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PREFACE

HISTORICAL PRELUDE

Ettore Majorana’s fame solidly rests on testimonies like the following,
from the evocative pen of Giuseppe Cocconi. At the request of Edoardo
Amaldi, he wrote from CERN (July 18, 1965):

“In January 1938, after having just graduated, I was invited, essen-
tially by you, to come to the Institute of Physics at the University in
Rome for six months as a teaching assistant, and once I was there I would
have the good fortune of joining Fermi, Bernardini (who had been given
a chair at Camerino a few months earlier) and Ageno (he, too, a new
graduate), in the research of the products of disintegration of y “mesons”
(at that time called mesotrons or yukons), which are produced by cosmic
rays |[...]

“It was actually while I was staying with Fermi in the small laboratory
on the second floor, absorbed in our work, with Fermi working with a
piece of Wilson’s chamber (which would help to reveal mesons at the
end of their range) on a lathe and me constructing a jalopy for the
illumination of the chamber, using the flash produced by the explosion
of an aluminum ribbon shortcircuited on a battery, that Ettore Majorana
came in search of Fermi. I was introduced to him and we exchanged few
words. A dark face. And that was it. An easily forgettable experience
if, after a few weeks while I was still with Fermi in that same workshop,
news of Ettore Majorana’s disappearance in Naples had not arrived. 1
remember that Fermi busied himself with telephoning around until, after
some days, he had the impression that Ettore would never be found.

“It was then that Fermi, trying to make me understand the signif-
icance of this loss, expressed himself in quite a peculiar way; he who
was so objectively harsh when judging people. And so, at this point, 1
would like to repeat his words, just as I can still hear them ringing in my
memory: ‘Because, you see, in the world there are various categories of
scientists: people of a secondary or tertiary standing, who do their best
but do not go very far. There are also those of high standing, who come
to discoveries of great importance, fundamental for the development of
science’ (and here I had the impression that he placed himself in that
category). ‘But then there are geniuses like Galileo and Newton. Well,

Ettore was one of them. Majorana had what no one else in the world
had [...]””

xiii
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And, with first-hand knowledge, Bruno Pontecorvo, adds: “Some time
after his entry into Fermi’s group, Majorana already possessed such an
erudition and had reached such a high level of comprehension of physics
that he was able to speak on the same level with Fermi about scientific
problems. Fermi himself held him to be the greatest theoretical physicist
of our time. He often was astounded |...]. I remember exactly these words
that Fermi spoke: ‘If a problem has already been proposed, no one in
the world can resolve it better than Majorana.” ” (See also (Pontecorvo,
1972).)

Ettore Majorana disappeared rather mysteriously on March 26, 1938,
and was never seen again (Recami, 1991). The myth of his “disappear-
ance” has contributed to nothing more than the notoriety he was entitled
to, for being a true genius and a genius well ahead of his time.

In this volume we are finally publishing his notebooks or Volumett,
which comprise his study notes written in Rome between 1927, when
he abandoned his studies in engineering to take up physics, and 1931.
Those manuscripts are a paragon not only of order, based on argument
and even supplied with an index, but also of conciseness, essentiality
and originality; so much so that the notebooks can be regarded as an
excellent modern text of theoretical physics, even after more than sev-
enty years, and a “gold-mine” of seminal new theoretical, physical, and
mathematical ideas and hints, quite stimulating and useful for modern
research.

Let us recall that Majorana, after having switched to physics at the
beginning of 1928, graduated with Fermi on July 6, 1929, and went on to
collaborate with the famous group created by Enrico Fermi and Franco
Rasetti (at the start with O. M. Corbino’s important help); a theoretical
subdivision of which was formed mainly (in the order of their entrance
into the Institute) by Ettore Majorana, Gian Carlo Wick, Giulio Racah,
Giovanni Gentile Jr., Ugo Fano, Bruno Ferretti, and Piero Caldirola.
The members of the experimental subgroup were: Emilio Segré, Edoardo
Amaldi, Bruno Pontecorvo, Eugenio Fubini, Mario Ageno, Giuseppe
Cocconi, along with the chemist Oscar D’Agostino. Afterwards, Ma-
jorana qualified for university teaching of theoretical physics (“Libera
Docenza”) on November 12, 1932; spent about six months in Leipzig
with W. Heisenberg during 1933; and then, for some unknown reasons,
stopped participating in the activities of Fermi’s group. He even ceased
publishing the results of his research, except for his paper “Teoria sim-
metrica dell’elettrone e del positrone,” which (ready since 1933) Ma-
jorana was persuaded by his colleagues to remove from a drawer and
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publish just prior to the 1937 Italian national competition for three full-
professorships.

With respect to the last point, let us recall that in 1937 there were
numerous Italian competitors for these posts, and many of them were
of exceptional caliber; above all: Ettore Majorana, Giulio Racah, Gian
Carlo Wick, and Giovanni Gentile Jr. (the son of the famous philosopher
bearing the same name, and the inventor of “parastatistics” in quantum
mechanics). The judging committee was chaired by E. Fermi and had as
members E. Persico, G. Polvani, A. Carrelli, and O. Lazzarino. On the
recommendation of the judging committee, the Italian Minister of Na-
tional Education installed Majorana as professor of theoretical physics
at Naples University because of his “great and well-deserved fame,” inde-
pendently of the competition itself; actually, “the Commission hesitated
to apply the normal university competition procedures to him.” The at-
tached report on the scientific activities of Ettore Majorana, sent to the
minister by the committee, stated:

“Without listing his works, all of which are highly notable both for
their originality of the methods utilized as well as for the importance of
the achieved results, we limit ourselves to the following:

“In modern nuclear theories, the contribution made by this researcher
to the introduction of the forces called “Majorana forces” is universally
recognized as the one, among the most fundamental, that permits us to
theoretically comprehend the reasons for nuclear stability. The work of
Majorana today serves as a basis for the most important research in this
field.

“In atomic physics, the merit of having resolved some of the most
intricate questions on the structure of spectra through simple and elegant
considerations of symmetry is due to Majorana.

“Lastly, he devised a brilliant method that permits us to treat the pos-
itive and negative electron in a symmetrical way, finally eliminating the
necessity to rely on the extremely artificial and unsatisfactory hypoth-
esis of an infinitely large electrical charge diffused in space, a question
that had been tackled in vain by many other scholars.”

One of the most important works of Ettore Majorana, the one that in-
troduces his “infinite-components equation” was not mentioned, since it
had not yet been understood. It is interesting to note, however, that the
proper light was shed on his theory of electron and anti-electron symme-
try (today climaxing in its application to neutrinos and anti-neutrinos)
and on his resulting ability to eliminate the hypothesis known as the
“Dirac sea,” a hypothesis that was defined as “extremely artificial and
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unsatisfactory,” despite the fact that in general it had been uncritically
accepted.

The details of Majorana and Fermi’s first meeting were narrated by
E. Segré (Segré, 1971): “The first important work written by Fermi in
Rome [‘Su alcune proprieta statistiche dell’atomo’ (On certain statistical
properties of the atom)] is today known as the Thomas-Fermi method. . . .
When Fermi found that he needed the solution to a non-linear differen-
tial equation characterized by unusual boundary conditions in order to
proceed, in a week of assiduous work with his usual energy, he calculated
the solution with a little hand calculator. Majorana, who had entered
the Institute just a short time earlier and who was always very skeptical,
decided that Fermi’s numeric solution probably was wrong and that it
would have been better to verify it. He went home, transformed Fermi’s
original equation into a Riccati equation, and resolved it without the aid
of any calculator, utilizing his extraordinary aptitude for numeric cal-
culation. When he returned to the Institute and skeptically compared
the little piece of paper on which he had written his results to Fermi’s
notebook, and found that their results coincided exactly, he could not
hide his amazement.” We have indulged in the foregoing anecdote since
the pages on which Majorana solved Fermi’s differential equation have
in the end been found, and it has been shown recently (Esposito, 2002)
that he actually followed two independent (and quite original) paths to
the same mathematical result, one of them leading to an Abel, rather
than a Riccati, equation.

ETTORE MAJORANA’S PUBLISHED PAPERS

Majorana published few scientific articles: nine, actually, besides his so-
ciology paper entitled “Il valore delle leggi statistiche nella fisica e nelle
scienze sociali” (The value of statistical laws in physics and the social
sciences), which was however published not by Majorana but (posthu-
mously) by G. Gentile Jr., in Scientia [36 (1942) 55-56]. We already
know that Majorana switched from engineering to physics in 1928 (the
year in which he published his first article, written in collaboration with
his friend Gentile) and then went on to publish his works in theoretical
physics only for a very few years, practically only until 1933. Never-
theless, even his published works are a mine of ideas and techniques of
theoretical physics that still remains partially unexplored. Let us list his
nine published articles:
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(1) “Sullo sdoppiamento dei termini Roentgen ottici a causa dell’elettrone
rotante e sulla intensita delle righe del Cesio,” in collaboration with
Giovanni Gentile Jr., Rendiconti Accademia Lincei 8 (1928) 229-
233.

(2) “Sulla formazione dello ione molecolare di He,” Nuovo Cimento 8
(1931) 22-28.

(3) “I presunti termini anomali dell’Elio,” Nuovo Cimento 8 (1931)
78-83.

(4) “Reazione pseudopolare fra atomi di Idrogeno,” Rendiconti Ac-
cademia Lincei 13 (1931) 58-61.

(5) “Teoria dei tripletti P’incompleti,” Nuovo Cimento 8 (1931) 107-
113.

(6) “Atomi orientati in campo magnetico variabile,” Nuovo Cimento
9 (1932) 43-50.

(7) “Teoria relativistica di particelle con momento intrinseco arbi-
trario,” Nuovo Cimento 9 (1932) 335-344.

(8) “Uber die Kerntheorie,” Zeitschrift fiir Physik 82 (1933) 137-145;
“Sulla teoria dei nuclei,” La Ricerca Scientifica 4(1) (1933) 559-
965.

(9) “Teoria simmetrica dell’elettrone e del positrone,” Nuovo Cimento
14 (1937) 171-184.

The first papers, written between 1928 and 1931, concern atomic and
molecular physics: mainly questions of atomic spectroscopy or chemical
bonds (within quantum mechanics, of course). As E. Amaldi has written
(Amaldi, 1966 and 1986), an in-depth examination of these works leaves
one struck by their superb quality: They reveal both a deep knowledge of
the experimental data, even in the minutest detail, and an uncommon
ease, without equal at that time, in the use of the symmetry proper-
ties of the quantum states in order to qualitatively simplify problems
and choose the most suitable method for their quantitative resolution.
Among the first papers, “Atomi orientati in campo magnetico variabile”
(Atoms oriented in a variable magnetic field) deserves special mention.
It is in this article, famous among atomic physicists, that the effect now
known as the Majorana-Brossel effect is introduced. In it, Majorana pre-
dicts and calculates the modification of the spectral line shape due to an
oscillating magnetic field. This work has also remained a classic in the
treatment of non-adiabatic spin-flip. Its results —once generalized, as
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suggested by Majorana himself, by Rabi in 1937 and by Bloch and Rabi
in 1945— established the theoretical basis for the experimental method
used to reverse the spin also of neutrons by a radio-frequency field, a
method that is still practiced today, for example, in all polarized-neutron
spectrometers. The Majorana paper introduces moreover the so-called
Magjorana sphere (to represent spinors by a set of points on the surface
of a sphere), as noted not long ago by R. Penrose and others (Penrose,
1987, 1993 and 1996).

Majorana’s last three articles are all of such importance that none of
them can be set aside without comment.

The article “Teoria relativistica di particelle con momento intrinseco
arbitrario” (Relativistic theory of particles with arbitrary spin) is a typ-
ical example of a work that is so far ahead of its time that it became
understood and evaluated in depth only many years later. Around 1932
it was commonly thought that one could write relativistic quantum equa-
tions only in the case of particles with zero or half spin. Convinced of
the contrary, Majorana —as we know from his manuscripts— began con-
structing suitable quantum-relativistic equations (Mignani et al., 1974)
for higher spin values (one, three-halves, etc.); and he even devised a
method for writing the equation for a generic spin-value. But still he
published nothing, until he discovered that one could write a single equa-
tion to cover an infinite series of cases, that is, an entire infinite family of
particles of arbitrary spin (even if at that time the known particles could
be counted on one hand). In order to implement his programme with
these “infinite components” equations, Majorana invented a technique
for the representation of a group several years before Eugene Wigner
did. And, what is more, Majorana obtained the infinite-dimensional
unitary representations of the Lorentz group that will be re-discovered
by Wigner in his 1939 and 1948 works. The entire theory was re-invented
by Soviet mathematicians (in particular Gelfand and collaborators) in
a series of articles from 1948 to 1958 and finally applied by physicists
years later. Sadly, Majorana’s initial article remained in the shadows
for a good 34 years until D. Fradkin, informed by E. Amaldi, released
[Am. J. Phys. 34 (1966) 314] what Majorana many years earlier had
accomplished.

As soon as the news of the Joliot-Curie experiments reached Rome
at the beginning of 1932, Majorana understood that they had discov-
ered the “neutral proton” without having realized it. Thus, even before
the official announcement of the discovery of the neutron, made soon
afterwards by Chadwick, Majorana was able to explain the structure
and stability of atomic nuclei with the help of protons and neutrons,
antedating in this way also the pioneering work of D. Ivanenko, as both
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Segré and Amaldi have recounted. Majorana’s colleagues remember that
even before Easter he had concluded that protons and neutrons (indis-
tinguishable with respect to the nuclear interaction) were bound by the
“exchange forces” originating from the exchange of their spatial posi-
tions alone (and not also of their spins, as Heisenberg would propose),
so as to produce the alpha particle (and not the deuteron) saturated
with respect to the binding energy. Only after Heisenberg had pub-
lished his own article on the same problem was Fermi able to persuade
Majorana to meet his famous colleague in Leipzig; and finally Heisen-
berg was able to convince Majorana to publish his results in the paper
“Uber die Kerntheorie.” Majorana’s paper on the stability of nuclei was
immediately recognized by the scientific community —a rare event, as
we know, from his writings— thanks to that timely “propaganda” made
by Heisenberg himself. We seize the present opportunity to quote two
brief passages from Majorana’s letters from Leipzig. On February 14,
1933, he writes his mother (the italics are ours): “The environment of
the physics institute is very nice. I have good relations with Heisenberg,
with Hund, and with everyone else. I am writing some articles in Ger-
man. The first one is already ready....” The work that is already ready
is, naturally, the cited one on nuclear forces, which, however, remained
the only paper in German. Again, in a letter dated February 18, he tells
his father (we italicize): “I will publish in German, after having extended
it, also my latest article which appeared in Nuovo Cimento.” Actually,
Majorana published nothing more, either in Germany or after his return
to Italy, except for the article (in 1937) of which we are about to speak.
It is therefore of importance to know that Majorana was engaged in
writing other papers: in particular, he was expanding his article about
the infinite-components equations.

As we said, from the existing manuscripts it appears that Majorana
was also formulating the essential lines of his symmetric theory of elec-
trons and anti-electrons during the years 1932-1933, even though he
published this theory only years later, when participating in the afore-
mentioned competition for a professorship, under the title “Teoria sim-
metrica dell’elettrone e del positrone” (Symmetrical theory of the elec-
tron and positron), a publication that was initially noted almost exclu-
sively for having introduced the Majorana representation of the Dirac
matrices in real form. A consequence of this theory is that a neutral
fermion has to be identical with its anti-particle, and Majorana sug-
gested that neutrinos could be particles of this type. As with Majo-
rana’s other writings, this article also started to gain prominence only
decades later, beginning in 1957; and nowadays expressions like Majo-
rana spinors, Majorana mass, and Majorana neutrinos are fashionable.
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As already mentioned, Majorana’s publications (still little known, de-
spite it all) is a potential gold-mine for physics. Recently, for example,
C. Becchi pointed out how, in the first pages of the present paper, a clear
formulation of the quantum action principle appears, the same princi-
ple that in later years, through Schwinger’s and Symanzik’s works, for
example, has brought about quite important advances in quantum field
theory.

ETTORE MAJORANA’S UNPUBLISHED PAPERS

Majorana also left us several unpublished scientific manuscripts, all of
which have been catalogued (Baldo et al., 1987), (Recami, 1999) and
kept at Domus Galilaeana. Our analysis of these manuscripts has al-
lowed us to ascertain that all the existing material seems to have been
written by 1933; even the rough copy of his last article, which Majo-
rana proceeded to publish in 1937 —as already mentioned— seems to
have been ready by 1933, the year in which the discovery of the positron
was confirmed. Indeed, we are unaware of what he did in the follow-
ing years from 1934 to 1938, except for a series of 34 letters written by
Majorana between March 17, 1931, and November 16, 1937, in reply to
his uncle Quirino —a renowned experimental physicist and at a time
president of the Italian Physical Society— who had been pressing Ma-
jorana for theoretical explanations of his own experiments. By contrast,
his sister Maria recalled that, even in those years, Majorana —who had
reduced his visits to Fermi’s Institute, starting from the beginning of
1934 (that is, after his return from Leipzig)— continued to study and
work at home many hours during the day and at night. Did he continue
to dedicate himself to physics? From a letter of his to Quirino, dated
January 16, 1936, we find a first answer, because we get to learn that
Majorana had been occupied “since some time, with quantum electro-
dynamics”; knowing Majorana’s modesty and love for understatements,
this no doubt means that by 1935 Majorana had profoundly dedicated
himself to original research in the field of quantum electrodynamics.
Do any other unpublished scientific manuscripts of Majorana exist?
The question, raised by his letters from Leipzig to his family, becomes
of greater importance when one reads also his letters addressed to the
National Research Council of Italy (CNR) during that period. In the first
one (dated January 21, 1933), Majorana asserts: “At the moment, I am
occupied with the elaboration of a theory for the description of arbitrary-
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spin particles that I began in Italy and of which I gave a summary notice
in Nuovo Cimento....” In the second one (dated March 3, 1933) he even
declares, referring to the same work: “I have sent an article on nuclear
theory to Zeitschrift fiir Physik. I have the manuscript of a new theory
on elementary particles ready, and will send it to the same journal in a
few days.” Considering that the article described here as a “summary
notice” of a new theory was already of a very high level, one can imagine
how interesting it would be to discover a copy of its final version, which
went unpublished. [Is it still, perhaps, in the Zeitschrift fir Physik
archives? Our own search ended in failure.] One must moreover not
forget that the above-cited letter to Quirino Majorana, dated January
16, 1936, revealed that his nephew continued to work on theoretical
physics even subsequently, occupying himself in depth, at least, with
quantum electrodynamics.

Some of Majorana’s other ideas, when they did not remain concealed
in his own mind, have survived in the memories of his colleagues. One
such reminiscence we owe to Gian Carlo Wick. Writing from Pisa on
October 16, 1978, he recalls: “...The scientific contact [between Ettore
and me], mentioned by Segré, happened in Rome on the occasion of
the ‘A. Volta Congress’ (long before Majorana’s sojourn in Leipzig).
The conversation took place in Heitler’'s company at a restaurant, and
therefore without a blackboard...; but even in the absence of details,
what Majorana described in words was a ‘relativistic theory of charged
particles of zero spin based on the idea of field quantization’ (second
quantization). When much later I saw Pauli and Weisskopf’s article
[Helv. Phys. Acta 7 (1934) 709], I remained absolutely convinced that
what Majorana had discussed was the same thing....”

THIS VOLUME

In the present book, we reproduce and translate, for the first time, five
neatly organized notebooks, known, in Italian, as “Volumetti” (book-
lets). Written in Rome by Ettore Majorana between 1927 and 1932, the
original manuscripts are kept at the Domus Galilaeana in Pisa. Each
of them is composed of about 100—150 sequentially numbered pages of
approximate size 11 cm x 18 cm. Every notebook is prefaced by a table
of contents, which evidently was gradually made out by the author when
a particular line of thought was finished; and a date, penned on its first
blank (i.e., on the initial blank page of each notebook) records when
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it was completed —except for the last, and smallest, booklet, which is
undated, probably because it remained unfinished.

Numbered blank pages appear in the original manuscript in some
cases between the end of a Section and the beginning of the next one;
we have deleted these blanks in this volume.

