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Abstract

By mapping a Hubbard-like model describing a two-component polymer in the presence of strong
enough electron-phonon interactions (k) onto the system of two coupled nonlinear Schrédinger
equations with U(2) symmetry group, some nontrivial correlations between topological solitons
mediated charge () and spin S degrees of freedom are obtained. Namely, in addition to a charge
fractionalization and reentrant like behavior of both @Q(k) and S(k), the model also predicts
a decrease of soliton velocity with x as well as spin-charge conversion effects which manifest
themselves through an explicit S(Q,$2) dependence (with {2 being a mixing angle between
spin-up and spin-down electron amplitudes). A possibility to observe the predicted effects in

low-dimensional systems with charge and spin soliton carriers is discussed.
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INTRODUCTION

In an attempt to better understand the underlying transport mechanisms in conduct-
ing polymers, based on the Su-Schrieffer-Heeger (SSH) model and its modifications [1-8],
some extensive numerical simulations have been carried out in recent years (see, e.g., [9-11]
and further references therein). In particular, Forner et al. [9] confirmed that, at the self-
consistent field level, the soliton velocity decreases with the inclusion of electron-electron
interactions into the conventional SSH calculations. At the same time, recently performed
thorough analysis by Ma and Schollwock [11] on the relationship between electron-electron
interactions and charged soliton transport in conjugated polymers under the influence of
an external time-dependent electric field revealed that the dependence of the stationary ve-
locity of a charged soliton on the on-site Coulomb interactions U and the nearest-neighbor
interactions V' is due to the extent of delocalization of the charged soliton defect.

Besides, some novel phenomena have been observed or predicted to occur in nodal antifer-
romagnetic insulators (with spin-charge-separated solitons, which are similar to that in the
quasi one-dimensional conductor polyacetylene) and other low-dimensional physical systems
with nontrivial topology, including charge and spin fractionalization phenomena, doping
mediated boson-fermion mutations of mobile half skyrmion quasiparticles, etc [12-19].

On the other hand, recent experimental and theoretical results on charge-spin exchange
effects in quasi-1D organic charge transfer salts have re-kindled the interest to their un-
usual transport properties [20] which in many respects resemble the behavior of conducting
polymers.

In this paper we consider the influence of electron-phonon interactions on soliton medi-
ated spin-charge correlation effects within a tight-binding approximation of the SSH-based
extended Hubbard Hamiltonian describing a two-component polymer. First, we show that
treating electron correlations on the ground state only allows to map the microscopic model
onto the system of two coupled nonlinear Schrédinger equations (NLSE) with U(2) symmetry
group (which is known to describe many different phenomena, including ”dark” solitons in
self-focusing media [21], two-component Bose gas with repulsion [22], etc). Next, we obtain
exact topological soliton solutions (kinks) of NLSE corresponding to non-trivial boundary
conditions. And finally, we discuss the charge ) and spin S properties of the obtained solu-

tions. In particular, we shall demonstrate that in addition to a reentrant like dependence of



both ) and S on electron-phonon coupling parameter x and decrease of soliton velocity with
k, the model also predicts a charge fractionalization as well as some interesting spin-charge

exchange (conversion) effects.

THE MODEL

Let us consider a modified Hubbard model (based on the SSH Hamiltonian) describing
a two-component polymer (with two magnetic sublattices, A and B) in the presence of
strong enough electron-phonon interactions. The effective Hamiltonian of the system under

consideration can be cast into the following form (Cf. [22]):

M =He + Hon + Hepn (1)
where
He:_tﬁz<7—;;4 7B;+la+cjz_f ﬁ+lo+hc)+7 Z Znna Mo (2)
no a=A,B no
Z R2 + = Z n+1 — (3)
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Heopn = 13 (tnir —ua) (el el 1y + i lcllr, + hc.) (4)
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Here, ¢ (¢ny) is the creation (annihilation) operator of m-electron with spin o in a Wan-
nier state of the n-th atom, ¢y is the hopping integral between nearest neighbors, U is the
repulsive interaction between electrons of the same atom, M is the mass of a monomer, «
is the elastic constant, R, = R,o + u, is the position of the n-th atom (with u, being the
A HAcA

¢ is the number operator, and I is

deviation from its equilibrium position R,), n; i Co

the amplitude of electron-phonon interactions.

