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Abstract. We introduce the concept of thermal expansion (TE) in Josephson systems as an 
elastic response to an effective stress field.  The temperature and magnetic field dependences 
of TE coefficient can be studied both analytically and numerically in a single junction and in a 
square array of Josephson junctions (JJA) [1]. We found that in addition to field oscillations 
due to Fraunhofer-type dependence of the critical current, both single junction and JJAs may 
exhibit flux driven temperature oscillations of the TE coefficient near Tc provided the applied 
magnetic field is strong enough to compensate for the screening-induced effects. We briefly 
discuss possible consequences of TE coefficient temperature oscillations for the local 
penetration of magnetic field in granular systems modelled as JJAs.  

1. Introduction 
 
The effects of penetration of magnetic flux in high-Tc superconductors have been a subject of many 
investigations in recent years, especially in view of their unconventional pairing properties [2]. On the 
other hand, the important applications for this class of materials strongly depend on their 
magnetization properties as a critical state is desired to appear at the highest possible fields, which 
means that the material can support a large supercurrent [3]. Usually, theoretical models for magnetic 
penetration emphasize some particular properties, such for example as the role of inhomogeneities or 
defects [4], multi-connected paths [5], presence of unconventional junctions [6], surface effects [7], 
etc. More recently, special attention has been given to the numerous thermal effects arising from the 
concurrence between the local temperature oscillations and the presence of defects [8], and resulting in 
generation of giant flux avalanches [9]. At the same time, a rather unusual temperature behaviour of 
the field-dependent thermal expansion coefficient (TEC) in Josephson junctions and their arrays (JJA) 
has been predicted which is based on elastic response of Josephson system to an effective stress field 
[9]. Here we will analyze the last phenomenon for its potential applications in real materials, using a 
well-established analogy between JJA and granular superconductors.  
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Figure 1. Schematic 
view of a Josephson 
contact area in the 
presence of applied 
stress and external 
magnetic field. 

2. The model 
 

A JJ contact is characterized by the critical tunnel current Ic (the maximum current that can flow 
without resistance through the contact). This current depends upon external parameters, such as the 
temperature and the magnetic field. More recently, it was realized that an applied mechanical stress σ 
could also influence the critical current [1]. The physical origin of this phenomenon stems from the 
effect the applied stress has upon the separation between the superconducting electrodes, see Fig. 1.   
The change of the distance has two main consequences. On one side, the tunnel current increases 
exponentially with σ 

  
( )σβ t

c eI ∝                                                               (1) 

while on the other side, the weak superconducting region shrinks, see Fig. 1. In turn, this results in a 
strong effect for the modulation of the critical current upon external magnetic field since the period of 
the modulation depends upon the flux trapped into the contact. For a given field the effect is 
proportional to the effective area A (if effects such as magnetic field focusing are neglected). Hence: 

  ⎟⎟⎠
⎞⎜⎜⎝

⎛ −Φ
0

1 σ
σχAH= extext  (2) 

So far, we have analyzed an isolated contact. Some additional effects are expected to arise when 
several junctions are connected. Such a system is physically relevant as a prototype of a granular 
superconductor which can be modelled as an array of superconducting islands (grains) which are 
separated by the normal areas and connected via weak links, see Fig. 2.  
The behaviour of such a granular system is electrically equivalent to a regular square array of 
Josephson junctions (JJA) of the type shown in Fig. 3. Assuming the applied stress perpendicular to 
the magnetic field, as it is depicted in Fig. 3, we also have a third effect, namely a stress-induced 
variation of the geometrical loop inductance, since the loop area deforms, approximately as follows: 

  L = L0 1− χL

σ
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Figure 2.A  schematic 
view of a  granular 
superconductor. The 
grey areas are the 
superconducting 
islands separated by 
white areas of normal 
material. Josephson 
contacts are dark 
rectangles in the 
connections between 
the islands. 

 
 

Figure 3. The 
simplified topology of 
a regular square array. 