Most likely, Majorana used to approach the issues treated in his note-
books following well-defined schemes arising from his studies. Each note-
book was written during a period of about one year, starting from the
years during which Ettore Majorana was completing his studies at the
University of Rome. Thus the contents of these notebooks range from
typical topics covered in academic courses to topics at the frontiers of
research. Despite this unevenness in the level of sophistication (which
becomes apparent on inspection of different notebooks or even a single
notebook), the style in which any particular topic is treated is never
obvious. As an example, we refer here to Majorana’s study of the shift
in the melting point of a substance when it is placed in a magnetic
field or, more interestingly, his examination of heat propagation using
the “cricket simile.” Also remarkable is his treatment of contemporary
physics topics in an original and lucid manner, such as Fermi’s expla-
nation of the electromagnetic mass of the electron, the Dirac equation
with its applications, and the Lorentz group, revealing in some cases
the literature preferred by him. As far as frontier research arguments
are concerned, we here quote only two illuminating examples: the study
of quasi-stationary states, anticipating Fano’s theory by about 20 years,
and Fermi’s theory of atoms, reporting analytic solutions of the Thomas-
Fermi equation with appropriate boundary conditions in terms of simple
quadratures, which to our knowledge is still lacking.

In the translation of the notebooks we have attempted to adhere to
the original Italian version as much as possible, adopting personal in-
terpretations and notations only in a very few cases where the meaning
of some paragraphs or the followed procedures were not clear enough.
Nevertheless, for compactness’ sake, we have replaced Planck’s constant
h, used throughout the original text, by the more current 27h, except
where results of the old quantum theory are involved. All changes from
the original, introduced in the English version, are pointed out in foot-
notes. Additional footnotes have been introduced, as well, where the
interpretation of some procedures or the meaning of particular parts re-
quire further elaboration. Footnotes which are not present in the original
manuscript are denoted by the symbol @.

The major effort we have made to carefully check and type all equa-
tions and tables was motivated by our desire to facilitate the reading
of Majorana’s notebooks as much as possible, with a hope of render-
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ing their intellectual treasure accessible for the first time to the widest
audience.

Figures appearing in the notebooks have been reproduced without the
use of photographic or scanning devices but are otherwise true in form
to the original drawings. The same holds for tables, which in almost all
cases have been reproduced independently of the source; i.e., we have
performed our own calculations, following the methods used in the text.
Several tables exhibit gaps, revealing that in these cases the author for
some reason did not perform the corresponding calculations: In such
instances, we have completed the tables whenever possible, filling the
gaps with the appropriate expressions. Other minor changes, mainly
related to typos in the original manuscript, are pointed out in footnotes.

For a better understanding of the style adopted by Ettore Majorana
in composing his notebooks, and also for giving an idea of the method
of translation and editing followed in this volume, we have reproduced,
by scanning, a whole section (Sec. 3.3) from the original manuscript;
which can illustrate some of peculiarities of Ettore Majorana’s Volumetti.
These selected pages are reported at the end of the book.

A short bibliography follows this Preface. Far from being exhaustive,
it provides only some references about the topics touched upon in this
introduction.
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VOLUMETTO I: 8 MARCH 1927

1. ELECTRIC POTENTIAL

E=-VYV, V2V = —dnp.

The electric potential at a point O of space S surrounded by the surface
o is given by

Vo = /ak:Vdo + /Sp(l/r _ ) ds, (1.1)

where r is the distance between O and P, k is the effective surface
charge! density generated by a unit charge at P responsible for the
electric effects outside the surface, and U is the potential from such a
distribution. Thus

2
Vo — / KVdo + 1/ UV2VdS - 1/ VVis 12
- 4 Jg 4T Jg 7T

In the region S, we have
UV?V = V- (UVV - VVU), (1.3)

so that?

1
Vo = /kaa+ /Uavda
g 47T o 8”

1 ou 1 vV

0@ The label @ distinguishes editorial comments from the author’s footnotes.

1@ In the original manuscript, the author often used the word “mass” in the place of “charge”;
here, for clarity, we always use the second term.

2@ Here, the author is using the indices “i” and “e” to denote the regions internal and
external to any given surface, respectively. The index n labels the component of any given
vector along the external normal n to this surface.




2 ETTORE MAJORANA: NOTES ON THEORETICAL PHYSICS

Fig. 1.1. Definition of some quantities used in the text.

On the surface we have instead

1
(8U> = —E, = —FEpe + 41k = — = cos¢ + 4nk , (1.6)
on /; r2

and by substitution we get
1 oV do 1 [ V2V
= — — = - — ds. 1.
Vo 47T/J<Vcos¢+ran> 2 47T/S . S (1.7)

This formula holds for any arbitrary functions V', since we can always
find a charge distribution generating the potential V' in the region S.
If there is no charge in S, then

1 oV do
Vo = E/a (V cos ¢ + T(‘?n) 2 (1.8)

Let us now prove Eq. (1.7) directly. We set

1 v\ do 1 viv

r

Let us consider an infinitesimal homothety with center at O that trans-
forms the surface o into ¢’ and the space S into &’. The integration
regions transform accordingly. It is simple to evaluate the variations of
the integrals by using the homothety relations. Actually, if 1+ da is the
homothety ratio, the following relations, connecting each given quantity
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to the corresponding one, hold:

o0V = da OP-VYV, (1.10)
dcosp = 0, (1.11)
or = dar, (1.12)
do
5T—2 = 0, (1.13)
V2V = da OP-VV?V, (1.14)
ov 0 ov
- — Z_O0OP - 1.1
68n o OP-VVda o da, (1.15)
5§ = 2da§. (1.16)
r r
From these equations, we get
d d
v = 2 (OP-VV cos ¢ + raoP-VV> il
A Jo on r2
P. 2 2
—do‘/ (0 vy V+2VV> ds. (1.17)
47 Jg T T

The surface integral can be viewed as the outward flux, through the
surface o, of the vector:

op 1

This vector is infinite at O; however it is only a first order infinity, so
the surface integral can be transformed into the volume integral

/V-MdS.
S

Moreover, it is easy to show that

OP.V V2V vV
V-M = . + 2 , (1.19)

r

so that we have 6V = 0 . Now, if the surface o becomes infinitesimal
around O, then the volume integral in Eq. (1.9) vanishes, and the surface
integral tends to 47Vp. We thus get

Vh = Vo, q.e.d. (1.20)
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2. RETARDED POTENTIAL

Let H be a function of space and time that obeys the differential equation

1 0°H
ViH = - — . 1.21
2 Ot? (1.21)
Let O denote a point in space, r the distance of another point P from
O, and m a function of P and of ¢; we then set

m(P,t) = m(P,t—r/c). (1.22)
If we consider the function

H\(P,t) = H(P,t—r/c), (1.23)
it is easy to find the differential equation satisfied by it:

29*°Hy 2 0H,
—_——— = — —. 1.24
c Orot rc Ot ( )
If O belongs to the region S confined by the surface o, then, by using

Eq. (1.7) and noting that Hip = Hp at O, we find

V2H, =

B 1 6H1 do
Ho = 477/(,<H1COS¢+T 6n> ol
1 2 9%H,; 2 0H;

= (m Y- TZc&) s, (1.25)

Let us decompose the region § into cones having their vertices at O. The
volume element of a cone with aperture angle dw between two spheres
centered at O and having radius » and r + dr, respectively, is dw r2dr.
The integral over the volume of the cone is then

T2 8H1 82H1 _ 2r 8H1

where on the r.h.s. the term 0H;/0r has to be evaluated at the base
of the cone on the surface o. If the area of this base is do and ¢ is the
angle between the cone axis and the outward normal direction, then we
have

dw — —— = — —— cos¢do, (1.27)

and the integral over the entire region S turns into the surface integral

2 0OH,
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Inserting it into 1.25, one obtains

o 1 8H1 2r 8H1 dO"
Ho = E/a (Hl cosqS—i—TW—i—?W cos¢) poR (1.29)
and, noting that
H, = H, (1.30)
OH, 0H 0H
=1 = == _ i 1.31
o o r/c cos ¢ 5 (1.31)
OH, OH
_— = — 1.32
ot ot’ ( )
we obtain
1 — OH rcos¢ OH\ do
Hp = — H cos —t — — | —. 1.
o 47T/a< Cos¢+7‘6n+ - 8t> 2 (1.33)
If we define
m(P,t) = m(P,t+r/c), (1.34)
and
Hy(Pit) = H <P,t+ Z) : (1.35)
the differential equation satisfied by Ho becomes
2 0?H. 2 OH.
2 2 2
Hy = —— + — —=, 1.
Vo c Orot + rc Ot (1.36)
Similarly, we now find
1 = OH rcos¢ OH\ do

3. INTERACTION ENERGY OF TWO
ELECTRIC OR MAGNETIC CHARGE
DISTRIBUTIONS

Let us consider two electric or magnetic charge distributions located in
different regions of space. Let o be a surface (which may be simply-
connected or not) bounding the space region & which contains all the
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charges of the first distribution and no charges of the second distribution.
Let V' be the potential of the field E produced by the first distribution
of charges mqy,mo, ..., m, located at points P, P,...,P,. Let V' be
the potential of the field E’ produced by the second distribution. With
obvious notations, we have

U=> mV, (1.38)
=1

and, by applying Eq. (1.8),

n

1 n m; m;
U = e /U (V’ Z — COs ¢; + E; Z r) do, (1.39)

2
=1 T i=1 !

where E, is the component of E’ along the inward direction perpendic-
ular to 0. Now we have

n
E2’(:08(151' = E,, (1.40)
i=1 't
n M
— =V, (1.41)
— T

=1

where FE,, is the component of E along the outward normal to ¢. By
substitution, we find the relevant formula
1

U = 4—/ (E.V' + E\V) do. (1.42)
T Jo

4. SKIN EFFECT IN HOMOGENEOUS
CYLINDRICAL ELECTRIC
CONDUCTORS

Let us consider a cylindrical conductor whose cross section (assumed to
be circular) is small with respect to the length of the conductor. The
potential can then be considered uniform on any given cross section,
and the current density as depending only on the distance a from the
axis. Let us denote by I = I; + il5 the complex quantity® representing

3@ The author is considering a conductor in which there flows an alternating current of
frequency w.
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the current intensity flowing through a circle that is coaxial with the
cross section of the conductor and has radius a. Let us indicate by
D = Di + iDs the current density at a distance a from the axis, with
1 the magnetic permeability of the conductor, A the radius of the cross
section and p the electric resistivity. Then the “counter-electromotive
forces”* per unit length along a current line at a distance a from the
axis, due to the Joule effect® and to the variation of the induction in the
conductor, are

Dp (1.43)

and

AT
2pwi / —dz, (1.44)
a X

respectively. Since all other electromotive forces are equal for the differ-
ent current lines, we can conclude that

A
Dp+2pwi / (I/z)dz = constant. (1.45)
a
By differentiating, we then find
v
pdD = 2pwi—da. (1.46)
a

We can consider I and D as functions of s, the area of the circle having
radius a, since

dfl

D = — 1.4
z (1.47)
d d

0 &0 = &8 (1.48)
a s
which yields
df I
pdg = NWZ; ds, (1.49)
or equivalently
d?rI pwi I
- = -, 1.
ds? p s (1.50)
By setting
p = B (1.51)

4@ That is, the forces blocking the flow of the current.
5@ In the original manuscript, the Joule effect is called an “Ohmic effect.” However, we prefer
to use the widely-known terminology of Joule effect.
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we get

2

47 = z£ (1.52)

dp? p
This equation clearly shows that p is independent of the fundamental
measure units of the electromagnetic system. Therefore, to make the
computation easier, given that p is proportional to s, we choose the
length measure unit in such a way that p = s, without altering p. Since
I = 0 when p = 0, we can easily integrate Eq. (1.52) using a series
expansion. Remembering that I = I; 4+ il», we find

1 3 1 5 1 7
L, = m (p— 2.3P +4!2_5p ~ ez P —i—...), (1.53)
L = m (1])2 _ ] pt+ ! p® — p8+...> (1.54)
2 312.4 512.6 712.8 ’

wherein m is a constant factor that may be chosen to be real after an
appropriate shift of the origin of time. Given our convention p = s, by
differentiation with respect to p, we get

1 2 1 4 1 6
1 1 1
D2 = m( —3!2]734-5)!2]75—,7!2]?74-...). (156)

The mean heat per unit time dissipated along a length ¢ of the conductor
due to Joule effect is

1 2 p 1 2 1 4 1 6 2
Q1 = 3™ p€/0 [(1—2!210 +—4!2p — 2P +...
L g 1 5 1 7 ?
+ (p_gﬂp +@p ~ 7P —i—) dp. (1.57)

Instead, the heat that would be produced if the current was uniformly
distributed is given by

1 4,1 1, 1 1 . )2
@ = gmry [( sl T sl T e T

1 1 1 1 2
+ (p2 - pt+ o p8+...> ] . (1.58)

2P T 3pg? Trpel T 7eg
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Table 1.1. Some values for the skin effect (see the text).

p Ry /R
1 1.0782
2 1.2646
3 1.4789
4 1.6779
6 2.0067
10 2.5069
24 3.7274
60  5.7357
100 7.3277

Denoting by R; the apparent resistance of the conductor in the AC
regime and by R the resistance in the DC regime, we find

D 1 ) 2 1 3 2
Rl Ql /0 [(1—2!210 +) —|—< —ﬁp —|—) dp

R Q 1( L5 >2+(12 L4 )2'
D orzgl T of T3l T

(1.59)
Both the numerator and the denominator in its r.h.s. may be expanded
in power series of p. By performing this expansion and dividing by p,
we find

1+ l 2 + 4 + 1 6 + 1 8 I
o at? Topg? Tapg? Tapgf T (1.60)
By Ly by Lopey Lo

By relaxing the constraints on the measure units, in this expression we
have p = pws/p = plw/R or, using the Ohm as the resistance measure
unit and m as the measure unit of length,

 pwl 2nfpul
~ 10'R  10'R°
In Table 1.1 we report some values of R;/R for different values® of p .

For small values of p (p << 1), we can use the expression

| el _
R METE AT R

(1.61)

6@ Notice that the author used Eq. (1.60) to obtain the values in this Table up to p = 6 and
then invoked the expansion (1.62) to complete the Table.



10 ETTORE MAJORANA: NOTES ON THEORETICAL PHYSICS

while, for large values of p,

-1
R [T 1 3 /([
& = \/2p+4+64< 2p> (1.62)

or, in the simplest case,

Ro_ T

rR - V2P T w
where the last but one equation yields practically exact results for p > 10
(relative error less than 0.0001).

(1.63)

5. THERMODYNAMICS OF
THERMOELECTRIC CELLS

Let us suppose that a unitary quantity of electricity” can be related to
some amount of entropy S which depends on the nature and on the
temperature 1" of the conductor. If a quantity of electricity ¢ flows in
the conductor, its entropy varies from ¢S to ¢(S+dsS), where dS can be
either infinitesimal or finite, depending on the equal or different nature of
the conductor’s ends. If we neglect the Joule effect, which can be taken
into account separately, the motion of the charges inside the conductor
should be considered reversible, and therefore the entropy increase ¢d.S
can be related to the absorption of a quantity ¢7'dS of heat that takes
place where the nature of the conductor changes or, in a homogeneous
conductor, where the temperature changes (Thomson effect). Thus, if ¢
electric charges flow through a closed circuit, the total absorbed heat is

q / TdS,

where the integral over the whole circuit is, in general, different from zero
only if the temperature is not equal in all the elements of the circuit and
if there are at least two different elements. Thus, if F is the mechanical
equivalent of heat, energy conservation requires an electromotive force e
to appear in the circuit:

e = E/TdS. (1.64)

7@ That is, for instance, a quantity of electric charge (flowing in a conductor) corresponding
to the chosen measure unit.
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From this, the fundamental laws of the electric cell follow.

6. ENERGY OF AN ISOLATED
CONDUCTOR

Let o be a conducting charged surface with unitary electric charge, k the
surface charge density, € the energy of the system, and V' the potential of
the conductor. Now suppose that the surface o deforms into the surface
o1, with surface charge density ki, energy €1, and potential V. Let ey
be the mutual energy of the two distributions and e(k — k1) the total
energy of the first distribution and of the second one with reversed sign.
Clearly, we have

elk—Fki) = e+ € — em. (1.65)

Let us assume that o is completely external to . The potential of the
field produced by the distribution ki will be equal to Vi in all points
of o, so that we’ll have €, = V1, and, since ¢; = V1/2, ey = 2¢;. By
substitution, we obtain

e —e = elk—k). (1.66)

Assuming that o1 is very close to o, the field produced by the difference
of the two distributions is zero inside o, finite between o, and o1, and
infinitesimal outside o1. Thus, the energy per unit volume of such a field
is zero inside o, finite between o and o1, and a second-order infinitesimal
outside o1. Since the distance between o and o7 is a first-order infinites-
imal, if we neglect infinitesimals of order higher than the first, we should
only consider the volume energy contained between ¢ and o;. But in
this region the field produced by the second distribution is zero. Con-
sequently we can say that, for an infinitesimal variation of o, as long as
the resulting surface is completely external to o, the electrostatic energy
decreases by an amount that is equal to the energy that was originally
contained between o and the new surface. This can also be stated in a
different way. Let do be an element of ¢; the volume element between
o, 01, and the normals to the boundary of do is do-da, quantity da
being the distance between the two surfaces ¢ and o1. Neglecting in-
finitesimal quantities, the magnitude of the field inside such an element
is 4wk = F, so that the energy contained in the element is F'(k/2)doda.
On the other hand, kdo is the charge dm distributed on do, and thus
F(k/2)doda = (dm/2)Fda. By integrating over all the space between
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o and o1, we find
1
€ — € = —de = i/F-éadm, (1.67)

and
V-V = -6V = /F-éadm. (1.68)

It is very easy to see that this equation holds even when o is not entirely
external to o, as long as F' is the force external to ¢ and the sign of da
is positive or negative, according to whether o; is locally external or
internal to o.

7. ATTRACTION BETWEEN MASSES
WHICH ARE FAR APART

Let us consider a system of gravitating masses mq, mo, ..., m, located
at points Py, Ps, ..., P,, respectively. Let O be the center of mass of the
system and m its total mass. Let us fix a Cartesian reference frame with
origin in 0. The potential at point P, defined by the coordinates x,y, z
is

vo— )2}—1/2

NE

mi (=2 + =y + (z — 2
1

<.
Il

I
M=

~1/2
m; {x2+y2+z2 —2(3::1:,~—i—yyi—kzzi)—i—x?—kyf—kzﬂ .
1

<.
I

Denoting by r the distance between P and O, and with «, 8, the di-
rection cosines of the straight line OP, we will have

~1/2
m; [7"2 —2r(ax; + Byi + vzi) + 37+ yi + zﬂ

[M]=

V prm—
1

.
I

S| =

me [1 = @)+ By + vz + (0 + 02+ 2807

1

n
1=
If r is infinitely large, then the quantity inside the square brackets differs
from unity by an infinitesimal of the same order as 1/r. On performing
an expansion of this quantity in powers of such infinitesimal up to the
fourth order and neglecting in the sum third-order terms (because of the
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1/r factor), we get
1
r

M=

1 n
vV = mi + 3 > milaw; + By + v2)
i=1

1

1 « 3 1
+T—3 21 m; [2 (ax; + Byi +v2)* — 5 (w? + 7 +zi2)] :
=

.
I

On noting that >, m; = m and >, m;z; = >, my; = >; miz; = 0 and
transforming the last term in the previous equation, we find

m 1 & 3
Vo= T (et ad) - g (2204 )

+ BP(x? + 22) + (2 + yi) — 2087y — 20yTi2 — 25’7%‘%” .

Thus, introducing the polar moment of inertia Z,, with respect to the
center of mass of the given system and the moment of inertia 7 of the
same system with respect to the direction OP, we find
m 1 3 1

We can then say that the potential at large distances generated by a
system of Newtonian masses is determined, up to fourth-order infinites-
imals, by the mass and by the moments of inertial (the “inertia central
core”) of the system. Since, as Eq. (1.69) shows, up to third-order terms
we have V/m = 1/r, then in the second term of (1.69) we may replace
1/r with the approximate value V/m. On solving the equation with
respect to 1/r, we get, up to fourth-order terms,

1 v v 3
- = — - — |, - =T 1.
r m  m < L) ) ’ (1.70)
or, taking the reciprocal of both sides, to second order we find
m \% 3

Since it is always possible to find an equivalent body (“omeoid”) having
the same mass and the same “central core of inertia” as the given system,
we can conclude that the equipotential surfaces of the field produced at
large distances by any mass distribution are, up to second-order terms,
ellipses that have a common focal point and whose axes coincide with
the principal axes of inertia of the mass distribution; at first order, the
equipotential surfaces are spheres centered at the center of mass.
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8. FORMULAE

In what follows, we denote by S a region of space enclosed by a surface

(1) V-(mF) = mV-F+ Vm-F,
(2) V.-ExF = VXExF — ExVXxF,
(3) V (mn) = mVn+nVm,
(4) V2 (mn) = mV?n 4+ 2Vm-Vn + nVim,
(5) VxVxE = —V?E + VV.-E,
(6) 8 /Enda = /SV~EdS,
(7) /mEnda = /S(mV-E-l-Vm-E) ds,
(8) /ando = /SVdeS,
9) /pnda = /SVpdS,
(10)
/anda = /S <8aqxl + aaqy'] + a;;) ds, if q is a homography,”
(11) VxmF = mVxF + VmxF,
(12)

8@ E,, denotes the component of the vector E along the outward normal n to the surface o.
9@ 1, j, k are the unit vectors along the coordinate axes z, y, z, respectively.
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_ Oqi | 04j 3qk>
/UOqunda = /S[OPx(ax + dy + 9%

—i—ixgi—i—jxqj—i—kqu} ds,
(13) /EEnda = / (EV-E—ExVxE+ ;VEQ) ds,
o S

(14) /(EEH—;E2n) do = / (EV-E — ExV xE) dS.
o S

(15)  Let it be Uy = Uy (w1, 2, z3) and!®
T = l’l(l‘, Y, Z)? €T2 = 1‘2(9%,% Z)v xr3 = 333(565 Y, Z)' (172)
By setting U(x,y, z) = Ui (21, x2,x3), we deduce

0%, 0*U;

2 _ 2 . .
veU = 83;'% |VZ‘1’ +...—|—axlax2 2V x1-Vag + ...

