Definition: the transformation 6
@) = 18) = 0la), 18) > |3) = 019) (B.7)
is said to be anti-unitary if
(B1) = 1oy (B.3)
0 (cile) +c21B)) = cifla) +c3018). (B.9)
In this case the operator 6 is an anti-unitary operator. Usually, an anti-unitary operator
can be written as
0=UK, (B.10)
where U is a unitary operator and K is the complex conjugation operator, which is
defined as
Ko = ¢*K.

Here, ¢ can be either a function or an operator.

B.3 Time Reversal Operator @

Let us denote the time reversal operator by &. Consider

lay = O |a), (B.11)
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where ©® |a) is the time reversed state. More appropriately, @ |«) should be called
the motion-reversed state. For a momentum eigenstate |p), @ |p) should be |—p)
up to a possible phase factor. ® is an anti-unitary operator. We can see this property
from the Schrodinger equation of a time reversal invariant system,

0
ihs W (x.1) = HW (x.1), (B.12)
provided that @®i@~! = —i and @20~ = % The transformed momentum

operator p, the position x, and the angular momentum J are

epO~! = —p, (B.13)
OxO ! =x, (B.14)
eJoO' =—]. (B.15)
Note that for p = —ih-L, OpO~' = —p.
From the spherical harmonic Y;" (6, ¢), one has
Y/ (0. ¢) — (Y/"(0.¢))" = (=1)"Y, " (6, ¢). (B.16)

Therefore the eigenstate |/, m) of the orbital angular momentum and its z-component
has the relation,
Oll,m)=(=D"|l,—m). (B.17)

B.4 Time Reversal for a Spin % System

Under the time reversal, t — —¢. Does applying the time reversal operation twice
return us to the original states? Yes, but @2 is not always equal to 1. For a spin %
system,

00,07 "' = —0,, (B.18)
where o = x, y, z. Note that

0y0x0y = —0y, (B.19)

0y0y0y = +0y, (B.20)

0y0,0y = —0;. (B.21)

By convention, oy is taken to be purely imaginary, as in (2.6), and o, and o are real.
We have Koy = —0,K and Ko, . = 0, K. Therefore the time reversal operator
can be constructed by combining o, and the complex conjugation operator K,

O =io,K.

(B.22)
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Its inverse matrix is
O !'=-0=—ioK. (B.23)

One can check the relation,
e =—1. (B.24)

Consider the eigenstate |, +) of S - n with the eigenvalue +7/2,

|n’ +) — e—iS,u/he—iS\ﬂ/h |+> , (B25)
O n, +) = @ SIS0 |4y (B.26)

As©S,07 ' = -5, and @iO~ = —i,
® |I’l, +> — e—iSza/he—iSyﬁ/h@ |+) — e—iSZ(l/he—iS)ﬂ/h |_> — |n, _> . (B27)
where ® |+) = |—) with an eigenvalue —%. On the other hand,

|}’l, _) — efiS:a/hefiSy(ﬁJrﬂ)/h |+> e7iSza/hefiSyﬁ/hefiSyﬂ/h |+> . (B28)

Noting that K acting on |[+) gives |+) . We have
O =e ™MK =g K. (B.29)

In general, for a system with the angular momentum operator of the eigenvalue
J, the time reversal operator is

O =ie ™K, (B.30)

where Jy is the y-component of orbital angular momentum operator. The operator
satisfies the relation A
e = (=Y. (B.31)

Kramers degeneracy: the energy states for an odd number of electrons in a time
reversal invariant system has at least a double degeneracy.

This theorem is determined by the fact that the total spin of an odd number of
electrons is always half of an odd number of /. The time reversal operator has always
the relation ©% = —1.



Appendix C
The Dirac Matrices and the Dirac Gamma
Matrices

In the Dirac representation, the four Dirac matrices are

(0 oy (0 oy (0 o, (o0 O
ax_(oxO)’ay_<ayO)’az_(oz0>’ﬂ_(0—ao)' €D

The four Dirac Gamma matrices have the form

0 o 0 o 0 o, og O
1 _ x 2 _ y 3 _ z 0 _ 0
P (5) (5 0) = (05) = (5 5):

The relation between the Dirac matrices and the Dirac Gamma matrices are 2
7 =By’ = . (C.3)
The gamma matrices satisfy the anticommutation relation,

A} =AM+ =2 (C4)
where n* is the Minkowski metric with signature (4, —, —, —) and I, is the identity
matrix. The product of the four Gamma matrices defines

Y =iy = (;)0 (g)) : (C.5)

fy5 anticommutes with the four Gamma matrices, and is useful in discussion of
quantum mechanical chirality. It is not one of the gamma matrices of C/; 3(R). The
number 5 is a relic of old notation in which 7° was called +*.

Under the time reversal symmetry ® = i, K, the four Dirac matrices obey

ay —> —ay, — 0. (C.6)
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