The Heisenberg equations of motion for ¢ (¢) read:
ihelh = [, H] = Uehnit , + [to+ I(wi —wign) ey + [to + I(win —wi)] ey, (5)

By introducing properly defined ground state |0 > for the problem at hand, we can map
the above operator equations onto their c-number counterparts on wave function amplitudes
¢ic =< 0]ci|0 > (assuming a standard products decoupling procedure [22]) which obey the

conventional Hamilton equations of motion:

ihd” = UgnP 10D 2 + [to + 1wy — wjr)) 020, + [to + L(wj— —uy)] 924, (6)



As usual, these equations should be completed by the lattice vibrations:
MRj:a(Rj-H 2R _I—R]l +[Z j+10_ ]10)+¢ (]+10_ j— 1J)+CC] (7)

Let us consider a continuous approximation of the initial discrete model (1) when the

lattice parameter a — 0. In this approximation we have:

2
Rit1 — u(x,t) £ augy(z,t) + %um(x,t) - (8)

2
(bjila — ¢a<xa t) i a¢am($at) + %¢Uxm(x7t) + ..

In such a way, the equations of motion (6) and (7) become:

2
ihd? = Ug 687 P + 2 (to — Tau,) 67 + 62 (9)
and
0
Mii = 0y, + 2103 o (105" + |67 ) (10)

To emphasize the role of the electron-phonon interaction in the charge transfer mecha-
nism, we neglect the Coulomb repulsion of electrons (assuming U < t), taking electron
correlations on the level of the ground state only. In particular, for the antiferromagnetic
ground state, this leads to the constraint ¢® = ¢4 = ¢,. Furthermore, keeping in mind
only wave-like solutions for both electron amplitudes ¢, (z) and displacement field u(z) with

z = x — vt, the first integral of Eq.(10) reads:
u, +2Iad» V(¢p,) =C (11)

where V(¢,) = |do|? + |d—o|?, 7' = aa® — Mv?, C is the integration constant (see below),

and & = (1,4).
In view of this result, Eq.(9) produces the Hartree-Fock (HF) type system with the self-

consistent potential:
ihgy + a*Te" , + [2T —4I%a*d V(¢U)] b_o=0 (12)
where T'= Cla — ty > 0.
Finally, introducing the spin mixture amplitudes @ (x,t) = ¢1x ¢, we obtain the system
of two coupled nonlinear equations:
ihdy + a’TP, —2[~T + I*a®dV(D1)| &, =0
ihd_ — a’TP" +2[~T + I*a?dV(Ds)| &_ =0 (13)
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with V(@) = |®, |+ |®_|* which can be readily cast into the canonical form of the U(2)
NLSE model [21-23]:

i1; + Vizz — 2(|1)? + [Pl — P = 0
itho + Vozz — 2([1 ] + [Wo] — pP)2 = 0 (14)

with ¢y = @y, ¥y = ®*, k = [?a*d/T, and p? = 2. Hereafter, T = \/%x and t = (B)t
stand for dimensionless space-time variables.

By introducing a two-component vector ¢ (z,t) = (:ﬁ;), we can rewrite the system (14)
in the compact form

with an explicit U(2) inner product (1¢) = [11|? + [12]?. It can be easily verified that
Eq.(15) is generated by the Hamiltonian H = .10, + (¢ — p?)2. Thus, any transformations
Y = R of the vector 1 which conserve the inner product (¢/¢) = (1¢) are the symmetry
transformations of the system because they will also conserve the Hamiltonian H and will
not change Eq.(15). In our particular case, U(2) symmetry describes intrinsic degrees of
freedom with a possibility of mixing between spin-up and spin-down electron amplitudes.

To study the evolution of the system from the antiferromagnetic ground state, it is natural

to consider the non-vanishing (that is constant at both limits) boundary conditions

lim ¢(z,t) =g, xll)rinoo Ve (x,t) =0 (16)

xr—*+00

leading to (441) = (_1h_) = o2

RESULTS AND DISCUSSION

Turning to the analysis of the above-obtained U(2) NLSE system describing transport
properties of the original Hubbard model, notice first of all that it is electron-phonon inter-
action I which is actually responsible for nonlinear character of the dynamics. Indeed, as
it can be easily verified, the system (16) possesses the kink (topological or ”dark” soliton)

type solution [21-23]:



(17)

A

where z = & — 2M with vz = y(z — vt). The dimensionless spectral parameters A and
v obey the boundary conditions imposed constraint A2 + v? = p? and are related to the
decaying length ~ and kink velocity v as follows, v = ya and A = v/vy (with vy = 2aT'/h
being some characteristic velocity).