 
 
Eqs. (1)-(3) form the basis for studying the electrodynamics of JJA under applied stress [1]. Here, we 
will primarily discuss the temperature, field and bias current behavior of the so-called thermal 
expansion coefficient (TEC) which is defined via the induced strain field ε (i.e. the change of the 
energy per unit volume of the system under stress) 

                                              ε = − 1

V

dE

dσ
⎡ 
⎣ ⎢ ⎤ 

⎦ ⎥ σ =0

                                                              (4) 

as follows 

  α =
dε
dT

                                                                         (5) 

To accomplish this plan, we must derive the stress dependent energy E as a function of the 
temperature. Let us recall that the Josephson energy of a small junction [10] depends on the current I 
flowing in the junction as [11]: 
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Besides, for any array (artificial or natural), another contribution must be included into the basic 
equation for ε. Namely, in addition to the external bias, in JJA’s the mesh currents also contribute to 
the current through the junction. For the array depicted in Fig. 4 the current Ib,i flowing in the junction 
with phase ϕi is the sum of three terms: 

  Ib, i = IB − Ii
mesh +Ii−1

mesh  (8) 

To determine mesh currents one has to impose fluxoid quantization for each array mesh: 

  
00

2
  

2 Φ−Φ
Φ∑ meshext

loop

LI
= ππϕ  (9) 

Even though the effect of the change in the mesh inductance is indirect and is through the fluxoid 
quantization (9), the mere presence of a circulating current requires the energy: 
 

  E ind =
1
2

L0 1− χL

σ
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array

∑  (10) 

 
where the summation is extended to all elementary loops of the array. 
 

 

Figure 4. The 
electrical scheme of 
the square array 
depicted in Fig. 3. 
The bias current is 
fed via virtual loops 
external to the array. 

 

3. Numerical results 
 
Clearly, the inclusion of all these effects requires a numerical approach. Let us show the relative 
contribution of the various terms as a function of the parameters to determine the regions where one or 
the other effect is more relevant in the calculation of the total energy. In particular, in Fig.5 we 
compare the Josephson energy, given by Eq. (6), and the screening energy contribution, given by Eq. 
(10) for different values of the inductance parameter βL = 2πLIc/Φ0, and for different values of 
external flux given in units of flux quantum, i.e., f = Φext/ Φ0. 
By introducing the dependence on temperature via a standard BCS approach [1], the resulting overall 
behaviour of the TEC, given by Eq. (5), is reported in Fig. 6. It is clear that the oscillations induced by 
the applied stress are more pronounced near the critical temperature. So, the measurements should be 
performed in the region very close to the transition to observe the predicted here phenomena.  
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Figure 5. The behaviour of the Josephson energy (dashed line), the screening current contributions 
(dotted line) and the total energy (solid line) for different values of the external applied field in the 
loops [f = Φext/ Φ0 =0.25 (a), 0.5 (b), 1 (c)] as a function of the inductance parameter βL of a 5x5 array.  
 

4. Conclusions 
 
The elastic response of an array of Josephson junctions to a stress field is introduced in order to study 
the temperature, magnetic field and bias current behaviour of the thermal expansion (TE) of Josephson 
systems and granular superconductors. The competition between two main contributions (due to 
stress-induced modification of the inductance parameter) is found to determine the overall TE 
properties. Since the geometrical inductance is related to the size of the grains (see Fig. 2), the 
obtained here results are expected to be relevant for behaviour of granular superconductors under 
stress as well. This is especially true when βL goes to zero, making the contribution due to screening 
currents relatively strong. In this regime, the difference between arrays and single junctions becomes 
important. The consequence is that the TEC coefficient begins to exhibit flux driven temperature 
oscillations close to the transition temperature (see Fig. 6) just for a relatively large βL. This occurs for   
a 5x5 JJA. For larger arrays the same oscillations should be exist at smaller βL values. We observe that 
during the cooling a negative value of α can induce flux penetration due to positive strain of JJA. 
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Figure 6. Oscillations of the 
normalized TEC coefficient 
[Eq. (5)] for an array 5x5 for 
three different values of the 
magnetic field in the 
junctions loops (f=0, 0.5, 1) 
which causes the oscillation 
of the critical current Ic [see 
Eq. (6)] with a Fraunhofer-
like pattern The bias and 
inductance parameter are as 

follows: Ibias/Ic=0.5,  βL=20. 
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