8U 1 ) aU 1 2 aUl 2
+-—V 2y + — V729 + — V7z3. 1.73
8371 ! 83?2 2 8%3 3 ( )
Similar formulae hold for transformations involving spaces with an arbi-
trary number of dimensions and also for transformations among spaces
with different dimensionalities.

9. ELECTRIC LINES

Let r,L,C, and g be the resistance, self-inductance, capacitance and
dispersion per unit length of an electric line. Let us assume that they are
constant. If an (alternating) current of frequency w/27 is flowing along
the line, the general expressions for the (complex) current intensity!'! i
and for the potential V at a distance x from a point O of the line (chosen
as the origin), are

V= A coshpr + B sinhpz, (1.74)
i = —Agqsinhpr — Bq coshpzx. (1.75)

10@ In the original manuscript, the author used both notations x1, z2,z3 and z1,y1, 21.
1@ Here, v/—1 will be denoted by j.
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A and B are arbitrary constants, whereas

p = Vr+Lwjvg+Cwi, q = g+ Cwj/\/r+ Lwj.
Let ¢ be the length of the line and Vj = V(z = 0), V; = V(x = {),
io = i(x = 0), and i1 = i(x = £). Let us also suppose that Vj is known
and that the line is closed on a (complex) resistance R.
On putting z = 0 in Eq. (1.74), we find

Vo = A, (1.76)

while for x = ¢, with the value just found for A, we get
Vi = Vycoshpl + B sinhpt, (1.77)
1 = —Vyqsinhpl — Bq coshpt. (1.78)

Since under our conditions it is V7 = Riq, we have

Vo coshpl + B sinhpl + Vy Rq sinhpl + BRq coshpl = 0, (1.79)
that is,

cosh pf + Rq sinh p/
B = —Vy— .
sinh pf + Rq cosh pf
On substituting the last expression into Egs. (1.74) and (1.75) and
letting « take appropriate values, we easily find the following expressions:

cosh pl + Rgsinh pl

(1.80)

g = 1.81
‘0 04 sinh pf + Rq cosh pf’ (1.81)
Vo Rq
= 1.82
Vi sinh p/ + Rq cosh pl’ (1.82)
. Vog
= ) 1.83
“ sinh pl + Rq cosh pl ( )
Some particular cases follow:
m For R = oc:
. sinh pf
= —_— 1.84
20 09 cosh pf’ ( )
Vo
= — 1.
Vi cosh pt’ (1.85)
i o= 0. (1.86)
s For R=0:
. cosh pf
= — 1.
‘0 09 Ginh pl’ (1.87)
i =0, (1.88)
iy = 4 (1.89)

sinh p¢”
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s For'? r =g =0:
cosVLCwl + jRy\/C/L sin v LCwl
iv = Vor\/C/L Caiahetd ,
R\/C/L cos VLCwl + jsinV LCw/
vC/L
Vi = Yo Rt VO 7 (1.91)
R\/C/L cos VLCwl + jsinV LCw/
vC/L
i = Yo VC/ . (1.92)
R\/C/L cos VLCwl + jsinV LCw/

m Forr=g=0and R = o0:

sinv/ LCw?
o = Vo/C/Lj——— = /C/Ljtanv LCwt, (1.93
10 0 /L] cos VLCOw/ /Lj tan wh, )
Vo
n = ———, 1.94
! cosvVLCw/t ( )
. (1.95)

i1 = 0

m forr=g=R=0:

c 1
0 = —Voyloi 1.96
10 VI tan vVICwt (1.96)
Vi = 0, (1.97)

1

C
1 = — Vol — ] ——. 1.98
" 0 \ L J sin v LCw? ( )
H 13

12@ In the original manuscript, the expression for 1 is lacking.

13@ At this point, a crossed out page occurs, whose content is the following:

“If Z is the impedance of the line considered and Y the transfer admittance, denoting by Vo,
and ip the input potential and current, respectively, and by V1, and i1 the output potential
and current, we have

Vi = VycoshvYZ + ioé sinh VY Z, (1.99)
ii = iocoshV¥YZ + Vog sinh VY Z. (1.100)

After performing a series expansion, the first terms read

Vo= W (1 4 %) vz (1 + %) (1.101)
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10. DENSITY OF A SPHERICAL MASS
DISTRIBUTION

Let us consider a mass distribution (obeying Newton’s law) on a spherical
surface whose density K is not constant. Denoting by Vy and Ky the
potential and the mass density, respectively, at point Py, with V the
potential in an arbitrary point P at a distance d from Py and with r the
radius of the sphere, the following relation holds:

1 _
Ky = (VO +/ Yo Vda>, (1.107)

ar \ r wd?

where the integral is evaluated over the entire spherical surface.

11. LIMIT SKIN EFFECT

Let us consider a conductor having uniform cross section (but arbitrary
shape) in which an AC current is flowing. As the frequency of the cur-
rent increases, the current flows inside an increasingly thin surface layer
of the conductor. In the limiting case, we may think of the current as a
purely surface phenomenon and consider a linear current density, defined
as the current intensity flowing through a length of the conductor cross
section edge. In the extreme situation, for a given total current inten-
sity, the surface current density inside the conductor is zero and, clearly,
the magnetic field vanishes as well. Now, the magnetic field inside the
conductor is due to the current flowing on the surface and to the mag-

L YZ YZ

i = i (1 + 7) Y (1 + 7). (1.102)
The T—network method should give

Vi o= Y (1 + %) +ioZ (1 T %) (1.103)

i = g (1 + %) + WY, (1.104)

while with the II—network method we obtain
YZ
Vi = VW (1 + 7) + 0 Z, (1.105)
YZ YZ
io (1 + 7) F Y (1 + T). (1.106)

i
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netization of the conductor (if this is a magnetic one) in the thin surface
layer where the current is flowing. The second contribution to the mag-
netic field tends to zero, because the volume of the considered surface
layer tends to zero, while the magnetization magnitude doesn’t increase
indefinitely. It then follows that inside the conductor the field produced
by the current is also zero in the limiting case. Let us decompose the
current that flows through every element of the boundary of the con-
ductor into two components, one with zero phase and the other having
phase equal to 7/2. Inside the conductor both the field due to the first
component and the field due the second component must vanish. We
can replace the elementary currents of equal phase with elementary DC
currents having the same effective intensity; the field due to the former
is the same as the effective field due to the latter. It is well known that
the magnetic field produced by a set of parallel and rectilinear DC cur-
rents is orthogonal and numerically equal to the electric field generated
by a set of charges distributed along straight lines coinciding with the
current axis and having linear charge densities numerically equal to the
current intensities. In our case, if we replace the elementary currents
flowing through the edge of the cross section of the conductor with such
charge densities, we have a surface charge density distribution on the
whole conductor that is numerically equal to the linear current density.
On the other hand, such a distribution must produce no field inside
the conductor, so it must be the same as the distribution of an isolated
charged conductor. This distribution is perfectly determined up to a
constant factor, and since its surface densities are proportional to the
linear (phase 0 or phase 7/2) current densities, we can conclude that:

(1) The elementary currents that flow on the surface of the conductor
all have the same phase.

(2) The linear densities of these currents are proportional to the sur-
face density (which has to be computed on the surface elements
where the currents are flowing) of a certain charge distribution as
in an isolated charged conductor.

Let us now study the dependence of the surface current density upon
the depth of the thin conductor layer. Since the thickness of this layer is
infinitesimal, we can assume the surface of the conductor to be a plane
in a region having a large extension with respect to its thickness, so
that both the current density and the field are functions of the depth
of the layer only. Let us fix a right-handed Cartesian reference frame
with origin on the surface, its z axis along the direction of the current
and its z axis along the inward direction normal to the surface. Clearly,
neglecting small quantities, the magnetic field is aligned with the y axis,
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even though its orientation does not necessarily coincide with it. If u
is the (complex) current density, H the (complex) magnetic field, and
p the electric resistivity, neglecting the displacement current which has
no relevant role, Maxwell’s equations take the form

OH

— = —4 1.1
P U, (1.108)
ou Hwj

— = ——H. 1.109
P p (1.109)

If the permeability is constant, we obtain the equation

0? 4 j
guv _ TTRYT, (1.110)
022 p

whose general solution is
u = aeVZH/p(IHi)z 4 eV 2muw/p(1+)) 2 (1.111)

The first term of the expression above must have a zero coefficient, since
it diverges for large z; thus we’ll have

u = uge V2mrw/p(4i)z, (1.112)

This equation represents a damped wave travelling from outside to in-
side. The damping factor is equal to the dephasing constant, as for heat

propagation, and it is \/2muw/p = 27/ pf/p. The wavelength and the
propagation speed are, respectively,

2mp p
A= =L = /5, 1.113
pw wf ( )
v o= fr= 2L (1.114)
1)

while the linear current density is

0o D uo
d = / udr = — 1.115
0 AT pw /5 ( )

1 1% uQ A uo

— ) — —= = —. 1.116

2w\ i V5 23 Ve —
It follows that there is a 45° phase difference between the whole current
in the conductor and the current flowing in the outer surface layer. In
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mechanical measure units, the heat per unit time and unit conductor
surface produced by the Joule effect is

o0 o0
q = /0 plul?dz = \u0]2/0 pe dmVit/rz g,

2 1 P
| Y |uo
We shall call equivalent a layer of thickness s such that the same quantity
of heat is produced when a current flows in it with uniform density at
any depth. Then, we would have

A
= pluo 222 (1.117)

Id\Q 2 A
— — 1.11
P p’u0| A’ ( 8)
and, using Eq. (1.116), we deduce that
A 1
s= > = |2 (1.119)

27 2n \ uf

As far as the Ohmic resistance is concerned, the current flows inside the
equivalent layer with a density that is independent of its depth but which
varies along the boundary of the conductor. Thus, it is not correct to
compute the resistance per unit length by dividing the resistivity by the
area of the cross section of the whole equivalent layer. This is correct
only if the cross section is circular, while in all other cases this method
underestimates the real values.

Let us now consider a conductor with a circular cross section of radius
r. The equivalent cross section has the shape of a ring, with outer
radius 7 and thickness s; its area is then 27rs — ws?. Note that s is
infinitesimal and that it was determined in first approximation, i.e., up
to second-order terms. Consequently, in order to prove the consistency
of Eq. (1.119) under inclusion of the term 7s? in the expression for
the area above, we should reason as follows. Let us denote by A the
area of the equivalent cross section. Then, by using Eq. (1.63), we find
approximately

\/7 1/’;:;’ \/> . (1.120)

On multiplying by A (which is a first order infinitesimal) and dividing
by the r.h.s. term (which is a first-order infinite), we ﬁnd up to third-

order terms,
R i SR SR
- 1
7rm/7+1 dnr \ pf

A
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1
e (1.121)

pf o Amopf’
and, from Eq. (1.119), we finally get

A =2rrs — s = 2m (T‘ - ;) S, (1.122)

as we anticipated.

Let us now turn to cross sections of arbitrary shape. Our method
will be that of considering, as far as the resistance is concerned, circular
equivalent cross sections for infinitely large skin effect. We must note,
though, that, as the frequency goes to infinity, such equivalence holds,
in general, only to first order. Thus, by computing the radius of the
equivalent circle and the cross section of the equivalent layer using Eq.
(1.122), we will be making a second-order error and not one of order
three, as we may think from Eq. (1.122). Despite the fact that the error
that we make in estimating A by Eq. (1.122) is of the same order as
—ms?, nevertheless it is better to take into account such a term, as this
yields a better approximation.

Apart from a constant factor, the heat produced per unit time and
unit length of the conductor by the linear current density d and by each
element d/¢ of its boundary is d?d/, so that the total heat per unit length
and time is

Q = c/d2d€, (1.123)

while the total current intensity is
i = / ddr. (1.124)

On replacing the given cross section with the equivalent circle of length

p, we find
1 2
Q=c, (/ ddz) , (1.125)

p = (/ dd£)2// d2de. (1.126)

(1.127)

from which one gets

In all cases, we have

S
IN
~
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Table 1.2. Some values for the radius r of the equivalent circle for the limit skin
effect in a conductor with elliptic cross section (with semi-axes a and b). In the last
two columns, the radii 74 and r, of the circles having the same area and the same
length, respectively, of the elliptic cross section are also reported.

=
<

TA Tp
0.9 0.949 0.949 0.951
0.8 0.897 0.894 0.903
0.7 0.843 0.837 0.857
0.6 0.787 0.775 0.813
0.5 0.728 0.707 0.771
0.4 0.666 0.632 0.733
0.3 0.598 0.548 0.698
0.2 0.520 0.447 0.669
0.1 0.425 0.318 0.647
0 0 0.637

e e e e e T S = e

o

12. LIMIT SKIN EFFECT FOR
SIMPLY-SHAPED CONDUCTORS.
HINTS FOR ARBITRARY SHAPES

12.1 Elliptic Cross Sections

As is well known, the quantity d introduced in the previous Section is
proportional to the projection of the position vector on the direction
normal to the conductor surface. Let us consider a conductor with el-
liptic cross section, whose semi-axes are a and b; then, at an arbitrary
point (acost,bsint), we have,

c
d = , (1.128)
VaZsin?t + b2 cos? t

d¢ = \/a2sin2t+b2cos2tdt, (1.129)

where c¢ is a constant. If we denote by r the radius of the equivalent
circle, we get, from Eq. (1.126),

2w dt -1
p = 2nr = 4rn’ : (1.130)
0 VaZsin2t + b2 cos?t
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Fig. 1.2. A regular section of a conductor on which a wave-like edge has been
superimposed.

or, restricting the integration to 1/4 of the ellipse:

-1
27 dt
r= = . (1.131)
2 \Jo Va2sin?t + b2cos2t

In Table 1.2 we report some numerical values for r. From this Table
we see that the equivalent circle is always better approximated by the
circle having the same area as the cross section, rather than by the
one with the same length; although the ratio between the radii of the
equivalent circle and the circle having the same area tends to infinity for
infinite eccentricity. Nevertheless, for b/a = 0.1, this ratio doesn’t reach
the value 1.35. The suggestion of some authors of replacing an irregular
cross section with the circle having the same length, rather than with the
circle of the same area, seems then erroneous, even as an approximation.
This conclusion is confirmed by the following discussion.

12.2 Effect of the Irregularities of the Boundary

Let us assume that a cross section with a regular boundary (i.e., one
with a radius of curvature that is never too small with respect to the
dimensions of the cross section) is replaced with another cross section,
nearly overlapping the first but with a wave-like edge. It is clear that the
area enclosed by these two differently shaped boundaries will be nearly
the same, whereas their length might be significantly different. The
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Fig. 1.3. A small part of the section of Figure 1.2 (see text).

question to be addressed is how these differences are reflected in the
apparent resistance in the regime of an infinite skin effect. To facilitate
the calculations, we shall assume that the wave pattern superimposed on
the regular edge is infinitely small. Consider a small part of the boundary
of the regular cross section, containing however many oscillations of the
edge wave pattern. Let the conductor be charged with a charge ¢ per
unit length; if d now is the charge density, the length of the equivalent
circumference will be (cfr. Eq. (1.126))

p=q (/ d2d€)_1. (1.132)

Apart from a factor 27, the term d2d¢ has the same numerical value as
the electrostatic stress on the surface element!* dé-@t. It is thus clear
that the charge distribution does not vary much if we take the irregular
edge instead of the regular one, as long as we consider parts of it that
are long enough to contain many oscillations.

It follows (see Fig. 1.3) that the same electrostatic stress acts on the
plane'® 3 ® @ relative to the regular cross section as well as on § ® @

4@ The unit vector @ represents a generic direction at the considered point of the edge.
15@ Using an analogy with the electrostatic stress, the author needs a it surface on which
this acts. It is defined as that surface that contains the edge of the cross section (which is a
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relative to the wavy one. However, in the first case the resulting stress de-
rives from the composition of nearly parallel elementary stresses, whereas
in the second case the elementary stresses are pointing in different direc-
tions. It then follows that in the latter case the arithmetic sum of the
elementary stresses is larger. Consequently, from Eq. (1.132) we deduce
that p, relative to the irregular cross section, is larger than the corre-
sponding one for the regular section, whilst the radius of the equivalent
circle is smaller. By combining this result with those we derived above
for elliptic cross sections, we can intuitively conclude that, for a rather
long cross section with small irregularities (such as that of a railroad),
the radius of the equivalent circle is only slightly larger than that of
the circle having the same area as the cross section, while it is sensibly
smaller than the radius of the circle having the same length.

13. HYSTERESIS IN MAGNETIC
CONDUCTORS IN THE LIMIT SKIN
EFFECT REGIME

The results in Sec. 1.11 for the limit skin effect were obtained by as-
suming a constant magnetic permeability and neglecting hysteresis. To
some extent the effects of hysteresis can be roughly taken into account
by introducing a phase delay « in the induction field with respect to the
magnetic field. Using the notation of the symbolic method, the quantity
w, which is the ratio between different AC quantities having different
phase values, is imaginary and has argument —a, which we shall regard
as constant in order to facilitate the calculations. Let us write p as

po= ppe . (1.133)
All the formulae in Sec. 1.11 in symbolic notation will still hold as long

as  is treated as a complex number. If we then insert Eq. (1.133) into
Egs. (1.112) and (1.115), we get

u = ug exp{—2m\/pof/plcos(45° —a/2) 4 jsin(45° — a/2)] z} (1.134)

one-dimensional line, which thus does not suffice to define the surface) and an auxiliary unit
vector. In the same manner, a surface is also defined in the case of a wavy-edge cross section.
The unit vectors § and 8’ are the curvilinear abscissas on the “regular” and the “irregular”
edge, respectively.
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and

uo P ! . a
= — 45° — — | — 45° — — )| . 1.1
27\ 20 [cos( 5 2) J sm( 5 2)] (1.135)
It follows that the delay between the current and the electric field on
the surface of the conductor is 45° — a/2. Equations (1.113), (1.114),
and (1.119) then become

_ [r 1

A= 2u0 f sin(45° — a/2)’ (1.136)
_ |rL !

v 210 sin(45° — «/2)’ (1.187)

L /p P
2
= 1.1
« ol A\ 2up f cos(45° — a/2)’ (1.138)

_ cos(45° — a/2) p
s1 = - ‘/2uof' (1.139)

From Egs. (1.136) and (1.139), it follows that the hysteresis increases
the wavelength and decreases the losses due to Joule effect. However,
the quantity ¢; in Eq. (1.138) is the heat due only to the Joule effect,
and in Eq. (1.139) s; is not the true thickness of the equivalent layer,
but only the one related to the Joule effect. We shall then denote by
q the total energy loss and by s the thickness of the actual equivalent
layer, also accounting for hysteresis. The energy flowing in a unit time
through the surface of the conductor that is transformed into heat is, by
the Poynting theorem,

EH
47
where FE is the effective electric field at the surface of the conductor,
H the effective magnetic field, and ¢ the phase difference between the

electric and magnetic fields. In our case we’ll have

q = Ccos ¢, (1.140)

E = Ju|p, (1.141)
17

H = 4r|d = 2u : 1.142

= 207 (112)

6 = 450—%, (1.143)

and thus

2
pludl 1/ P cos <45° - oz>’ (1.144)
27 2u0 f 2
1 [P
= . 1.145
§ 27 cos(45° — a/2) \ 2up f ( )
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Denoting by go the heat related to hysteresis only, we get

pluol® [P sin o
= — = 1.146
© - a 4m 2p0 f cos(45° — a/2)’ ( )

2 _ sna. (1.147)

q1

Introducing then the heat ¢¢ that would be produced for the same
current if there were no hysteresis or for the same value of |ug| [which is
the same, because of Eq. (1.135)], we find

1
o = p|u0125,/r§f, (1.148)

q o' .«

- = — — 1.149

“© cos + sin 5 ( )

GO—q sina /2 +.COSOz/2 - 1. (1.150)
Q2 sin

From the last equation, we note that for a small hysteresis one half of the
loss due to hysteresis is compensated by the decreased loss due to the
Joule effect; in the strong hysteresis regime this balancing is relatively
smaller. From Eq. (1.147) we can also see that the ratio between the
loss due to hysteresis and that due to Joule effect is independent of the
frequency.