Before we proceed any further, let us briefly discuss the ground state properties of the
system (16) whose energy is given by E = [*2° dz[t,10, + (¥ — p?)?]. Tt can be shown [24]
that a trivial "vacuum” solution with ¢, = 0 is unstable under the assumed boundary
conditions. Instead, a stable ground-state solution of this model (which has a zero energy)
is given by ”condensate” amplitudes (with a constant density p which is related to the
electron-phonon coupling constant x within our model as p = \/%) Ve = %pewl and
Poe = %pew2 (where 6 5 are constant phases). In turn, using the method of Ref. [24], it can
be also demonstrated that the above-introduced kink solution is a stable excitation (based
on the ”condensate” background) for all velocities and has the energy Ex = 2(1 + 2)1/°.
Besides, it is worthwhile to mention that the U(2) NLSE model with non-vanishing boundary
conditions is an integrable system [25] which is another confirmation of the soliton stability.

Let us return now to the initial physical model of this paper and discuss the above-
obtained exact results in terms of electron amplitudes. Performing step by step a series of

transforms, from Eq.(17) we obtain finally:

I/2€_VZ \ve V?
= 1—- — ' _— 1
1(2) = S+ ( p? cosh VZ> Tida (,02 cosh VZ) (18)
and
6.(2) = ¢ 1_ﬂ ti e (19)
W= P4 p?cosh vz 1P+ p?coshvz

for spin-up and spin-down kink-type state amplitudes, respectively.
In turn, the above amplitudes contribute to the formation of kink-mediated charge-

density-wave (CDW)

(20)

A2+ 2 tanh? vz
P

n(2) = |64 + |6,]? = mo (



and spin-density-wave (SDW)

A 4+ 2 tanh® vz 2M\%%e 22
A2 b2 — _ 21
) = o = ol = o (S p e 1)
. (A?coshvz + v?sinhvz) |
+ 2\vpqe ( i cosh? vz sin €2
local profiles, where

ng = lim n(2) = o> + |4 (22)

po = lim p(2) = |¢sa]” = [ds]”

H1 = 2|¢+T||¢+J,| =V n% - M(Q)

and ) = arg ¢4 — arg ¢ is the mixing angle.

The evolution of the local profiles of kink mediated CDW and SDW with electron-phonon
constant x (for A = 1 and ©Q = 0) is shown in Fig.1 and Fig.2, respectively (recall that
v =+/p? — N with p* = 2).

Furthermore, based on the above local densities, n(z) and pu(2), it is natural to introduce

the kink-carrying net topological charge

Q = Qo /_J:O dz [n(zzlo— no] = _iZQO (23)
and spin ) , )
[t pz)| 2w\ —v%) 4w

5= dz[m)]— ) (24)

Here, f(p, ) = (1 — p2)/p2sin Q with p = pio/ng = (|64 — |6 1[2) /(651 >+ 61 ) Deing
an effective spin polarization.
The analysis of the above expressions reveals that both charge ) and spin S depend on

electron-phonon constant x, namely

q(k) = Qlr) = —V2k — \2kK?2 (25)
and
S(k) = (Nk — 1)V2k — X262 — Ae(V\?k — 2) f(p, Q) (26)

The dependence of ¢ = Q/Q on & for different values of kink velocity A = v /vy is shown in

Fig.3. Notice its reentrant behavior with minima corresponding to fractional charge values.
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FIG. 1: The dependence of the local profile of kink mediated CDW on electron-phonon constant
K for A = 1.
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FIG. 2: The dependence of the local profile of kink mediated SDW on electron-phonon constant x
for A\ =1 and Q = 0.
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FIG. 3: The dependence of topological charge ¢ on electron-phonon constant x for different values
of kink velocity A.

In turn, Fig.4 depicts evolution of the effective spin S with x for different values of A with

polarization p = 0.5 and mixing angle 2 = 7.
Moreover, by combining Eqs.(25) and (26) and treating the mixing angle (2 as a random

variable, we observe that kink mediated charge ¢ and spin .S degrees of freedom are actually

interdependent. More precisely, spin can be presented as a function of charge:

S(Qv Q) = Sow(Q) + Sﬂ(Q) sin 2



1.00

0.75

0.50

0.25

FIG. 4: The dependence of topological spin S on electron-phonon constant & for different values

of kink velocity A (for 2 = 7 and p = 0.5).

where

Sule) =<5 >= [ 7 (0, )d = ¢ (1_\?% _ 1) (28)

and

_m)_nz -
Ve flrg) @

\/21
Sp(q) =vV< 82> — < 8 >2=¢ll (

stand for an average and fluctuation contributions to S(g) dependence, respectively. Here,
IT =g\

Notice that the average contribution < .S > as a function of kink charge ¢ (shown in Fig.5
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FIG. 5: The dependence of average kink spin < S > on kink charge ¢ for different values of kink
velocity .

for different values of the kink velocity A) exhibits some nontrivial behavior with a spinless

1

state (< S >= 0) corresponding to fractional values of the effective charge (¢ = ; and ).