Finally, we observe that if on a straight line we consider the points
OaQOana and Q7 with @O = 4o, Oin = 41, @ = g, We obtain a
harmonic group.'®

14. FIELD PRODUCED BY A CIRCULAR
AND HOMOGENEOUS DISTRIBUTION
OF CHARGES IN ITS OWN PLANE?

Let 7 be the radius of a circular charge distribution whose linear density
is K. If x is the distance from the center, the field inside the circle is

16@ Such geometric properties seem to derive from Eqgs. (1.147), (1.149), and (1.150).
7@ In the original manuscript, the heading refers to Newtonian masses rather than to
charges, while the material presented both in this and in the following Section leads one
to consider charges and the electric or magnetic field produced by them. However, the re-
sults are quite general, due to the similarity between the Newton and Coulomb laws.
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given by!8

w
ot

| ©
m{m
NS
ﬁm‘H

0| ©
N =

ik

+ +> 7, (1.151)

whereas outside the circle the field is

E =

7. (1.152)

127 11620 11636

27TK<7“2 374 315+ 31535 8 )
T

In both the series, which always converge, the coefficients of the terms
(x/r)®" approach the asymptotic value 2/7 as n — oc.

15. FIELD PRODUCED BY A CIRCULAR
CHARGE CURRENT IN A PLANE

Let i be the current intensity and r the radius of the circle. If z is the
distance from the center of the circle, the field inside it is!?

H= "

r

27ri 322 315z 315 35 2
14+ 2.2 4 2.2 i . 2 1.1
( 172 I T 11636 0 )" (1.153)

while outside it reads:

omi (1 3 1
H=-"(-—=+=
r (2 x3+2

rd

29

[\)
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o
zb 24

‘%
9=

+ +...|n.

»n‘pm
ol ©

o] ©
w{w
N

OO\@
DN |

OO\@
l\D\»—\

(1.154)
The above equations can easily be derived from those of the previous
paragraph.

8@ In the following two equations, # denotes the radial unit vector. In the original
manuscript the author did not use a vector notation for the field E, and thus its direc-
tion (given by #) is not explicitly specified. Also in other places of this book the author
regarded as understood the vector directions.

19@ In the following two equations, 7 denotes the unit vector normal to the plane considered
here. In the original manuscript the author did not write H as a vector, and thus its direction
(given by ) is left implicit.
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16. WEAK SKIN EFFECT IN
CONDUCTORS, WITH AN ELLIPTIC
CROSS SECTION, HAVING THE SAME
MAGNETIC PERMEABILITY AS THE
SURROUNDING MEDIUM

For the weak skin effect, the apparent resistance in an AC conductor
may be cast in the form

R, = R, (1 + ch), (1.155)

where R, is the DC resistance and p = pw/p, with p the magnetic
permeability of the conductor and p its resistance per unit length. The
coefficient ¢ depends on the shape of the cross section and on the perme-
ability of the conductor, as well as on that of the medium; for conductors
with circular cross section, c¢ is always 1/12. When both the medium
and the conductor have the same permeability, ¢ becomes a shape coef-
ficient. In general, ¢ can be computed assuming that the difference in
the electromotive force between two current lines due to flux variations
inside the conductor is, to a first approximation, the same as that one
would observe with a uniform distribution of current. If we have an
elliptical cross section defined by the equation z2/a® + 32/b* = 1, and
if the conductor and the medium have the same permeability, then the
difference in the electromotive force between the central current line and
the line that intersects the cross section in the point (x,y) is

b a
E =2 2 2) 1.156

where u is the current density. The electromotive force is at 90° with
respect to the current. It is then straightforward to compute ¢; we find

3a2 — 2ab + 3b?

or, on setting k = b/a,
3 — 2k + 3k?

In Table 1.3 we show the value of the coeflicient ¢ for some vales of k.
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Table 1.3. Some values of the shape coefficient ¢ for conductors with elliptic cross
sections, with axis ratio k. In the last column we also report the difference between
the coefficient ¢ for a given k and for the previous k value.

k C (C(kz) — C(ki71)) X 104

1.00  0.0833

0.90 0.0838 5
0.80  0.0854 16
0.70  0.0885 31
0.60 0.09375 52
0.50 0.1019 82
0.40 0.1139 120
0.30 0.1317 178
0.20 0.1574 257
0.10  0.1949 375
0.00  0.2500 551

17. OSCILLATING DISCHARGES IN
CAPACITORS

If a capacitor with capacitance C charged with a charge @ is closed
in a circuit with a resistance R and self-induction coefficient L, then
an oscillating discharge is produced, provided that the resistance is not
too high. Let T be the period of the oscillation, ¢ the time it takes
the current to reach the maximum intensity imax, and k the ratio of the

current intensity at time ¢ and at time t—7'. On setting R; = R/\/4L/C,

the following relations are seen to hold:

(a) For Ry < 1:

27V L
p o~ 2VLC (1.159)
\/1— R?
t = Vi€ arccos Ry, (1.160)
\/1— R?
t arccos R
- = —— 1.161
T 5 (1.161)
) Q { Rt} Q arccos Ry
tmax = e —— = e —R—= 1.162
T ovie TPl T Ve T o w —
Q

o { RT arccos Ry } Q o { tRy }
= X —_——_— = X — N
VIc TPl 2L T 2n Vic “P1VIc
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TR, Ry27
k= exp{—} = exp{—}. (1.163)
VLC V1— R?
(b) For Ry > 1:
log (R1 + /R — 1)
t = VIC , (1.164)
VR -1
B
. Q ( e ) VERZ—1
lmax — —T— Ri+4Ri -1
Ve \'" !
Q {t — Ry }
Vic P\ Vic (1.165)
(c) For very large Ry:
¢ = o e _ 2Ly oR,, (1.166)
R r
_ Q ( 1 log2R1—1/2)
max - . 1.167
! JIC \2R; AR (1.167)

In Table 1.4 we list the values assumed by these quantities as R varies.

18. SELF-INDUCTION OF A VERY LONG
CIRCULAR COIL WITH MANY TURNS

If a current 7 circulates in the coil, on equating the electromagnetic
energy of the system to (1/2)Li2, we obtain

1 1 1

L = 4n®n2/ ( i+ —rirg + r%), (1.168)
2 3 6

with n denoting the total number of turns per cm, £ the length of the

coil, r1 its inner radius, and ry its outer radius. The previous equation

may also be written as
L = 47n?/8, (1.169)

with

351 +21/5153 + Ss

S = 3 )

(1.170)
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Table 1.4. Oscillating discharges in capacitors: numeric values for some quantities
defined in the text.

4L T t t

N Lo ) !
C  9nJ/IC aajic T JLC

0 1.000 0.2500 0.2500 1.000 1.000
0.1 1.005 0.2352 0.2341 0.863 0.532
0.2 1.021 0.2224 0.2180 0.756 0.277
0.3 1.048 0.2112 0.2015 0.672 0.139
0.4 1.091 0.2013 0.1845 0.603 0.064
0.5 1.155 0.1925 0.1667 0.546 0.027
0.6 1.250 0.1845 0.1476 0.499 0.0090
0.7 1.400 0.1773 0.1266 0.459 0.0021
0.8 1.667 0.1707 0.1024 0.424 0.00023
0.9 2.294 0.1647 0.0718 0.394 0.000002
1 00 0.1592 0.0000 0.368 0.000
2 0.1210 0.218

10 0.0479 0.049
100 0.0084 0.005

where S7 and S5 are the inner and outer cross sections of the coil, re-
spectively. If the relative difference between Sy and S; is not very large,
we can approximately express S as

1
S = 5 (251 +5). (1.171)

Clearly, Eq. (1.169) also holds for non-circular cross sections, as long as
the various layers of turns are uniformly stacked and have “homothetic”
cross sections.?’

19. ENERGY OF A UNIFORM CIRCULAR
DISTRIBUTION OF ELECTRIC OR
MAGNETIC CHARGES

Let R be now the radius of a circular plate @ on which the charges are
uniformly distributed, p the charge density and @ the total charge. The

20@ Namely, whose surfaces are connected by an homothety.
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potential at the center of the circle is
2
Vo = 2nRp = EQ. (1.172)

Having fixed a coordinate system Ozyz with its origin in the center of
the circle and with its z-axis perpendicular to it, the following relation
holds for the components F,, Fy, I, of the field at any point outside the
charge distribution:

0E, OE, OE,
+ +

wt e T O (1.173)

This equation is no longer valid at the position of the charges, on the
circle, since OF,/0z is infinite there. In spite of this, Eq. (1.173) can
still be used for these points, if we replace the value of OF,/0z at any
one of them with its limiting value, got by considering an infinitesimal
region near, but external, to the plane xy. Now, in general, we have

E, = pw, (1.174)

where w is the solid angle subtended by an infinitesimal area surrounding

an arbitrary point of the circle a. Thus,
0E,  Ow
9. "oz

(1.175)

Note, from this expression, that OF, /0r takes the same numerical value
(apart from the sign) as the component H, of the magnetic field pro-
duced by a current of intensity p flowing along the circumference of a.
The expression for such a quantity is known in terms of a series expan-
sion (see Sec. 1.15). On substituting it into Eq. (1.175), we can derive,
for the points inside «, that

OE.  2mp 372 3157 31535 ¢
9z R R T T TAET I
(1.176)
quantity r denoting the distance from the center.
The component F, of the field in the xy plane is radial and in this
plane depends only on r. We have

8

E, = -E, (1.177)

E, = ZE,. (1.178)

<
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Taking their derivatives and substituting them into the Laplace equa-
tion,?! we find

E. OE, 2mp 372 315 7% 31535 ¢F

T or R

R TI636 R T
(1.179)
This equation allows us to express F, as a series expansion in 7; one gets

15 ¥ 131535 r7

2 e

E—Lp +1§ﬁ+1§77+,,777+
" R\ T 24 R T3I6RT T4 41636 RS T
(1.180)
The potential at a distance r from the center will be
T
V =V - E,.dr
0
_Qfy 1 113t 1131500
R 2 R?2 2224 R' 232416 RS
1131535 0
2 42 4 16 36 RS o
_ Q[ 1 13t 131500
R 2 2 44 R 941 6
1 31535 r®
— o2 1.181
+1641 GjoL )] ( )
_ Q2/ L+ (r/R)cosa da.  (1.182)
R Jo \/1+2(T/R)C0804+(7’2/R2)
The potential Vi on the boundary is
Q 1< 8)} Q 4 Q
= =2—-—=-(4—-——=)| = == = 1.2732=. 1.183
YR =3 2 ™ R R (1.183)
The mean potential V, will be
R R
Vi, = / Vrdr/ rdr
0 0
Q[ 1 (1 1 3 1 315
= 22— -4 —2 24
R 2 1~2+434+9-441 +
L1 3153563 dn-1P-1
n?(n—1) 4 16 36 6 4(n —1)?

21@ Or, more precisely, into the first one of Maxwell’s equations.
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f- - 2] - 52 -

R 2 37 R 3m 3
4 Q

= —Vp = 1.69765 =. 1.184
Vi 2 (1184

The energy of the distribution then becomes

1 Q* 8 Q?
E=-QV, = % — = (.84883 % 1.1
AL g = 0.84883 (1.185)

Just to make a comparison, it is interesting to note that the potential
due to a charge @) distributed on a conducting circular plate of radius
R is (7/2)Q/R in the absence of other conductors. It follows that the
ratio of the energy associated with the uniform charge distribution to
the energy corresponding to the minimum energy configuration is

Vin 16/3r 32
TQ/2R /2 32 08076 (1.186)

20. SELF-INDUCTION IN A RECTILINEAR
COIL WITH FINITE LENGTH

Were the coil of infinite length, then, regardless of the winding width
and of the shape of its cross section, the field at any point P would be
directed along the coil and would have the magnitude 47ni, where 7 is
the current intensity and n is the number of turns per unit length. If,
by contrast, the coil has a finite length, the resulting field gets one more
contribution. In this case we should in fact also add the field generated
by two surface distributions of magnetic charges o1 and o9, located at
the beginning and at the end of the coil, with surface density ni and —ns,
respectively. Let us assume that a unitary current intensity is flowing in
the coil; then the densities of the distributions ¢ and o9 can be simply
written n and —n. If we now fix a reference frame with its z axis along
the direction of the coil, the components of the resulting field at an
arbitrary point will be

H, = 4nn + H.,
H, = HZ'/, (1.187)
H, = H.,
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H,, H;, H] being the contributions to the total field from the o1 and o2
distributions. The total energy of the system is

1
€= o /(H§+H5+H§)dv, (1.188)
where the integral extends over all of space. Since i = 1, it is also true
that

e =-1, (1.189)

which yields
1
L =— | (H?+H?+H?
47T/( .+ H,+H;)dV
= /47rn2dV + 1§7r/(H;2+H;2+H;2)dV + /2nH;dv. (1.190)

The first of the three terms is the self-induction Li of the coil when
its transverse dimensions are negligible compared to its length or, more
precisely, if the flux in each turn of the coil is the same as for a coil
of infinite length. The second term is twice the proper energy ¢ of the
joint o1 and o9 distributions.

As for the third term, we note that the coefficient n must be taken as
zero not only around the coil but also next to its ends. Then, the only
place where the integrand does not vanish is on the cylindrical region
that has such end surfaces as bases. On carrying out first the integration
with respect to x, and letting ¢ denote the length of the coil and S its
normal section, one finds

a+l
/ 2n H.dV = /S dydz / 2n H. dz, (1.191)
a
a being the abscissa of the lower side of the coil. Now, the integral
/ (;HE H!dz is the difference in the magnetic potential due to the o1 and
o9 distributions between two corresponding points in the outermost cross
sections of the coil. If E is the magnetic potential due to o1 and oo at
a point on the “upper” side, then, by symmetry, the potential at the
corresponding point on the “lower” side must be —FE. It is then possible
to rewrite the foregoing equation as

/ZnH;dV = — / dn Edydz. (1.192)
S

Since [¢nEdzdz = €, by substitution into Eq. (1.190), we have L =
Ly +2¢ —4¢’ = L1 — 2€/, and, on setting

L = KL, (1.193)
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we finally obtain

K=1->= (1.194)

21. MEAN DISTANCES OF VOLUME,
SURFACE, OR LINE ELEMENTS 22

(1) Harmonic mean of the distances among the volume elements of a
sphere of radius R:

dm = =R = 0.8333R. (1.195)

| ot

(2) Harmonic mean of the distances among the surface elements of a
circle of radius R:

A = %R = 0.58905 R. (1.196)

(3) Geometric mean of the distances among the surface elements of a
circle of radius R:

d = Re Y% = 0.7783 R. (1.197)

(4) Geometric mean of the distances among the elements of a rectilin-
ear segment of length a:

dw = Re™? = 0.2231a. (1.198)

(5) Arithmetic mean of the distances among the surface elements of
a circle of radius R:
128

dn = — R = 0.9054 R. 1.199
451 ( )

(6) Root mean square of the distances among surface elements of a
circle of radius R:

dn = R. (1.200)

22Gee Sec. 2.38.6.
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(7) The n-th root of the mean value of the n-th power of the distances
among the surface elements of a circle of radius R for even and
odd n, respectively, are

16 135+ (n+1)
dnw = 2R . (1.201
\/(n~|—2)(n+4) 2:4-6- - (n+2) ( )
32 24:6 - +(n + 1)
dm = 2R . (1.202
\/w(n+2)(n+4) 3:-5:7+(n+2) ( )
22. EVALUATION OF SOME SERIES?3
2 173 2 1 /315 2
1 -2 (2-2) (222
@ ( w>+2(4 7r> 3(416 77)
4log2 — 2
= = 1.2
o/ (1.203)
) 14 1 § + 1 3-15 n i 3-15-35 n i 3-15-35-63 n
44 9416 16 4-16-36 25 4-16-36-64
8
=4 - —. 1.204
> (1.204)
g L1, 113 11315 113158
212 3224 432416 5 42 41636
= 4- g, (1.205)
3T
11 2 (1.206)
4 1+4-+=-4... = —. ’
4) + 4 + 9 + 6
24 o1 1 (1.207)
14—+ —=—+4+—... = 1.2021.
() +t3+t ot a 0

23See Secs. 2.28 and 3.1.
24@ In the original manuscript, the sum of this series, which is the Riemann ¢(s) function
for s = 3, is not reported.
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PRI SO SO
16 81 256 7 90
2 ].
l4+az+z2+... =
11—z
2 3 _ T
1
x4+ 422 +92° + 162 + ... = u
(1—x)?

1+4 2
x+ 822 + 272 + 64zt + ... = —:U( +dz +27)

(1—a)t
inz 4+ ~ sin3z + - sin5z + L oo<z<
in —sin — sin el = — .
sinz + 7 sindz + ¢ sin 5z 1 r<T
1 1
sinm+§sin2m+§sin3x+... = 77—;-:5’ 0 <z <2m.

cosx + cos2x + cos3x + ...+ cosnx

sin(n+1/2)z 1

2sinz/2 2
sin2x+sin22x+sin23x T—x O<a<
.=z <7
1 4 9 2
.9 +sin23x+sin2 5x+sin2 7x+ ™
sin“ x .= —xT
9 25 49 47
0<z<m/2
cos:z+cos2x+0053x+ 1 5, m n 1 5
o= = — —x + =
1 4 9 4 2 ™
0<x<2m.

(1.208)

(1.209)

(1.210)

(1.211)

(1.212)

(1.213)

(1.214)

(1.215)

(1.216)

(1.217)

(1.218)
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23. SELF-INDUCTION OF A FINITE
LENGTH RECTILINEAR COIL WITH
CIRCULAR CROSS SECTION AND A
FINITE (SMALL) NUMBER OF TURNS?

Let us consider a coil with IV turns, length ¢, and diameter d; its self-
induction coefficient can be cast in the form

2
L = Knr? d2N7, (1.219)

where K is a numerical coefficient lower than 1 and approaching 1 as the
ratio d/¢ decreases. This coefficient can be computed from an expression
given in Sec. 1.20. If d/¢ < 1, we can use the series expansion

K 1_4d+1(d)2_1(d)4+5(d>6
3l 8 \/ 64 \ ¢ 1024 \ ¢
35  /d\® 147 /d\'°
16384 (e) * 131072 (z) +

o 1)2271_ 5 (132546(2"2; 1))2 (?)% F oo (1.220)

If, instead, we set p = d2/(¢% + d?), the following series expansion holds
in all cases:

A1 T, 10 g 1S5
¢ TP T et T r02a? T v6384”
11059 83139 ¢

1310727 T 10485767

K = 1-—+
3T

(1.221)

Denoting by b,p" the generic p" term in the above series and by a,,(d/¢)*"
the term corresponding to (d/£)*" in the series (1.220), we get the rela-
tion

b, — al_na2+n(n71)a3_n(nfl)(an)

ag~+ ... Ena,_1 F an.

2 3!
(1.222)
In the limit n — oo, we have
i oo = ABTVA (1.223)
n—00 by,

25This is the continuation of Sec. 1.20
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Table 1.5. Some values of the correction factor K vs the ratio d/¢

e K
0.1 0.9588
0.2 0.9201
0.3 0.8838
0.4  0.8499
0.5 0.8181
0.6 0.7885
0.7 0.7609
0.8 0.7351
09 0.7110
1 0.6884

The first terms of the expansion (correct to seven decimal digits) are

K = 1 —0.4244132d/( + 0.125p + 0.109375p> + 0.0986328 p°
+0.0906372p* + 0.0843735p° + 0.0792875p°% + .... (1.224)

If d/¢ is very large, the following approximate formula may be used:

K = 7r62l/€ {log<4j> — H = 7r62l/€ {log<ﬂj> — 0.258}.

(1.225)

This result is easily derived from the well-known expression for the self-

induction coefficient of a circular coil. In Table 1.5 we report some
values?® of K corresponding?®’ to d/¢ < 10.

If d/¢ is somewhat larger than one, the series expansion in Eq. (1.224)

converges very slowly and the computation of the coefficients becomes

very cumbersome. In this case it is then convenient to use the following

26 The following approximate formulae for K may be useful as d/¢ increases:

4
K = 1-44d P

3m £ 8—Tp

4 d 48p — 29p?
K - 144 p P

3w £ 384 — 568p + 194p2 "

27@ In the original manuscript, this Table consists of 40 entries, ranging from d/¢ = 0.1 to
d/¢ = 10, but only the first 10 corresponding values of K are reported. By deviating from
the method we have usually adopted, we here prefer not to include the remaining values in
the Table, since it is not clear which formula the author would have used to compute K for
d/¢ larger than one. We also note that the reported values have probably been obtained from
Eq. (1.220) with n = 10.
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expansion?®:
d? d/ 4 1 1-3
K = 1+— —=-—+—c — ——
V' Tae e (?m Tt T e
1-3-(2n — 1)
+— ... 1.22
2:4---(2n + Q)C" + > ) ( 6)

in which

1 d2V1+ 22

(Zn) ! dz2n

(1.227)

Cp —

_2t
=73

Computation of the first terms yields

i1 1 1
K = Ji+@dpeo?-22 12
+(d/207 = 5 37r+16[ 3/2

1+ (26/d)’]
1 1-4(26/d)” 5 1—12(20/d)* +8(2¢/d)*
128 [1+ (d/20)"] 22048 [1+ (d/20)"] He

7 5—120(20/d)* 4 240 (2¢/d)* — 64 (2¢/d)®
32768 {1 +(d /%)2} 15/2 *

24. VARIATION OF THE SELF-INDUCTION
COEFFICIENT DUE TO THE SKIN
EFFECT

The self-induction of an electric conductor with a circular cross section
can be divided into two parts: one, due to the flux circulating outside
the conductor, is generally more important and is independent of the fre-
quency; the other is due to the induction lines (that get closed inside the
conductor), depends on the skin effect, and thus, for any conductor, is
frequency-dependent. Denoting by ¢ this latter part of the self-induction
coefficient per unit length, we have, if the skin effect is negligible,

0= pj2. (1.228)

28@ Notice that the author is again using a Taylor series expansion, but of a particular kind,
as it can be deduced from the expression for cy,.
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In general, if E is the complex electric field at the surface of the con-
ductor (i.e., the field due both to the potential drop and to the external
flux variations), R; the AC resistance per unit length of the conductor,
w the angular frequency, and i = a + bj the overall current,? we get

E = (a+bj) (R +/lwy). (1.229)
On setting p = puwS/p (S is the cross section of the conductor and p its
resistivity) or, in practical units,

W
1010 R’
R being the DC resistance measured in ohm per km of conductor, we
have (see Sec. 1.4)

p = (1.230)

1 3 1 5 1 7
a = m (p— o237 +4!2.5p ~ P —l—...), (1.231)
— 1 2 1 4 1 6 1 8
b = m <2p — st Tt gt o) (1232)

The field E can be computed by multiplying p by the surface current
density; with the units used in Sec. 1.4, it is p = pw, and thus one
obtains

3 5 7
AN S > (1.233)

From Sec. 1.4, we derive the expression for Ry, which can then be
introduced into Eq. (1.229). Thus, having set E = u + vj, we get

av — bu
from which we deduce
2 4 6 8
p b p b
p LT S s T g T ame T
{ = = o e o o . (1.235)
14+ —+ + + =+

2131 213!51 314170 415190 T
The values of R1/R and ¢/p as functions of p shown3" in Table 1.6 have
been derived by using this equation and Eq. (1.60).

29@ Notice that the author is using the (electro-technical) notation j for the imaginary unit.
30@ In the original manuscript, the results of this Table corresponding to values from p = 4.5
to 100 were lacking. Moreover, a few values of R /R differ slightly from the ones reported
here, which have just been obtained following the text.
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Table 1.6. Influence of the skin effect on the effective resistance and self-induction
coefficient of an electric conductor.

p  Ri/R  t/p p  RJ/R t/p
0.1 1.0008 0.4998 2.5 1.372 0.4100
0.2 1.0033 0.4992 3 1.479  0.3857
0.3 1.0075 0.4981 3.5 1.581 0.3633
0.4 1.0132 0.4967 4 1.678  0.3432
0.5 1.0205 0.4949 4.5 1.768 0.3253
0.6 1.0293 0.4927 5 1.853  0.3096
0.7 1.0396 0.4901 6 2.007  0.2836
0.8 1.0512 0.4873 7 2.146  0.2630
0.9 1.0641 0.4841 8 2.274 0.2464
1.0 1.0782 0.4806 9 2.394  0.2326
1.1 1.0934 0.4768 10 2.507  0.2210
1.2 1.1096 0.4728 15 3.005 0.1814
1.3  1.1267 0.4686 20 3.427  0.1582
1.4 1.1447 0.4642 25 3.799  0.1430
1.5 1.1634 0.4597 30 4.135 0.1327
1.6 1.1827 0.4550 40 4.732  0.1203
1.7 1.2026 0.4501 50 5.256  0.1135
1.8 1.2229 0.4452 60 5.730  0.1096
1.9 1.2436 0.4403 80 6.537  0.1055
2.0 1.2646 0.4352 100 7.167 0.1036

25. MEAN ERROR IN ESTIMATING THE
PROBABILITY OF AN EVENT
THROUGH A FINITE NUMBER OF
TRIALS

Let p be the probability of a given event, and suppose that in a series of
n trials the event happens m times. On estimating p by the ratio m/n,
we make an error e defined by the relation

p = m/n + e. (1.236)

We now look for an estimate of the mean square value of e. Let X
be a quantity such that, at each trial, it takes the value 1 — p or —p,
depending on whether the event has occurred or not. The mean value of
X is zero, while its mean square value is p(1 —p)? +p?(1 —p) = p(1 —p).
Considering n trials, the mean square value of the variable ) ; X; is
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vnp(1 — p); but if the event has occurred m times we’ll have:
ZXi =m(l—-p) —(n—m)p = m —np = —ne. (1.237)

We thus deduce that the mean value of e is \/p(1 — p)/n or, using the

usual notations,
1
p = @iq/u. (1.238)
n n

For the case in which p is unknown and only its approximate value m/n
is given, if we can assume that the difference between these quantities
is so small that the substitution of the latter for the former into the
expression for the mean error doesn’t change it significantly, we can

approximately write
m 1 [m(n—m)
p=—+—/—7>" (1.239)
n o n n

If n is much larger than m, a further simplification is possible:

m  m

1.240
. (1.240)

p:

On multiplying the previous relations by n, they become

np = mi\/m(nn_m), (1.241)

np = m+ym | for small = Values> : (1.242)
n

26. UNBALANCE OF A PURE
THREE-PHASE SYSTEM

Let Vi, V5 and V3 be the values of three AC “intensive quantities” forming
a pure, direct and unbalanced three-phase system. This system may be
seen as the sum of two balanced systems: The first one is direct and has
the magnitude A, the second one is inverted and has the magnitude B.
If the unbalance is not too big, A and B may be computed using the
approximate relations

A = (1) Vi+Va+ Vi), (1.243)
B = \J(2/3)[(Vi — A2+ (Va— A2 + (Vs — A)2].  (1.244)
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Table 1.7. The function z! for 0 < z < 1.

T x!

0 1.0000
0.05 0.9735
0.1 0.9514
0.15 0.9330
0.2 0.9182
0.25 0.9064
0.3  0.8975
0.35 0.8911
0.4 0.8873
0.45 0.8857
0.5 0.8862
0.55 0.8889
0.6  0.8935
0.65 0.9001
0.7  0.9086
0.75 0.9191
0.8 0.9314
0.85 0.9456
0.9 0.9618
0.95 0.9799

1 1.0000

27. TABLE FOR THE COMPUTATION?3!' OF

x!

The difference logn! — n(logn — 1) — (1/2)logn tends to a finite value
as n — oo. This means that, for very large n, we can set?

n! = VCn (nfe)". (1.246)

Let us now determine C. Let x be the probability that in 2n trials an
event with probability 1/2 occurs ¢ times. If 2n is very large, we can

31@ It is not clear how the author obtained the values in Table 1.7, since in this Section
he considered only the limit for large x of the function z!. Probably, half of this Table was
derived from the formula
A(l—g) = T2d=2) (1.245)
sinmx
which appears near this Table in the original manuscript.
32@ Here e is the Napier constant.
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represent = z(t) by an error function. The latter can be obtained
from the following constraints: The area beneath the error curve must
be equal to 1, the mean value of ¢ must be n, and the mean-square value
of the deviation of ¢ from n must be n/2 (see Sec. 1.25). We then find

x = \/71'('771 exp {— (t —nn)Q} . (1.247)

The maximum value of x is 9 = 1/y/7n, which can also be derived
directly from the combinatorial theory:

0 = — (2”> __en)t (1.248)

22n \ p 22 (pl)2”

On substituting Eq. (1.246) into this expression, and comparing the
result with Eq. (1.247), we find C' = 27; so that, in the considered limit,

it holds
n

n
nl = V2mn () . (1.249)
e
Notice that, for large n, we also have

22n (n!)2

oyl = Jn. (1.250)

28. INFLUENCE OF A MAGNETIC FIELD
ON THE MELTING POINT

Let us consider the system shown in Fig. 1.4 and suppose it is in equi-
librium. If, using any procedures, we move a unit volume of solid from
vessel 2 to vessel 1 and place it in a thin layer at the boundary between
solid and liquid, we have to do the work

L= h (1 — ) (1.251)

against gravity, where 1 and 7o are the specific weights of the solid and
the liquid, respectively. If we assume, for the moment, that the solid is
a magnetic material while the liquid is not, it is easy to compute how
much work the magnetic field has to perform on the solid unit volume
during the process described above:

H 2 Mm1 — 1

Lo = 1.252
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p+dp

S

Fig. 1.4. Solid-liquid phase transition in presence of a magnetic field.

w1 being the magnetic permeability of the solid. In order to exclude the
possibility of perpetual motion, it must hold

L = Lo, (1.253)
wherefrom we obtain
H?>p—-1 1
ho= M . (1.254)
8m 1 M~
Since we have assumed the liquid to be non-magnetic, the pressure
distribution inside it is hydrostatic, and thus we find (cfr. Fig. 1.4)

H? pyp —1
Ap = hyp = ?LL, (1.255)
™ p1 Y172

or, introducing the specific volumes,
E w—1 W
8 1251 V2 — V1 '

Denoting by T the melting temperature in the absence of a magnetic
field, at pressure p, and by T+ AT the temperature in the presence of
a magnetic field at the same pressure, we have that T+ §7T is the fusion
temperature, under ordinary conditions, corresponding to a pressure p+
Ap. From the Clapeyron equation, one gets

AT = () (=T, (1.257)

Ap = (1.256)
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and, substitution into Eq. (1.256), we find

TH*> iy —1 Wy
8t p

The generalization of Egs. (1.255) and (1.258) to the case where the
liquid has an arbitrary magnetic permeability po is obviously the follow-
ing:

AT = (1.258)

Ap = ]{2(“1_1 Ik > (1.259)
& mro =2 H2 72— ’
ar = (ﬂl—lvl_m_“/?) (1.260)
8m proop p2 P
If p1 = po = p, we obtain
H? -1
Ap = ———— 1.261
p 8r n (1.261)
ar = TP p—1Vi-Vo (1.262)
o n — .

In this case the boundary surface between solid and liquid would be at
the same level in both vessels of Fig. 1.4 but, due to the magnetization
of the liquid, the pressure distribution would not be hydrostatic, thus
resulting in Ap # 0.

Similar relations hold if the magnetic field is replaced with an electric
field or if the different phases are liquid-vapor or solid-vapor instead of
solid-liquid.

29. SPECIFIC HEAT OF AN OSCILLATOR

The mean energy of an oscillator with frequency v at temperature T is

hv

€= — 1.263
VIR _ ( )

where h is the action quantum?®® and k¥ = R/N the Boltzmann constant.
On taking the derivative with respect to the temperature and setting

33@ In this Section we follow the author in using Planck’s constant h instead of replacing it
with the reduced Planck constant h.
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Table 1.8. Specific heat and mean energy of an oscillator (see the text for nota-
tions).

I T —To c € € kKT — €

» T, P71 k kT kTo kTo
0 o0 0 0.0000 0.0000 0.0000
0.2 5 0.1707 0.0338 0.0068 0.1932
0.4 25  0.6089 0.2236 0.0894 0.3106
0.6 1.67  0.7967 0.3873 0.2319  0.3669
0.8 175  0.8794 05019 0.4016 0.3984
1 1 0.9207 0.5820 0.5820 0.4180
1.2 083  0.9445 0.6417 0.7732 0.4316
1.4 071 0.9590 0.6867 0.9671 0.4413
1.6 0.625  0.9681 0.7198 1.1517  0.4483
1.8 0.556  0.9746 0.7476 1.3447  0.4539
2 0.500  0.9794 0.7707 15415 0.4585
25 0400  0.9868 0.8133 2.0332  0.4668
3 0.333  0.9908 0.8427 2.5307 0.4723
4 0.250  0.9948 0.8802 3.5208  0.4792
5 0.200  0.9967 0.9033 4.5167 0.4833
10 0.100  0.9992 0.9508 9.5083  0.4917
00 0 1 1 so  0.5000

p = hv/kET = Ty/T for brevity, we obtain the following expression for
the specific heat:

o de kp?eP _ P 2

The ratio ¢/k is always less than 1 and is given in Table 1.8 as a func-
tion3* of p. For very large T, Eq. (1.263) becomes

1 1
EZkT—2hV:k’<T—2TO>,

To = hv/k denoting the temperature at which the mean energy of the
oscillator, computed in the framework of classical mechanics, is the same
as that of the lowest quantum energy level.

34@ In the original manuscript, this Table was almost entirely empty. Apart from the values
in the first two columns (which are input values), the author wrote down only the first and
the last value in the third column and the first value in the fourth column.
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30. DO CHILDREN OF THE SAME
PARENTS TEND TO BE OF THE SAME
SEX?

The a priori probability that in a certain region a newborn child is male
can be cast in the form

W = 1/2 + a, (1.265)

where « is, in general, positive. On the other hand, the probability for
a couple of parents to have a male child may not be the same as W, and
we shall write it as

Wy =W+ 8 =1/2+a+ 6. (1.266)

The mean value of 3 is zero, whereas its mean-square value measures
the tendency to generate children of the same sex. Indicating with 3
this mean-square value, Eq. (1.266) can then be recast as follows, on
adopting the usual notations:

Wiy = W£B = 1/2 + a+p. (1.267)

In order to statistically estimate 3 by samples, the easiest way is the
following. Let us consider a couple of parents who have had n children,
¢ of which are male and m female. The most probable value3® of (£ —m)?
is (see Sec. 1.25)

prob. value of (£ —m)? = n + 4(a+ 3)%(n® —n). (1.268)

If we write the previous expression for a large number of families and
then sum term by term, the sum on the L.h.s. can be replaced with the
sum of the actual values of (/—m)?, and by doing this we make a relative
error that tends to zero. We then obtain

z:(ﬁ—m)2 = Z n + 4 Z(a—i—ﬁ)z (n? —n) (1.269)
= Zn+4a22(n2—n)+42ﬁ2(n2—n)
+8a Y B(n*—n). (1.270)

Since we have implicitly assumed that the mean value of ( is zero in-
dependently of n, the mean value of the last term on the r.h.s. of Eq.
(1.270) is also zero. We can thus neglect it and write

Z(ﬂ—m)2 = Zn+4a22(n2—n) +4252(n2—n), (1.271)

35@ That is, n times the probability for the event to occur.
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or, since we assume that § does not depend on n,

d(t=m)* = > n+4(®+ %)) (n*—n). (1.272)

The quantity « can be estimated through a larger statistical sample, so
that [ is determined by Eq. (1.272):

(¢ 2
— o?. 1.273
\/ 4 Z n2 - n) “ ( )
If « is unknown, it may be approximated by the relation
A 1
= = — —; 1.274

and, by substitution in Eq. (1.273), we get

2 _ X(t-m)’—-¥n (ze 1)2_

4% (n? —n) S 2

Taking into account that « in Eq. (1.274) is affected by an error which
is of the order of 1/2v/> - n (see Sec. 1.25), this expression should be
replaced with

2 _ S(-mP-¥n (Ze 1>2+ 1

4% (n? —n) Sno 2 43 n’

3 (1.275)

3 (1.276)

31. HEAT PROPAGATION FROM A
CERTAIN CROSS SECTION ALONG AN
INFINITE LENGTH BAR ENDOWED
WITH ANOTHER CROSS SECTION
ACTING AS A HEAT WELL. A
SIMILARITY WITH THE CRICKETS

Suppose that N individuals are initially all located at point O of a
straight line z and that each one of them jumps at time intervals dt a
length dx to the left or to the right of his current position with equal
probability, and also suppose that the ratio dz?/dt = p? is finite. Fur-
thermore, let us assume that at a distance ¢ from O there is located
a deadly trap. The problem is to determine the number linear density
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I
| | P X

N

Fig. 1.5. Heat propagation in one dimension (see text).

U(z,t) of survivors at time ¢ and at a point x. Note that, if there were
no traps, the linear density would be

N 20,2
Up(a,t) = ——— e /2071, 1.277
0($ ) N\/ﬁe ( )

Moreover, notice that we can still view the individuals falling into the
trap as alive and kicking after their death, as long as, starting from the
moment they fall, another, negative signed individual is associated with
each of them. Then, in order to derive the actual density U, all we have
to do is to subtract from Uy the density U; of the negative individuals.
The last quantity can be easily obtained by observing that, for x > ¢,

Ui(z,t) = Uy(z,t), (1.278)
while, for symmetry reasons, for x < £ one has
Ui(z,t) = Ui(20 —z,t) = Up(20 — z,t). (1.279)
Thus
U(z,t) = Up(x,t) — Up(20 — ,1)
_ N e—$2/2,u2t _ (20— z)? /2p%t . (1.280)

p /2t
and for large ¢t this may be written as
2N L — 2 /9,2 2 /9,2
Ula,t) = U= 2) (0 ) /2t 022"t (1.281)
w3t /27t

For a given ¢, we then deduce

2N (e~ 1/? e_€2/2u2t,

Upax = Ul — uvtt) = ——— 1.282
while the number of survivors (for large t) becomes
2NC 2792
N, = L 2t (1.283)

wy 2wt
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If we now compute the moment of the position with respect to P,
/ (¢ — z)dN, = N¢, (1.284)

we find that the “center of gravity” of the distribution of the living
individuals and of the dead ones (these are supposed to be concentrated
in the trap at P), does not move from O, as was clear a priori. The
survival probability curve has, at first, an inflection point between O
and P, but this moves towards the trap and then disappears at t =
£?2/3pu2. At this time, which is when we have the highest mortality,
N/12 individuals have died.
The function Uy obeys the differential equation
oy u? 02Uy
o 2 0xz2’
and thus is suited to represent the way a quantity of heat Q = N propa-
gates from a localized cross section of an infinitely long bar, if it is given
that

(1.285)

p? = 2¢/79, (1.286)
with ¢ denoting the heat transmission coefficient, v the specific heat,
and § the density. Note that u? given by Eq. (1.286) represents the
mean square value of the heat displacement per unit time in any one

direction. The square of the total displacement in space per unit time
will be 3u% = 6¢/76.

32. COMBINATIONS 36

The sum of the probabilities that an event having probability 1/2 will
take place n times in n trials or in n + 1 trials or in n + 2... or in 2n
trials is equal to 1; expressed as a formula, it writes

1 n+ry\ _
> oo ( N ) =1L (1.287)

r=0

Indeed, it holds

(x| n+l4r
ZQn—‘rl—i—’r n_|_1

r=0

36See Sec. 2.38.5.
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_ 1 ni:l n+r + 1 Tg:l 1 n+r
- on+r n 9 — on+r n+1
1 « n+r 1 2n +1
~ 9 Z 2n+r < > + 22n+2 < n )

41 nijz n+r\ 1 2n+2 0\
on+r n+1 922n+3 n+1 ’

and, since
1 2n +1 _ 1 2n 4+ 2
22n+2 n - 22n+3 n + 1 ’
2o n+r _ ntl 1 n+1+r
Z on+r n4+1 - Z on+1+r n+1 )
r=1 r=0
one obtains
n+1 n
1 n+1+r 1 n+r
Z(:) on+1+r ( n+1 ) - z%) on+r ( n ) : (1288)
r= r=

Thus, if Eq. (1.287) holds for n = k, it also holds for n = k 4 1; and,
since it holds for n = 1, it will hold for any n.
In the same way, one can prove the relation

= 1 n+r
22n+r< N ):2. (1.289)

r=0

33. ENERGY AND SPECIFIC HEAT OF A
ROTATOR

Let Z be the moment of inertia of a rotator. Sommerfeld’s constraints
yield37

Tw = o (n=0,1,...), (1.290)
and thus3®
1_ 5 n2h? nhv

37@ In this Section we adhere to the author’s use of h, rather than rewriting it in terms of
27h.
38@ Here € and v are the energy and frequency of the rotator, while w is its angular frequency.
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w nh
_ v _ nh 1.292
v o An’T (1.292)

According to Boltzmann’s law, the mean energy at a temperature 1" is

i n2h2 . n2h2 i hyy n?e { hvg 712}
 expl—— — —_— XpP 9§ ———

o 2z P U eemr & 2 TP U

€ = =

0 n2h? B > hy
n; P {_87#1/@} 2 exp {_Qan }

)

n=0
(1.293)
vp = h/47?T denoting the fundamental frequency. On setting
_ lhw h?
P= 9% = 8a2TkT
we get
© 2 e 2
€ = kTZ pn?e P Z e P (1.294)
n=0 n=0
For p — 0, which means T' — oo, we obviously find
1
lim € = —kT. 1.295
lme = 5 (1.295)

The specific heat ¢ is obtained by taking the derivative of Eq. (1.294)
with respect to T' and noting that dp/dT = —p/T"

o0 oo

Z nt e P’ Z n?e P’

n=0 _ n=0
o o0
> e
n=0 n=0

If Ty is the temperature corresponding to the classical mean energy given
by the energy of the lowest non-vanishing quantum state, one gets
1 hl/()
Ty = - — 1.297
0 2 & 3 ( )
p = Ty/T. (1.298)

2

de 9
C—d—T—kp

(1.296)

In Table 1.9 the specific heat and the mean energy are shown for different
temperatures.39

39@ In the original manuscript, the values in the third and fourth column were missing.
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Table 1.9. Specific heat and mean energy of a rotator vs. its temperature.