At the same time, it is important to point out that the fluctuation contribution Sy, strongly
depends on effective polarization p and completely disappears for totally polarized carriers
(that is Sp(p=1) =0).

As for the soliton charge @, due to its independence from the mixing angle, there are no

charge fluctuations (since Qu, =< Q >=Q, < Q* >=Q* and Q= V< Q? > — < Q >% =
0).
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FIG. 6: The dependence of the local profile of kink mediated displacement field on electron-phonon

constant x (for A =1 and Q = 0).

Besides, in view of Eq.(11), kink electron amplitudes (18) and (19) also participate in

formation of angle-dependent kink-mediated lattice displacement field

u(2) = ue tanh vz cos (30)

where u,, = Cv/p* with C = 2Iad being the integration constant introduced earlier in
Eq.(11). Notice that the above displacement field u is created by the same electron-phonon
interaction I (recall that v = v/p? —A? with p? = 2 and « o I?) which is responsible for
nonlinear electron transport behavior within this model. The evolution of the local profile
of kink mediated displacement field u(z) with x (for A = 1 and © = 0) is shown in Fig.6.

Notice also that (contrary to the soliton charge Q) the averaged over the mixing angle

Q) displacement field has a zero mean value u,,(2) =< u >= 0 with a possibility of lattice

1

fluctuations us(z) = V< u? > — <u>% =3

Uy tanh vz, Furthermore, by rewriting Eq.(21)
in the form of Eq.(27), that is p1(2) = pap(2) + p15:(2) sin 2, we arrive at the following scaling

relation between kink mediated CDW, SDW and displacement field:
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lu(z) —uav(Z)r N l u(z) r _ l n(z) r (31)

fpi(z) ugi(z) Nav(2)
Let us estimate now the main parameters of the model using some typical experimen-
tal values. Notice in this respect that in the adiabatic approximation (ca? > Mwv?) we

have d~! ~ «aa?

resulting in xk ~ I?/aT for the electron-phonon coupling constant with
x dependent transition amplitude T' = Cla — ty ~ (2I?p*/a) — ty =~ 2p*Tk — to. Given
p*® = 2/k, this leads to the following modification of the bare amplitude ¢y in our model:
T ~ ty/(2kp? — 1) =~ t5/3. Recall that in the limit of weak electron-phonon coupling [26],
T ~ ty, k ~ I?/aty and vy ~ 2aty/h. Moreover, assuming [8] to = 2.5eV, I = 4eV/A,
a = 12A, and a = 206V/A2 for hopping integral, electron-phonon, lattice and power
constants, we obtain x = I?/aT ~ 0.5 and vy = 2aTh ~ 10*m/s for estimates of the
electron-phonon coupling constant and characteristic kink velocity within our model, re-
spectively. Hence, like electron-electron correlations [11], electron-phonon interactions also
result in decreasing of the soliton velocity v = Avg, making it even harder to observe soliton
motion in conjugated polymers [3; 8]. Notice that the maximum value of the dimension-
less electron-phonon parameter k,, = 2 (allowed by the model considered here) corresponds
to I, = W ~ 6eV/A. This value is quite typical for many realistic low-dimensional
conducting materials, providing thus an optimistic possibility for experimental verification
of the predicted here interesting charge-spin conversion effects.

And finally, some discussion is in order regarding the relationship between the classical
SSH model and its two-component vector generalization considered here. First of all, the
ground state of our vector model is quite different from the classical case of the so-called
degenerate ground-state (DGS) polymers considered in the original SSH model. The latter
is known [1] to support topological soliton excitations (given by either neutral spin—% or
charged spinless states) in the form of a domain wall separating the two DGS structures.
Recall that the continuum version of the original SSH model [26] is mapped onto a Dirac
type Hamiltonian which preserves the electron-hole symmetry of the original discrete SSH
model, leading thus to a "relativistic” energy spectrum and very distinctive ground state
(with mutually exclusive CDW and SDW configurations). At the same time, a continuum
limit of the vector model presented here results in a Schrodinger Hamiltonian with "non-

relativistic” spectrum which does not ezplicitly preserve the electron-hole symmetry of the

original discrete model. Instead, the resulting system (14) possesses a new degree of freedom
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(given by a mixing angle ) which triggers the interference effects between spin-up (¢+)
and spin-down (¢ ) electron amplitudes.