T T To /1 T
- p=20 “kT “k
» T, PTT 6/2 C/z

0.2 5.00 1.3375 1.1118
0.4 2.50 1.5548 1.1235
0.6 1.67 1.7763 1.0867
0.8 1.25 2.0182 0.9955
1.0 1.00 2.2896 0.8525
1.2 0.83 2.5927 0.6829
1.4 0.71 2.9244 0.5169
1.6 0.62 3.2784 0.3740
1.8 0.56 3.6486 0.2613
2.0 0.50 4.0297 0.1776
3.0 0.33 6.0022 0.0200
4.0 0.25 8.0001 0.0018

34. GRAVITATIONAL ATTRACTION OF AN
ELLIPSOID

Let us consider a mass distribution on the ellipsoidal surface

.T2 yQ 22

such that the surface density o in every point is proportional to the
projection of the position vector (starting from the ellipsoid center) on
the normal to the surface:

o = p/\/wQ/a4+y2/b4+22/c4. (1.300)

The total mass m can be computed easily. Indeed, our distribution can
be viewed as the limit for &« — 0 of a spatially uniform distribution
having volume density p/a and filling the space between the ellipsoid of
semi-axes a, b, ¢ and the ellipsoid of semi-axes a(1+a),b(1+a),c(1+a).

We then have

4
m = lim ngabc [(1+0a)* —1] = 4rabep. (1.301)

a—0

As is well known, the ellipsoid in Eq. (1.299) is an equipotential surface,
so the field inside it is zero whereas the field outside it, but near it, is
normal to the surface and has the magnitude

—1/2
F = d4noK = 4n K p [2%/a" + y*/b' + 27/ 2 (1.302)
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where K is the coefficient in Newton’s law.%® On introducing the total
mass, we have

- mK [ 9, 9 9,9 9, 91712
F_%{:c/a +y? 0+ 2] (1.303)

In particular, at the ends of the symmetry axes the force will be

o= g ol MR (1.304)
be ca ab
respectively.

Let us now construct the equipotential surface that is infinitesimally
close to our ellipsoid. In order to do this, consider a point P on the
outward normal direction originating from another point Py(zo, %o, 20),
such that the distance between Py and P is

dU abc [x2 y?2 22
d = _—— pr— —d — —_— —_— _
s F v mK \ a? * b2 + c?

The coordinates of point P will be

abc xg
= —dU) — —&
v %o + ( ) mK a2’
abc yo
= —-dU) — = 1.305
abce 2
= —dU) — =
z 20 + ) mK c2’
so that, by neglecting higher-order infinitesimals and setting
abce
dt = —2——dU 1.
mK (1.306)
and
1 i)
= — —dt
T Ty + 5 2 4
1 yo
= - 1.
y o + 5 3 4t (1.307)
1 20
= — — dt;
Z 20 + 5 2 4b

40@ Note that F is the gravitational force field related to the gravitational potential U
(see below). Equation (1.302) then is a relation analogous to Coulomb’s theorem for the
electrostatic field in the proximity of a conductor.
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one can write

_r _ T

Va2 +dt a’
Y Yo

Ve rdt b (1.308)
z 20

V2 4 dt
On squaring and summing the above expressions, we obtain the equa-
tion that describes the equipotential surface under consideration:

2 2 2

T Yy z
= 1 1.309
a2+dt+b2+dt+02+dt ( )
Neglecting infinitesimals of order higher than the first, this surface is
itself an ellipsoid, and the same considerations developed above apply
to it as well. Thus, by introducing another error of order greater than

the first, the surface

1.2 y2 22

=1 1.310
a2+2dt+b2+2dt+62+2dt ( )

is again an equipotential surface. In general, up to n infinitesimal errors
of order higher than the first, the surface

ZL‘Z y2 22

+ +
a?+ndt  b2+ndt 4+ ndt
is equipotential. This means that the ratio of the error to ndt remains

infinitesimal for any ndt. If n — oo in such a way that ndt = ¢t remains
finite, the surface

=1 (1.311)

.Z‘2 y2 22

+ +
a2+t P+t A+t
will be exactly equipotential. This one, then, is the general expression for
the equipotential surfaces external to the ellipsoidal mass distribution;
t can take any positive value.*!
From Eq. (1.308) we can derive the general expression for the lines of
force:

=1 (1.312)

r = ava?® +t,

y = BV +t, (1.313)
= YV +

410ne can formally prove this by showing that it is possible to construct a function U = U (t)
that obeys Laplace’s equation V2 U = 0 and is zero for ¢t — co.
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with a? 4 3% ++2 = 1. The constants «, 3,7 are evidently the direction
cosines of the asymptotes of the lines of force, which are straight lines
passing through the ellipsoid center.

In order to obtain the potential U = U(t) on the ellipsoid in Eq.
(1.312), notice that the potential difference between two infinitesimally
close equipotential surfaces can be deduced from Eq. (1.306). On inte-
grating it between t = co and t = tg, one finds

mK [ dt
2 Jiw V@+H)®E o) (2 +t)

In particular, on the ellipsoid in Eq. (1.299) the potential will be

mK [ dt
vo) == /0 N CEDICEDICED]

As far as the effects outside the ellipsoid are concerned, we may replace
the original distribution of total mass m with a similar distribution of
the same mass placed on a confocal ellipsoid. Thus, we may generalize
Eq. (1.303) to points outside an arbitrary ellipsoid:

mK
V(a2 + )02 +t)(c2 + 1)

1
X . (1.316)

\/:c2/(a2 + )2 4+ 32/ (0? +1)2 + 22/ (c? + t)?

U(to) =

(1.314)

(1.315)

F =

From Eq. (1.315), we can immediately derive the “gravitational capaci-
tance” of the ellipsoid:

o dt B
€=z </o J(a2+t)(b2+t)(02+t)> |

Now let us consider an ellipsoidal space region

(1.317)

2 2 2
x Y z
? + 1)72 + 072 <1
filled with matter of uniform volume density p. The force in the internal
region is a linear function of the coordinates, and its components along
the z, y, and 2z axes are, respectively,

—Lx, -My, —Nz; L+ M+ N =47 Kop. (1.318)

In particular, at the edge of the semi-axis of length a, the force is di-
rected along the inward normal direction, and the absolute value of its
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magnitude is La. In order to compute L, let us decompose our (filled)
ellipsoid into elementary ellipsoidal mass distributions over an infinite
set of ellipsoidal homothetic surfaces obeying the equation

$2 y2 22

it ot e - b (1.319)

with 0 < p < 1. The mass between two ellipsoids having semi-axes of
lengths pa, pb, pc and (p + dp)a, (p + dp)b, (p + dp)c, respectively, is

dm = 4mabep? pdp. (1.320)

This mass acts on the unit mass placed at (a,0,0) with a force that is
directed along the x axis and whose magnitude, apart from a sign, is

IF — Kdm
I G Gl e )
_ drabep K p?dp (1.321)
Va2 + 2% — )] [a2 + p2(2 — a2)] :
On setting
a
= , 1.322
g a?+t ( )
we find
t = (a/p)’(1-p?), (1.323)
A a2
dF = ma bek pdf , (1.324)
2(a?+1t)/(a®+ 1) (0% +1)(2+ 1)
and
9 0 1
dFF = —4ra”*bcK pdt — (1.325)

da? /(a2 +t)(B2 + t)(c2 + 1)

The expression for the resulting force due to the completely filled ellip-
soid is obtained by varying p between 0 and 1, or ¢ between 0 and oo,
and by summing the contributions

o [ dt
La = —4 QbK—/ oo (1326
¢ TabeKogns ) SasnernEsy
that is,
0 o0 dt
L =—4 bK—/ ; 1.327
TR Jo @ DR D@ 1 0) (1.327)
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while similar relations hold for M and N. Thus, the force inside and on
the surface of the ellipsoid results to be completely determined:

F = —Lazi— Myj— Nzk. (1.328)

In order to determine the force at points outside the surface, we ob-
serve that, m being the total mass of the ellipsoid, Eq. (1.327) can be
cast in the form

I 3K 0 / o0 dt

= — m —- s
0a® Jo /(e + )2 +1)(2 +1)

and similarly for M and N. Moreover, we can immediately verify, by
decomposing the (filled) ellipsoid into shells, that a homogeneously filled
ellipsoid is equivalent, as far as the effects outside it are concerned, to any
other filled confocal ellipsoid endowed with the same total mass. Thus,
given an external point P(z,y, z) and having determined ¢ in such a way
that

(1.329)

2 y? 52

=1 1.330
A B ’ ( )

the force acting on the unit mass at P will be
F = —L(t)iz — M(t)jy — N(t)kz, (1.331)

with
0 o0 dt

L(t) = —4 bK—/ . 1.332
®) mabeKogn | oty

In particular, for ¢ = 0, i.e., on the surface of the ellipsoid, we find again
Eq. (1.327) for L, and similar equations for M and N.

35. SPECIAL CASES: PROLATE ELLIPSOID
AND SPHEROID

I. Let us suppose that a and b are much smaller than ¢, namely, a,b < c.
By introducing
1

to=3 (t + 4/ (a®+t)(B2+t) — ab) (1.333)

into the expression

dt

/0 N CEDICEDICEDN (1.334)
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the latter becomes

/00 dty A+t
0 [(1/4)a+b +t1 \/c2+t catt’

(1.335)

The difference between t and t; is of the order a? or b* and, since c is
much greater than both a and b, the factor /(c? +t1)/(c® +t) in the
above integrand is always very close to 1. Since all the other factors do
not change sign in the limit of very large ¢, we can write

dt _ /oo dt1
V(@2 +)@ +t)(c+t) o [(1/9)(@+b)? + 1] /(e + 1)
B 2 c—l— \/62 (1/4)(a +b)? (1.336)
e — /4y a+by 1/2)(a+b) '

and, since the previous relation holds anyway only as a first approxima-
tion,

de 2 4c

= -1 . 1.337
V@0 0@En e ath (1.337)

The potential of the filled ellipsoid of mass m will be

mK 4c
Uy = log —— 1.338
0 c Batw ( )
while the “capacitance” of the ellipsoid is

c=—° (1.339)

log [4¢/(a + b)]

At distances small with respect to the semi-axis length ¢, the constants
L, M, N describing the attraction inside the ellipsoid, and the functions
L(t),M(t),N(t) describing the force outside the ellipsoid, will be given
in first approximation by

b

L = 4rK
TPy

a
= 47 K 1.340
TKp ( )
ab 4de
N = 47 Kp— (1 -1
T ch (Oga+b )’




VOLUMETTO I 65

and by
a b
Lt = 4dn K )
© PVt iV +t+ Vot
a
M) = 4n K , 1.341
©) Pt tvatt+ Vi it (1:341)
ab 4c
N({t) = 4rKp— (lo -1,
Q P ( S V@tttV )
respectively.

I1I. Let us now suppose a = b, while ¢ is arbitrary. We shall then have

/oo dt B /oo dt
0o V(@ +t) B2 +1)(2+1) 0o (aZ+1t)/(2+1)
2 c+Vc?— a?
log , c¢>a,
2 — q2 a
_ (1.342)
2 c <
arccos — C a.
CL2 _ C2 a’

On introducing the eccentricity e of the meridian ellipse, one gets

1 1+e
710g )
dt ce 1—e

/0 V(@2 + 6%+ 1) (2 +1t)

c>a,

— arcsine, c<a.
ae

(1.343)
The capacitance and the potential of the filled ellipsoid of mass m are
mK 1+e
log , C>a,
2ce 1—e
Uy = (1.344)
m K )
arcsin e, c¢< a,
ae
and
2ce S
c>a
log(1+e)/(1—e)’ ’
e

a

—, c<a,
arcsin e
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respectively. For spheroids, then, the constants L, M, N become

21 K 1—e? 1
L= M="2L(1- 2elog1+e>,
16 2 M 1‘1 - ¢ (1.346)
—e e
N = 47K — 1 -1
TRPTS <26 6 T )’
for ¢ > a, and
V1—e? i
L L )
4 K arcesin e ‘ (1.347)
N = 2p(1— \/1—€2>,
e e

for ¢ < a. The functions L(t), M(t), N(t) for a point P outside the
ellipsoid can be computed by replacing p and e, of the previous expres-
sions, with the corresponding values for the homothetic ellipsoid passing
through P and having the same mass as the given ellipsoid.

36. EQUILIBRIUM OF A ROTATING FLUID

The equilibrium configuration of a rotating fluid may be an ellipsoid of
revolution. In order for the fluid ellipsoid, with surface
22 4 2 52

St =1 (1.348)

and rotating with angular velocity w around the z axis, to be in equi-
librium, it is necessary that the sum of the attraction potential and the
centripetal potential be constant throughout the entire surface. This
means that in all the points of the surface the following must hold:

L 9/ 2 2 1 2 2 Lo
Sw (x —|—y> —§L<x +y) —5]\72 = constant, (1.349)

or also
(L — w2) (:cz + y2) + N 2% = constant. (1.350)

As a consequence, the following equation must be true:

I — 2 2
N“ = % =1- ¢ (1.351)
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e denoting the eccentricity of the meridian section. On using L and N
from Egs. (1.347), we find

3—2e?)V1—e? arcsine — 3e + 3¢?
6:( e?) e :;"csme e+ e’ (1.352)

where we have set

w2 202

= = ) 1.353
‘ 2rn K p At K p ( )

In what follows, we shall put

3 w?
= Se= —o 1.354
g 2° T W3)rKp (1.354)

s = 1 —+V1-—¢e2 (1.355)

Notice that s is the flattening of the ellipsoid, while ¢ measures the ratio
between the repulsive drag force field and the attractive gravitational
field inside the fluid ellipsoid. In particular, n = (3/2)e is the ratio
between the “centrifugal” force acting on a mass m at a distance r from
the rotation axis and the attraction force that would be exerted on the
same mass located on the surface of a sphere with radius r and density
p. In general, the known quantity is € (or ). Then Eq. (1.352) shows
that to a given value of e it corresponds only one value of ¢ while, by
contrast, for each value of € (smaller than a given limit value) there
exist two values of e. This means that two equilibrium configurations
are possible: One is obtained for weak flattening and is stable, whereas
the other corresponds to strong flattening and is probably unstable. For
increasing ¢, the two solutions get closer, and it exists a value of € such
that they coincide. Beyond this limit, i.e., above some angular velocity
value for a given density, equilibrium is no longer possible. For weak
flattening, we have

1 1
s = 562 = §56 = §17. (1.356)

In Table 1.10, we report*? the values of €, i, and 1000/pT? as func-
tions of the flattening, p being the density relative to water and T the

revolution period in hours. In our computation, K has been set equal
to 1/(1.5 x 107) (c.g.s. units), so that 1000/pT? = (432/7)e = 137.51e.

42@ In the original manuscript, only the values of s (first column) were reported. We cal-
culated the corresponding values for the remaining columns from Egs. (1.352), (1.354), and
(1.353), respectively.
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Table 1.10. Equilibrium configurations for a rotating fluid (see text).

1000 1000
17 s € n T2
0.01 0.005322 0.07983 0.7318 0.37 0.1713 0.2570  23.56
0.02  0.01062  0.01593  1.450 0.38 0.1748 0.2622 24.04
0.03 0.01589  0.02384  2.185 0.39 01782 0.2674  24.51
0.04 0.02114 0.03171  2.907 0.40 0.1816 0.2724 2497
0.05 0.02636  0.03954  3.625 0.41 0.1848 0.2772 2541
0.06 0.03155 0.04733  4.339 0.42 0.1880 0.2819  25.85
0.07 0.03672  0.05508  5.049 0.43 0.1910 0.2865  26.26
0.08 0.04185 0.06278  5.755 0.44 0.1939 0.2909 26.67
0.09 0.04696 0.07043  6.457 0.45 0.1968 0.2952  27.06
0.10  0.05203  0.07804 7.154 0.46 0.1995 0.2992 27.43
0.11  0.05706  0.08569  7.847 0.47 0.2021 0.3031  27.79
0.12  0.06207  0.09310 8.535 0.48 0.2046  0.3069  28.13
0.13  0.06703 0.1005 9.218 0.49 0.2067 0.3104  28.46
0.14  0.07196 0.1079 9.896 0.50 0.2092 0.3138  28.77
0.15  0.07685 0.1153 10.57 0.51 0.2113  0.3170  29.06
0.16  0.08170 0.1223 11.24 0.52  0.2133  0.3199  29.33
0.17  0.08651 0.1298 11.90 0.53 0.2151  0.3227  29.58
0.18  0.09128 0.1369 12.55 0.54 0.2168 0.3252  29.81
0.19  0.09600 0.1440 13.20 0.55 0.2184 0.3275  30.03
0.20 0.1007 0.1510 13.84 0.56 0.2197 0.3296  30.22
0.21 0.1053 0.1580 14.48 0.57 0.2210 0.3315  30.39
0.22 0.1099 0.1648 15.11 0.58 0.2220 0.3330  30.53
0.23 0.1144 0.1716 15.73 0.59 0.2229 0.3344  30.65
0.24 0.1189 0.1783 16.35 0.60 0.2236 0.3354  30.75
0.25 0.1233 0.1850 16.96 0.61 0.2242 0.3362  30.83
0.26 0.1277 0.1915 17.56 0.62 0.2245 0.3367  30.87
0.27 0.1320 0.1980 18.15 0.63 0.2247 0.3370  30.89
0.28 0.1362 0.2043 18.73 0.64 0.2246 0.3369  30.89
0.29 0.1404 0.2106 19.31 0.65 0.2243 0.3365  30.85
0.30 0.1445 0.2168 13.87 0.70  0.2196  0.3294  30.20
0.31 0.1486 0.2228 20.43 0.75 0.2084 0.3126  28.66
0.32 0.1525 0.2288 20.98 0.80 0.1895 0.2842  26.06
0.33 0.1564 0.2347 21.51 0.85 0.1613 0.2419 22.18
0.34 0.1603 0.2404 22.04 0.90 0.1220 0.1830 16.77
0.35 0.1640 0.2461 22.56 0.95 0.06919 0.1038  9.514
0.36 0.1677 0.2516 23.06 1.00  0.0000  0.0000 0.0000

S €
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Notice that the limiting value of e is obtained*® for s = 0.6 and is
€max = 0.224. For the computation of €, the following expansion holds:

= (1— e+ — _ oY
¢ = =95 105° T 5% Throu’ T roan1s
736 4
S ks 4., 1.357
tesraras® oot (1.357)
with n(3n +5)n!
kn = . 1.358
1-3-5:7---(2n + 3) (1.358)
37. DEFINITE INTEGRALS
We have®?:
45 oo n/2k
(1) / lsimm“e_kzr2 dr = \/77'/ e dx
0 r 0
™ n
= 29<2k). (1.359)
+o0
(2) % / cosnre 7 dr = fe"z/%Q. (1.360)
(3) / zsinzdr = . (1.361)
0
(4) / 2 sinzdr = 72 — 2:2. (1.362)
0
(5) / 23 sinzdr = 73 — 6. (1.363)
0
(6) / t sinzdr = 7t — 1277 + 2:24. (1.364)
0

43@ More precisely, the maximum is reached at s = 0.632, corresponding to emax = 0.22467.
44Gee Sec. 2.26.

45@ Notice that 6(z) is the error function.

46Notice that the quantity k on the r.h.s. is positive.
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7) For integer n > 0 [and, of course, (—1)° = 1], one has
( g

— i 3 a2n+l
) o ] - —_
/0 T sinzdr = (-1)"2n+ 1! |7 3 +"'i(2n—|—1)! '

(1.365)
(8) For integer n > 0 [and (—1)° = 1], one gets

ﬂ 2 4 2n
o T P S e T
/0 2 sinwde = (—1)"(2n)! (11 ot T e )

(1.366)
(9) By using the series expansions for sin7 and cosm, Egs. (1.365) and
(1.366) can be combined into the single expression:

T 7r2 7T4 7T6
2" sinxdx = nla" — + — ...,
/0 ((n+2)! (n+4)!  (n+6)!
(1.367)

which probably holds for n > —1, even for non-integer values. For very
large n, we obtain, as a first approximation:

s ﬂ.n+2
Tsinzgdr = ———— . 1.
/0 " sinx dz CESCE) (1.368)
+o00
(10) / e cosnzdr = e "/t m, (1.369)
T ka2 —n?jak [T
/ e cosnadr = e/ \/7 (1.370)
0 k
+oo 23( o0 +oo
(11) / ei _951 - / P

ol

Il
o

=1
1 1 ™
1+ =4+ =+...] = —; 1.371
<+24+34+ > 5 (1.371)
see Eq. (1.208).

+0o gin? k
(12) / P e = k. (1.372)

oo T2
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38. HEAT PROPAGATION IN AN
ISOTROPIC AND HOMOGENEOUS
MEDIUM

Let us consider an isotropic and homogeneous medium with a transmis-
sion coefficient ¢, a specific heat 7, and a density §. The mean square
value of the heat displacement in a given direction in a unit time interval
is (see Eq. (1.286))

2c
2
= —, 1.373
W= s (1.373)
and the differential equation for the temperature T' can be written as
aT 1 5o
— = —pu°VerT. 1.374
or ke ( )

To determining the temperature distribution, which depends on the spe-
cific problem at hand, we can either use the method of sources or derive
particular solutions giving the temperature as the product of a time-
dependent function and a space-dependent function. In the following,
we are going to study quantitatively the heat propagation along one,
two and possibly three dimensions.*”

38.1 One-dimensional Propagation

1.38.1.1. Method of sources. The heat quantity d@ initially con-
centrated on a cross section at position x( of an infinite-length bar with
unitary cross section, propagates and distributes itself in such a way
that, from Eq. (1.373), the heat volume density at a point x and at time

T is
o d@ (x — 930)2
ple, 1) = M\/ﬁexp{—w}. (1.375)

If Tp is the initial temperature at point xg, the quantity of heat existing
between the cross sections at xg and at zg + dxg can be written as
Todzpyd. On substituting this expression for d@ into Eq. (1.375) and
then integrating, we can derive the heat density. By dividing by ~vd, we
can compute the temperature at any point and at any time:

too T (z — x0)?
T = ————— b dxzp. 1.
@) = [ ; Tﬂexp{ yae [ oo (1.376)

47@ Actually, in the original manuscript, only the one-dimensional case was written down.
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Notice that, weren’t the bar of infinite length, we would have to con-
sider suitable boundary conditions. However, there are cases where the
problem can easily be reduced to that of a bar having infinite length.
Let us work out an example:

Consider a finite bar bound by the cross sections S; and Se at 7 and
xg9, respectively, with ;1 < x9. Let Tp(zp) be the initial temperature
at point xg, with x; < 9 < x2, and assume that the temperatures T}
and Ty of the two ends are constant. The problem is to determine the
temperature T'(x,7) at an arbitrary time 7 and at an arbitrary point
between x; and xo. To this end, we shall use the linearity of the heat
propagation equations and decompose the temperature distribution, at
an arbitrary time, into the sum of two terms, one of which is the distri-
bution that describes only the effects of the boundary conditions and is
constant in time. In other words, it holds

T(x,7) = T\ + —~ (T, = T1) + T'(x,7),  (1.377)
Tro — T
r — I y

TO([EO) = Tl + m (T2 - Tl) + To(.’L'O). (1378)

Given the initial conditions, the problem is thus reduced to that of find-
ing the temperature distribution along the points of a bar whose ends are
at zero temperature. To determining 7’(x, 7), consider an infinite length
bar and a point z( on it that is initially at the temperature T{j(z¢). The
quantity 7§, whatever its analytic expression may be, is for the moment
defined only for xg between x1 and xo. If 1 < 29 < 22 and n is an even
integer, let us set

Ty (zo + n(za — 11)) = Th(z0), (1.379)
while, for odd n,
T} (xo + n(zy —x1)) = — T4 (x1 + 22 — 70) - (1.380)

The initial temperature is thus defined on every cross section of the bar,
except for a discrete number of cross sections — which is irrelevant to
the solution of the problem. Notice that the initial temperature takes
on opposite values at points that are symmetric with respect to the
cross sections S7 or So, so that these cross sections are always at zero
temperature. It then follows that the temperature distribution in the
infinite-length bar is, at points between x1 and x9, exactly the quantity
T'(x,7) we are looking for. Now, from Eq. (1.376), we deduce

too Y (z — x0)?
Tl(x,’r) = ‘/_OO )u\/gwiexp{—% dx(), (1381)
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and the problem is thus solved.

1.38.1.2. Particular solutions. By setting T'(z,7) = X (2)Y (1), we
obtain ) )

1 dY pwe 1 d°Y

e o Y 1.382

Y dr 2 X da? ( )
We can infer some particular solutions; for instance:

V2
T = Ae 17 sin( Ay 02> , (1.383)
w

which, for A < 0, can be cast also in the form

T = Ae “’r’7/2 gin (wz — ¢). (1.384)
Another solution is
T = Ae V¥t gin (w SV + c> . (1.385)
,u

The solutions in Eqgs. (1.384) and (1.385) are special cases of the follow-
ing, more general solution, from which they can be obtained by setting
a =0 and o = (§, respectively:

T = Ael@*=F)7/2 gmox/n giy (aﬁT — é$ + c) : (1.386)
,u

Equation (1.386) represents a surface in the space z,7,T. Its intersec-
tions with planes parallel to the T-axis are, in general, damped sinusoidal
curves. By contrast, for planes parallel to the straight-line

g

aft — —z = 0,

or to
-

2 2 o
G =7 = 2 =
the intersections are exponential or (non-damped) sinusoidal curves, re-
spectively. The geometric peculiarity of the solutions in Eq. (1.384) and
(1.385) lies in the fact that the surfaces represented by those equations
have sinusoidal intersections with planes parallel to the 7 = 0 plane or
with planes parallel to the z = 0 plane, respectively.

The problem of the cooling of a finite length bar whose ends are at
zero temperature, which has been solved above using the method of
sources, can also be solved by using solutions of the kind (1.384). In
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fact, we only need to decompose T{ into eigenfunctions of the type in
Eq. (1.384), relative to the interval [z1,x2], where one sets 7 = 0; that
is, into sinusoidal curves that vanish for x = 1 and =z = z2 and have
periods 2(ze — x1)/1, 2(xe — 21)/2, 2(x2 — 21)/3, 2(x2 — 1) /4, etc. If
we write the expansion of T} as

— I r — I

T, = Ajsinm i + A sin2rw + ..., (1.387)
T2 — T T2 — X1
then we obviously have
2,2
™ W T . T — 21
T’ = Aje -5
(z,7) 1 Xp{ 2(@_961)2} 1n7r$2_$1

Ar? T —x
A - in 2 ... (1.388
+ Ay exp{ s —21)? sin 27 p— + ( )

39. CONFORMAL TRANSFORMATIONS

Let . .
;= z(T1,. . Tpy e, Tn),
. = 2Ty, T, Ty, (1.389)
/ /
Ty = Tp(T1yeooyTpye..,Tp)

represent a transformation such that

Z dzl? /Z dz? = f(z1,...,2n). (1.390)

Such a condition can be analytically verified by requiring that, at the
same point, the gradients of the quantities 2’ take on the same absolute
value, and that the scalar products between any pair of such gradients
are

. ro_ [ flxr,.. ), fori=j,
Let us put
2,/
O = k(i,r, s).

0x,0x
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From the theorem of the mixed partial derivatives?®, from the condition
that all the derivatives of the absolute value of the gradients of 2’ with
respect to the same variable take on the same value, and from the con-
dition that all the derivatives of the scalar products of such quantities
vanish, we get the following equations (where we are assuming the x
axes to be parallel to the gradients of z'):

k(i,r,s) = k(i,s,r),

k(i in,s) = k(i iz, s), (1.392)
k(i,r,s) = —k(r,i,s), fori#m.
Now, let us put
0%
br = P 27’.
:L”’”

It is then easy to show that all the derivatives of 2’ can be expressed in
terms of p,. Indeed, from Eq. (1.392) one deduces that:

(a) for i #1r # s,

k(i,r,s) = k(i,s,r) = —k(s,i,r) = —k(s,r,1)
= k(r,s,i) = k(r,i,s) = —k(i,r,s) = 0;

(1.393)

(b) for r =1,

02!

k(iaias) = k(S,S,S) = 6(135 = DPs; (1394)

(c) for s =1,
k(i,r,i) = k(i,i,r) = pr; (1.395)

(d) for r=s #1,

k(i,r,r) = —k(ryi,r) = —p;. (1.396)

We can also check that, whatever the n quantities py,ps,...,p, are, the
quantities k(i, r, s) given by Eqs. (1.393), (1.394), (1.395), (1.396) satisfy
Eq. (1.392).

48@ That is, the Schwartz theorem.
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If we consider matrices whose 7, s element is given by the derivative
k(i,r, s), we can build a set of n matrices conjugate to the n quantities
2'. They have the following form?:

D1 D2 oo Pn—1 Dn
[ 6256/1 ‘| _ P2 —pP1 ... O 0
0,0z Pn-1 O ... —p1 O
Pn o ... 0 -—m
—Di 0 0 e P11 0 0
0 —Di 0 e P2 0 0
0 0 —pi D3 0 0
(A
= eee Dioe.. 0
[ 02,0, ] b1 P2 P3 Di Pk ,
0 0 O ... pp ... 0 O
0 0 0 ... pp ... 0 —p4
We deduce that
Vil = —(n—2)p;. (1.397)

It follows that the quantities 2’ are not harmonic functions, unless n =
2 or unless all the p vanish, so that Eq. (1.389) simply represents a
similitude. If n = 2, then the quantities 2’ are always harmonic
functions. In this case, if U'(2’,y’) is a harmonic function, by setting
U(z,y) =U'(2',y'), we deduce from Egs. (1.391) and (1.397) and (15) of
Sec. 1.8 that U(z,y) is a harmonic function as well. The transformation
of the zy plane into the z’'y/ plane is a conformal transformation of
one into another plane. Such a transformation preserves the form of the
infinitesimal geometric figures but can either invert the rotation direction
or not. To obtain a conformal transformation we need only to set

4+ iy = f(x+iy) (1.398)
or

¥ — iy = flz+iy), (1.399)

where f(x + iy) is an arbitrary analytic function. In the first case, the
rotation direction is preserved, while in the second case it is inverted.
The analytical considerations developed above may have an interesting,

49@ The generic i matrix has to be understood as the one whose ith row or column is given
by (p1,p2,p3,---,Pn), while all the other diagonal elements are equal to —p;.
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brief confirmation as follows. Let us consider a conformal transforma-
tion (1.389) changing a point of the n-dimensional space S into a point
of another space §’. From the constraints (1.390) we have that corre-
sponding infinitesimal geometric figures are connected by a similitude,
and the “similitude ratio” k = /f(z1,...,zy,) depends in general on the
considered point. Let U be a x-dependent function and let us require
that

U'(x},;2)) = Uz, ..., 2n). (1.400)
The flux of the gradient of U through a surface element dS can be written
as

d¢ = |VU| dS cosa, (1.401)
while the flux of V U’ through the corresponding element is
d¢ = |VU'| d9’ cosd’. (1.402)
Since we have a conformal transformation,
1
vU'| = z VU, (1.403)
ds' = k"1ds, (1.404)
and thus
d¢/ = k" 2d¢. (1.405)

It follows that, if n = 2 and the flux of U through a closed surface
vanishes, then the flux of U’ through any closed surface vanishes as well.
In other words, the conformal transformation of a plane into another
plane preserves the harmonic behavior of the harmonic functions. If n
is different from 2, such a property is not in general preserved; unless k
is a constant, in which case the conformal transformation reduces to a
simple similitude.

40. WAVE MECHANICS OF A MASS POINT
IN A CONSERVATIVE FIELD.
VARIATIONAL APPROACH

Let E be an eigenvalue of the equation®®
2m
Vi + 7 (E—-U)yp = 0. (1.406)

50@ In the original manuscript, the old notation h/27 is used, while we here denote the same
quantity by f.
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Let us then consider a variation dU of the potential U; for Eq. (1.406)
to have a finite and single-valued solution, £ has to undergo a variation
JE. Let us write the solution of the novel equation as 1; = ¢ (1 + «).
On substituting into Eq. (1.406), we obtain the equation satisfied by «:

2
¢V2a+2V¢-Va+$(5E—5U)¢ =0, (1.407)

or, multiplying® by
& (zp?v@) + 27;1 (6F — 6U) ¢* = 0. (1.408)

Since the quantity 2V « is, in general, an infinitesimal term of order
higher than two, on integrating over the whole space S one gets

/ (6E — 6U) 42dS = 0, (1.409)
that is,

5B — /w26UdS// $2ds . (1.410)

41. ELECTROMAGNETIC MASS OF THE
ELECTRON 52

Let us assume that the charge e is distributed over a sphere of radius
a. By taking into account the Lorentz contraction along the direction of
motion, we obtain the following equations for the electrostatic and for
the magnetic energy, respectively:

2
2
By = — | ——— + 102/, (1.411)
6a \/1—02/c?
2 2
Bn = - v (1.412)

3ac? \V1—v2/c?

51@ Notice that, if ¢ is complex, one has to multiply by *, and in what follows 12 must be
replaced with |]2.

52@ It is interesting to read about this subject, for instance, E. Fermi, “Correzione di una
contraddizione tra la teoria elettrodinamica e quella relativistica delle masse elettromag-
netiche” (Correcting a contradiction between the electrodynamic and the relativistic theory
about the electromagnetic masses), Nota Interna della Scuola Normale Superiore di Pisa
(1924). Among the subsequent, related papers by Fermi group’s members, cfr., for example,
P.Caldirola, Nuovo Cimento A 4, 497 (1979) and refs. therein.
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and

2 1 2
Eup = Eu + Em = — RV + 12/ | (1.413)
\/ —v2/c?

For an electron at rest one finds

E; = €*/2a, (1.414)
E, = 0, (1.415)
Een = €°/2a. (1.416)
The electromagnetic moment will be
2 2e?
Q= ZBp = = v (1.417)
v

3ac? \/1— 112/027

and, assuming no inertial component of the electron mass,” it will be

2 ¢? 1
m = =% - o (1.418)

where my is the rest mass, which is then given by

2 ¢? 4 B
= -— = = : 1.419
o 3 ac? 3 2 ( )
Under the assumption made above of no inertial mass contribution, the

mass-energy equivalence (apart from a factor ¢?) leads us to conclude

that the proper energy of an electron is®*
1 e?
E, = —Be = —, 1.420
0 3°° 6a ( )

or, for a moving electron,

/ 2
E' = mc® — Een =

2 e2 1
3a \/1—02/c?

2 2
N P RN ey
\/1—0v2/c?

= 6—\/1—112/c2 = Ejy/1—0v2%/c2, (1.421)
a

53@ That is, that the electron mass is entirely electromagnetic in nature.

54@ The author considered the total energy E of an electron to have two components: an
electromagnetic one, Een, and a self-energy term, E’| so that E = Eemy + E’. The energy E’
is obtained by requiring that E = mc?.
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i.e., the proper energy is proportional to a volume term.%® There is no
discrepancy between this result and the assumption that there is no in-
ertial component. Indeed, the electron does experience an (attractive)
strain force, which has to balance the repulsive electromagnetic force,
originated by the electron charge, that would lead to a spreading-out
of the charge itself. This implies that the proper energy of the electron
“core”®® slows down the forward (with respect to the motion direction)
part of the charge, while the backward part of the charge gets acceler-
ated. It follows that there is an energy flux through the core in the di-
rection opposite to the motion one. The momentum associated with this
flux must be equal and opposite to the momentum associated with the
energy E’ (which moves with the electron velocity). This can be directly
checked by considering a specific (but arbitrary) “bounding model”: for
example, by assuming that charges are maintained on a spherical sur-
face, at a fixed distance from the center, by strings. In such a case,
the energy flux through any cross section is obtained by computing the
string tension, and multiplying it by the component of the electron
velocity along the string direction. The ratio between such an energy
flux and ¢? yields the momentum per unit length; so that, by taking the
vectorial sum of the momenta relative to each string (and noting that
the elementary momentum in each string lies along the string direction),
we get the energy flux one gets the energy flux through the whole core.

Furthermore, Eq. (1.421) shows another peculiar feature: The proper
energy of the core decreases with the electron speed and vanishes for
speeds close to that of light. Then the problem arises of the energy
balance for the core. We easily recognize that the energy decreases
with the speed is due to the electron’s contraction along the direction
of motion. In fact, let us divide the electron into two parts, by means
of a yz plane normal to the motion direction and passing through the
center of the electron (at which center we put the origin of our reference
frame). The charge de distributed over each one of the two spherical
surface elements, which get projected into the same element dydz on

55@ Cf. the next footnote.

56@ In the author’s model, the electron has two essential components: the external surface
(on which its charge is distributed); and an internal part (which in this translation is called
the electron “core”), whose proper energy is proportional to the volume of the core. Actually,
in the original manuscript, the electron proper energy is regarded also as the energy of the
core. Let us recall, incidentally, that “mechanical” models for the electron were in fashion at
that time, for instance along the Abraham-Lorentz’s line (the famous Dirac’s papers, e.g.,
appeared in 1938, ten years later).
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the chosen plane, will be

- ¢ dydz (1.422)

a e

VaZ —y2 — 22 4ma®  dmay/a? — g2 — 22

Now, we can imagine that the core is made of longitudinal and trans-
verse strings, each linking two elementary charges symmetric with re-
spect the yz plane. The longitudinal strings compensate the mechanical
actions of the electric field components along the direction of motion.
The transverse strings compensate the mechanical actions of the trans-
verse component of the electric field as well as of the magnetic field
(whose components are by themselves normal to the motion direction)
of the moving charges. The tension in the string tying up the two above-
considered elements is

1 e a2 —y?2—22 e

- c de —
2 a? a € 8mat

de = dydz

dt = dy dz, (1.423)

which does not depend on the velocity. The string length is

0= 2yfaz—y2 22\ /102 (1.424)

If the electron velocity increases in magnitude by dv without changing
its direction, the transverse strings do not change their length and thus
the associated energy does not change either. Instead, the longitudi-
nal strings get shorter and the energy variation da of each of them is
obtained by multiplying the string tension by the length variation:

2¢? (v/c?) dv

d(d = dtdl = ———dyd 22— 2

o ST N
e2vy/a? —y? — 22

= dy dz dw. (1.425)
dmat & \f1 —v2/c2

On integrating with respect to y and z, and considering that

/ da = F', (1.426)
yz plane

we obtain

62?}

dE' = — dv. (1.427)
6ac? /1 —v2/c?

The same result is found by differentiating Eq. (1.421), which proves
that the proper energy decrease with the speed is actually due to the
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Lorentz contraction. The fraction of the total energy contained in the

core is
E 1 1 v?
me2 4 c2 ]’

which is equal to 1/4 for small velocities. For larger velocities, this
ratio decreases, due to both the decrease of the proper energy and the
increase of the electromagnetic energy; while at the speed of light the
entire electron energy tends to be electromagnetic in nature.

42, LEGENDRE POLYNOMIALS

The Legendre polynomials are defined by the equation

1 d*a?—-1)"

P, = 1.428
27! dz" ( )
and satisfy the relation
. 0, form #n,
/ P, P,dx = 9 . (1.429)
-1 —, form=n.
2n+1’
Moreover,
P,(1) =1, P,(-1) = (-1)™. (1.430)

The first polynomials read as follows:

[y

Py = 1, P2dz =2
-1

2

P = = 3
3 1 2

P = Zp2_Z 2
2 2" T 5
5 3 2

P = 32 z
3 2% T 7
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35 15, 3 2
p, = 24 122 0 Z
4 s¥ T 1Tty 9
63 . 35 15 2
P, _ < 5 Y3 - .
5 gV Tt TR 11
py = 2lyo 3154, 105, 5 2
16 16 16 16 13

42
p o= 2297 0935 315, 3 2
16 16 16 16 15

43. V2 IN SPHERICAL COORDINATES

Let V' be a function of the variables z,y, 2z which, in terms of 7,6, ¢,

write
Va2 +y? + 22,

= arccos z/r, (1.431)

= arctany/r.