Turning to the influence of the HF approximation on the soliton type structure of the
resulting continuum system (14), it is instructive to observe that, within continuum ap-
proximation, a topological nature of soliton excitation is a result of assumed non-vanishing
”condensate” type boundary conditions (with p* o< k~! # 0) imposed on the solution of
Eq.(14) rather than a direct consequence of the HF approximation itself. Indeed, it can
be easily verified (see [21-23] for discussion) that for substantially depleted ”condensate”
(when p? < k~! — 0), kink solution (also known as a ”dark” soliton) becomes unstable
prompting the system (14) to choose a more stable conventional (non-topological) soliton
solution of the localized type (also known as a ”bright” soliton). Thus, based on the results
of the present investigation, we can conclude that (i) a stronger electron-phonon interaction
should result in a stronger localization of the soliton excitation, and (ii) a long-range order
of the SDW within the HF approximation is a consequence of a rather weak electron-phonon
coupling constant x leading to strong ”condensate” effects of the topological soliton (with
p* o< kL #£0).

In conclusion, within a tight-binding approximation, the influence of electron-phonon in-
teractions on soliton-like excitations in two-component extended Hubbard model was stud-
ied. By mapping the original model onto the system of two coupled nonlinear Schrodinger
equations with U(2) symmetry group, some interesting correlations between soliton medi-

ated charge () and spin S degrees of freedom were obtained.

ACKNOWLEDGEMENT

This work was financially supported by FAPESP, CNPq, and CAPES.

[1] W. P. Su, J. R. Schrieffer and A. J. Heeger, Phys. Rev. Lett. 42 (1979), p.1698.

[2] W. P. Su, J. R. Schrieffer and A. J. Heeger, Phys. Rev. B 22 (1980), p.2099.

[3] C.S. Yannoni and T.C. Clarke, Phys. Rev. Lett. 51 (1983), p.1191.

[4] T.-C. Chang, F. Moraes, J.D. Flood and A.J. Heeger, Phys. Rev. B 29 (1984), p.2341.

14



[5] A.R. Bishop, D. K. Campbell, P. S. Lomdahl, B. Horovitz and S. R. Phillpot, Synth. Met. 9
(1984), p.223.
[6] J. Chen, T.-C. Chang, F. Moraes and A.J. Heeger, Solid State Commun. 53 (1985), p.757.
[7] F. Moraes, Y.W. Park, and A.J. Heeger, Synth. Met. 13 (1986), p.113.
[8] A.J. Heeger, S. Kivelson, J.R. Schrieffer and W.P. Su, Rev. Mod. Phys. 60 (1988), p.781.
[9] W. Forner, C. L. Wang, F. Martino and J. Ladik, Phys. Rev. B 37 (1988), p.4567.
[10] W. Hu, H. Ma, C. Liu and Y. Jiang, J. Chem. Phys. 126 (2007), p.044903.
[11] Haibo Ma and Ulrich Schollwock, J. Chem. Phys. 129 (2008), p.244705.
[12] S.A. Kivelson, Synth. Met. 125 (2001), p.99.
[13] D. Campbell, Synth. Met. 125 (2001), p.117.
[14] M. Oshikawa, Y.B. Kim, K. Shtengel, C. Nayak and S. Tewari, Ann. Phys. 322 (2007), p.1477.
[15] Su-Peng Kou, Phys. Rev. B 78 (2008), p.233104.
[16] K. Le Hur, B.I. Halperin and A. Yacoby, Ann. Phys. 323 (2008), p.3037.
[17] C. Chamon, C.Y. Hou, R. Jackiw, C. Mudry, S.Y. Pi and G. Semenoff, Phys. Rev. B 77
(2008), p.235431.
[18] H. Steinberg, G. Barak, A. Yacoby, L.N. Pfeiffer, K.W. West, B.I. Halperin and K. Le Hur,
Nature Physics 4 (2008), p.116.
[19] B. Seradjeh, J.E. Moore and M. Franz, Phys. Rev. Lett. 103 (2009), p.066402.
[20] S.A. Bewick and Z.G. Soos, J. Phys. Chem. B 110 (2006), p.18748.
[21] S. Manakov, Sov. Phys. JETP 38 (1974), p.2481.
[22] V.G. Makhankov and V.K. Fedyanin, Phys. Rep. 104 (1984), p.1.
[23] S.A. Sergeenkov, Phys. Lett. A 100 (1984), p.474.
[24] 1.V. Barashenkov, Phys. Rev. Lett. 77 (1996), p.1193.
[25] M.J. Ablowitz, G. Biondini, and B. Prinari, Inverse Problems 23, 1711 (2007).
[26] M. Takayama, Y.R. Lin-Liu and K. Maki, Phys. Rev. B 21 (1980), p.2388.

15