In view of the relations
1 1

Vrl =1 Vo = - Vo = —— 1.432
Vel =1 (V0= Vel = o (14s2)
VrxV0 =VOIxV¢o =VeoixVr =0, (1.433)

t 6
Vir = V= C‘;Q . V24 =0, (1.434)

we deduce, from (15) of Sec. 1.8, that

ViV =

v 20V 1 (1 82V+82V—|-a—vcot9
or? r or r2 \ sin?6 0¢? 002 00 '

(1.435)
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1. V2 IN CYLINDRICAL COORDINATES

Let x and y be the following functions of r and ¢:

ro= yJz?+y? (2.1)

¢ = arctan Y (2.2)
x
Since: .
Vil = 1, Vel = (2.3
VrxVe¢ = 0, (2.4)
Vir = % V2 =0, (2.5)

then, from (15) in Sec. 1.8,

PV v 1o
022 r Or r2 9¢?’

ViV =

2. EXPANSION OF A HARMONIC
FUNCTION IN A PLANE

Let us consider the expansion of a harmonic function V' near the point
0(0,0). We have

V=PFP+P+P+P+...+P, +..., (2.7)

where P, is a homogeneous integer polynomial of order n in the variables
x and y. Since V2V = 0, we obtain

V2P, = 0, (2.8)

85
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which means that P, is a harmonic function. Let us note that P, has
n+1 coefficients while V2 P,, being a polynomial of order n—2, has n—1
coefficients, which are related to the P, coefficients by bilinear relations.
Moreover, all these coefficients must be equal to zero. It follows that only
two of the P, coefficients may be chosen arbitrarily with the exception
of Py, which is an arbitrary constant. The most general expression for
P, is then

P, = a, P, + b, P/, (2.9)
with P/ and P/ two known homogenous and integer polynomials of order
n. We can now write

P = 1" pn(9), Byo= 1" p(0), Bl = r"pi(e)  (210)
and thus
MTL(QS) = an:uiz(gﬁ) + bn,u{r;(gb) (2'11)

We can now choose P, and P/ in such a way that p, and p are orthog-
onal in the interval (0,27). It will suffice to prove that, for m # n, we

always have
2m

i ndp = 0, m # n. (2.12)

In order to do this, let us consider the outgoing flux from a circle of
radius r of the vector

Pl V™ iy — "y, VO iy, (2.13)
From Eq. (2.10), it follows that
0
—r" Hm = m rm_lﬂmv
or
(2.14)
0 _
ar” pn = nr"lu,.
Thus the outgoing flux is given by the expression
2m
F = (n—m)rmtmt / o, for, A . (2.15)
0

On the other hand, the divergence of the vector in Eq. (2.13) is
Vo (r™ pm V"™ wn — " i V™ )

= " e V2 iy — 7y V3P iy = 0, (2.16)
from which Eq. (2.12) follows.
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3. QUANTIZATION OF A LINEAR
HARMONIC OSCILLATOR

Let us consider an oscillator of mass m acted on by the force —Kq acts;
its Hamiltonian can be written as

1 2 ]92
H(q,p) = s Ka + o = E, (2.17)

and the oscillator frequency will be

v = L & (2.18)

21\ m

The matrices representing p and ¢, and the ones derived from them,
obey the sum and product rules of matrices and satisfy the following
conditions:

(a) differentiation with respect to time: M,s = (i/h) (B, — Es) M,s;
(b) pq—qp="n/i

(¢) H should be diagonal: H = diag(E1, Ea, . ..);

(d) the matrices must be Hermitian .

From these conditions, it follows that the Hamilton equations hold:

. OH
q = 371)7 (2.19)
. OH

If we combine condition (a) with the others, it becomes

7

M = = (HM — MH). (2.21)

In our case, Egs. (2.19) and (2.20) read
mg = p, (2.22)
p = —Kq. (2.23)

From Eq. (2.22), it follows that the elements of p and ¢ are connected
with each other by the relation
m

DPrs = Qrs ? (Er - Es) . (2.24)
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Moreover, since

mqg+ Kqg = 0, (2.25)
we obtain
m 2
K — - (E, — Eo)°| ¢rs = 0. (2.26)
Thus, ¢, is different from zero only if
m 2
K = P (B, — Eq)°, (2.27)
which is equivalent to
E, — BEs = +hv. (2.28)

Let us now evaluate the (r,7) element of the matrix pg — gp. Due to
the constraint (b), we have

h

7= za: (Pra Gar — @raPar) (2.29)

or, from Eq. (2.24):
% = Xa: (Er — Ea) % (¢ra dar + dor Gra) - (2.30)

This is equivalent to
Y (Br — Ea) lgns]® = ;i (2.31)

o

All the terms in this sum add up to zero, apart from the two for which,
respectively,

E, = E, + hy, (2.32)
E, = E, — hu. (2.33)

It follows that, if an eigenvalue E, exists, it must also exist one of the
two eigenvalues E, — hv and E, + hv. Due to the form of H, there
exists at least an eigenvalue Ey such that the eigenvalue Ey — hv does
not exist. However, the eigenvalue Fy = Ey + hv does exist. Thus, on
setting r = 0 in Eq. (2.31), we obtain
h2
2
hv ’(Jo1| = om’ (234)

that is,
h

drmy’

g1 = (2.35)
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On setting » = 1 in Eq. (2.31), we find that also the eigenvalue Fy =
E1 4+ hv = Ey + 2hy must exist, and we can deduce that

2h

drmy’

g1l = (2.36)

By iteration of Eq. (2.31), we can show (by induction) that the eigen-
value Ey + nhv exists, n being an arbitrary integer, and we also find

that
nh

drmy’
It follows that the matrix ¢ and, from Eq. (2.24), the matrix p have
both vanishing elements except for the ones adjacent to the diagonal.
Note that both ¢ and p matrices are known, apart from a not essential
(phase) factor, since their arguments are obviously equal and opposite
to those of the complex conjugates of ¢,s and ¢g, prs and pg,.

It is now possible to determine the matrix H, to verify that condition
(c) is met and to determine Ey at the same time. From Eq. (2.17) we
have

Gn-1n> = (2.37)

1 1
Hrs = §K Z Qra Qas + 27 Z Pra Pas; (238)
(0% m (0%
which, by Eq. (2.24), becomes
1 m
Hy = Y [21( b (B — Ea) (B, Ea)] oo (2.39)

«

All the terms in the sum are zero, apart from those for which « differs
from r and from s by one. In order for a to take one of these values,
one of the following cases must apply:

(I) r o= s+ 2
(IT) r = s =n, (2.40)

(I11) ro= s-—2.

In case I, the sum reduces to a single term, which can be obtained by
setting &« = s + 1. We then find:

1 m
Hs+2,s - |:2K + TBQ (Es+2 - Es+1)(Es - Es+1) 4s+2,5+14s+1,s
~ (Lx o2 =0 2.41
= |3 TV m ) gsy2,611 qs+1s = 0. (2.41)

We can reason in a similar manner in case I1I, and thus the corresponding
matrix is diagonal. In case II, two terms are non-vanishing in the sum,
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and they may be obtained by setting « =r—1=s—-1=n—-1 or
a=r+1=s+1=n+1. We then get

1 m
Hn — En — {2K + ﬁ (En - Enl)ﬂ dnn—149n—1,n
1 m
+ [QK + pys (Bn — Eni1)?| Gunst Gnain. (2:42)
From Egs. (2.36) and (2.37) we find
(Bn — Epn_1)?> = (En — En1)? = B202 (2.43)
nh
dn—1nqnn-1 = |Qn—1,n’2 - 47’['777,1/’ (244)
n+1)h
dnn+19n+1n = |Qn,n+1|2 = (4), (2.45)
Tmy
from which
1 h
E, = (K + 2772mv2> n
2 4drmy
1 181
+ (K + 27r2m1/2> (n+ DA (2.46)
2 4Tmmy

and thus, since
1
QK +2r?mv = K,

one gets:
K v 1
(2.47)
In particular:
Fo = éhu. (2.48)
4. DIAGONALIZATION OF A MATRIX
Let H be any Hermitian matrix and S a matrix such that
SS™t =1, (2.49)

quantity S~! being defined by the relation
st =5, (2.50)
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Condition (2.49) can also be written as

Zsms— = 0ps OF ZS Ssi = Ors, (2.51)

wherel!

1, r=s,
5TS_{O, r # s.

The matrix SHS™! corresponds to the matrix H to which the transfor-
mation S is applied. We then have

(s157),, = 3 8u (H57), = 3523 Hasy!
- ZZH“CST'LSS]C’ (2.52)

rs

and, since we require the matrix W = SHS~! to be diagonal, we obtain

Hij Sri S;kk = E; ors. (253)
i k

On replacing the indices r and s with m and [ and multiplying the
resulting expression by Sp,, we find

D> Hig Smi Sty Sin = Eum Sin 6 (2.54)
Tk

and, by summing over the index [,

> 2D HiSmiSik Sin = Em Smn- (2.55)
% k l

The 1.h.s. term may also be written as

Z Z Z Hik, Smi Sk Sin = Z Z Hik S Z S} Sin
= Z Z Hj, Sni Z S S5, = Z Z Hy, s,m Sk
= Z Smi H;p,
so that Eq. (2.55) becomes
> SmiHin = Enm 0mn, (2.56)

1@ In the original manuscript, the definition of the Kronecker symbol was given after Eq.
(2.53).
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that is
Z sz n m Em) = 0. (257)

We can also derive Eq. (2.56), and then (2.57), by exploiting the
associative property of the matrix product. In order to demonstrate
this property it suffices to show that, given any three matrices a, b, and
C?

(ab) ¢ = abe. (2.58)
Indeed,

((CL b) C)rs = Z Z Z ark b Cis O
= Z Qri Z bri Cis Z ar ( bC

- ( (bc))rs = (abc)rsa q-e-d-

From the relation
SHS™' =W, (2.59)

we then obtain
WS = (SHS)S = SHS™S = SH, (2.60)

from which Eq. (2.56) immediately follows.

If the matrix is finite and has N rows or columns, by varying the index
n in Eq. (2.57) from 1 to N, we obtain N homogeneous linear equations
among the N elements of the n-th row of S. Now, since the elements S,,,
cannot be all zero, due to Eq. (2.51), the determinant of the coefficients
of such homogenous equations must vanish. The following must then
hold:

Hy — E, His Hqs ... Hin
Hoy Hoy — E,, Hog ... Hyn

det H31 H32 H33—Em H3N = 0.
Hn Hpyo Hys ... Hyn—Ep

(2.61)
It follows that the diagonal elements of the matrix W can be nothing but
the roots of Eq. (2.61). If these are all distinct, it is possible to construct
W in such a way that the diagonal elements are all equal to . Matrix
S may then be constructed from Eq. (2.57). Indeed, the elements of the
nth row of S may be determined, up to a constant factor, by solving the
system of linear equations mentioned above. The constant factor may
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then be derived from the normalization condition given by Eq. (2.51).
It is thus possible to find all the rows of S, each of which is associated
with one of the roots of Eq. (2.61). We can then demonstrate that the
orthogonality condition satisfied by the rows of S, which is demanded
by Eq. (2.51), is automatically obtained if H is Hermitian. If there are
q coinciding roots, there exists an infinite number of ways that we can
use to construct ¢ rows of S that are associated with those ¢ coinciding
roots.?

5. WAVE QUANTIZATION OF A POINT
PARTICLE THAT IS ATTRACTED BY A
CONSTANT FORCE TOWARDS A
PERFECTLY ELASTIC WALL

Let us consider the one-dimensional motion along the direction perpen-
dicular to an elastic surface. If x is the distance from the wall and g the
acceleration of the particle, its potential energy is given by

- mgx, x>0,
U = { . 1<0, (2.62)

and the Schrédinger equation reads
d2y 2m

— + —& (E —mgz)y =0, x>0,
da? — n? . (2.63)

Suppose that ¢ is a solution of the above equation with eigenvalue FE.
On setting

= (mga — B) {2/(mh?g?), (2.64)
Eq. (2.63) becomes, viewing v as a function of zy:
d?a)
dz? = 719,
1 (2.65)
Y(xy =a) = 0,

2@ In the original manuscript, after this section, the author planned writing a section on
Laguerre polynomials. However, such a new section was never written.
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a = —E {/2/(mh%g?).

The function ¥ must also be regular and finite for a < x1; as we shall
see, this condition completely determines ¢ as a function of x1 up to a
constant factor. If F'(x) is such a function, the second one of conditions
(2.65) can be expressed by saying that « is a zero of function ¢. One
can then obtain all the possible energy levels from the relation

E = —a {/mh%g2/2. (2.66)

We can now also evaluate the periodicity modulus for the action,
which we shall denote by S. This will be useful in order to compare the
results from wave mechanics with those that we can deduce from the
Sommerfeld conditions. We have

E/mg
S = 2/ m 2(E—mg;c) dor = = ,/3 E3/? (2.67)
0 m 3g Vm

where?3

or, on writing E as in Eq. (2.66),

S 2
;=3 (—a)*?, (2.68)

whereas the Sommerfeld conditions would yield
S/h = n, (2.69)

with n a non-negative integer.
Let us now try to construct the function F(z) = y. Two particular
solutions of Eq. (2.65) are the following (see Sec. 2.31):

1 1 1
M = 14+ — 43 64 = 94
T 937 T 93567 T 2356807
(2.70)
1 1 1
N = e 7 04
TH3yT T 3aer” t3a67010° T

The general solution is a combination of M and N, and, since M and
N go to infinity as £ — oo, up to a constant factor it must be true that

y = M — AN, (2.71)

3@ The second equation (2.65) corresponds to 1(z = 0) = 0; obviously, the wavefunction
vanishes also for x < 0 and z1 < a.
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with M
A= lim —. 2.72
im — ( )
We shall prove soon that A is finite. We now show that logy does indeed
go to zero sufficiently fast as x — oco. Let us cast an arbitrary solution
of Eq. (2.65) in the form

y = e". (2.73)
We then have
' 4+ u? = o (2.74)
and, for very large ,
u o= £z (2.75)

The upper sign corresponds to solutions tending to infinity for large z,
while the lower sign corresponds to solutions tending to zero for large x.
Now it is simple to show that the expansion of u in decreasing powers of
V/x is identical for all the ys that tend to infinity, apart from an additive
constant. It then follows that the ratio among two solutions that tend
to infinity is a non-zero constant. But if y has the form (2.71), we also
have that

lim = = ——— = 2.
Moar s a0 (2.76)

and thus y tends to zero sufficiently fast. In order to determine A, let us
start by setting

1 1

¢(0) =1 ¢(B3) = 535 ¢Bn) = 5356 Gn _1).Gn)’ (2.77)

We thus have
M = $(0) + ¢(3)2® + ¢(6)2° + ¢(9)2? .. .. (2.78)
We can define ¢(z) for any = > —2, by making use of the functional

equation
¢(x)

(x+2)(x+3)

and by assuming that ¢(z) is evaluated in the limit of very large x
by linear logarithmic interpolation between ¢(3n) and ¢(3n + 3), with
3n <z < 3n + 3. In this limit we evidently have

2?3z 4 1)
o(x)

oz +3) = (2.79)

=1 (2.80)

or, more generally
2B ¢(z + )

¢(z)

lim

= 1, (2.81)
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from which it is easy to deduce that

#(0) + ¢(3)z3 + ¢(6)2° + ¢(9)2” + . ..

A d(a)z + d(a + 3)z°"3 + (o + 6)zT6 + ... 1 (2.82)
(for & > —2). In particular,
o 0(0) + 6(3)2 + $(6)a" + 9(9)2° + ..
=% ¢(1)z + (42t + ¢(T)aT + ¢(10)a10 + ..
= lim L = 1, (2.83)

z=o0 ¢(1) N

from which A = ¢(1). Under the form of an infinite product, we have
[see item (3) in Sec. 3.7] that

1 42.7 72.10 10%-13 132-16

3 _ 3 _ . . ..
S N B B TE R VR (2.84)
from which we derive
A= oo(l) = YELRB) VBB g (2.85)

(/3 2 (1/3)!
We finally have

F(z) = 6(0) — 6(1)x + 6(3) 2 — 6(4)a* + 6(6)a® — o(T)a” + ...

(2.86)
Note that, for > 0, we always have F(z) >0, F'(z) <0, F"(z) >0,
while, for < 0, function F' has an infinite number of zeros. From the
differential equation for F', it is easy to show that, if a,, and ay,41 are
two consecutive zeros with «;,, > 41, then the following relation holds

Qp — Qpyl = %, with  ap1 < —€ < ay. (2.87)
It follows that
Sn - Sn .
% = ’/21, with  ap1 < — & < ay,. (2.88)

For large quantum numbers, we have
(Sn41— Sn) /h = 1, (2.89)

which is consistent with Sommerfeld’s constraints. The first zero of F
is at?
—ap ~ 2.33, (2.90)

4@ A more precise calculation yields —ag ~ 2.33811.
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which corresponds to®
S1 ~ 7.49h. (2.91)

6. RELATIVISTIC HAMILTONIAN FOR THE
MOTION OF AN ELECTRON

Let ¢ be the scalar potential and V;;, V,,, V. the components of the vector
potential. Let us set

Co = ¢a Cp = =iV, Cy = _iVyv C3 = —iV,,
xg = ict, T =T, T2 =Y, T3 = Z,
d82 — Zz df]??7

and consider the spacetime action®

P
07 = /chds + e/Cid:ci. (2.92)
We have
5(0?3) = /mczx'l-d&ni + e/C’idéaci + e/aa5xjd$i, (2.93)
¢ 8.7}]'
that is,
b
5(613) = ch2jzi + eC’i) 53:,} — /chJ’éi&cids
1 a
oC; . oC; .
—e [ St owdy sy i ds. (2.94
8/89@-51; tjds + e/axj(sarjx ds. (2.94)

The constraint that P be stationary reads

mcti; = e (aCj 8Ci> xj, (2.95)

axi B axj

5@ In the original manuscript, the approximate value S1 ~ 0.76 h was given.
6@ Throughout this section, the author adopted the summing convention over repeated
indices.
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and this is equivalent to the following four equations:

d mc?

I r——E

d mdx/dt
dt /1 —v?2/c?
d  mdy/dt
dt /1 —v2/c?
d  mdz/dt
dt /1 —v2/c?

ot ot ot ot ot ot

e (8055 ox oCy Oy n oC, 8z>

Cc

BNCT L
Oxr Ot Oy Ot 0z Ot)’

_eam_c ot c dt

Oz oy

99 e dC, edy(acy acz>

e dz (86’;,; B 8C’Z)

S cdt \ oz ox

. op e0dCy edz (8CZ 8Cy)
oy 0z

e dx (BCy 8Cx>
Ox oy )’

¢ e 0C, n fdﬁ (8090 8CZ>
€ 0z c Ot c dt 0z ox

Cedy (8@ acy>

c dt ('33/—@

which then are the equations of motion for the electron. Now, given
an arbitrary surface (that may even degenerate into a single point), the
action P along a line that ends at some fixed point and starts from
a point lying on the surface, such that §P is stationary at the lower
extreme, is a function of position. Since the variation of P is stationary
for fixed end points, on keeping the lower end fixed and changing the
upper end by an infinitesimal vector (dzg, dz;, dxy, dzg), the variation
of P reduces to (see Eq. (2.94)):

or

d (eP/i) = (ch & + eCi> dz;, (2.96)

m02

- \/1—0v2/c?

dt — epdt + (m do eca;) dz

\/1—02/025 ¢
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e Ay e ) g,
1 —0v2/c? dt ¢

+ (m e _ e@) dz. (2.97)

\/1—112/62a ¢

Let us define the momenta conjugateto t,z,y, z as

2
me
po= e e = W,
\V1—v2/c?
d
o= m dr e
[1—v2/c2 dt c
(2.98)
m dy e
= — =2 4+ - C ,
b V1 —v2/c? dt c’
d
o= mdz e
V1 —v2/c? dt ¢
From Eq. (2.97) it then follows that
oP oP oP oP
— = —-W = p, =py, — = p.. (2.99)

ot o P Gy 07

The four momenta (2.98) are connected by the relation

2 2
_CV_G@ +<x_6@)
C C C
e \? e \?
+ (py - CCy) + ( z = ch) + m202 = 0. (2100)

From Eq. (2.100) we can deduce the Hamiltonian of the system, apart
from a factor 1/2m. Indeed, if 7 is the proper time, denoting by M the
Lh.s. of Eq. (2.100) divided by 1/2m, we get

oM _ oM _ 1 _odat
Opy o ow /1—1)2/02 o dr 7
oM 1 dx dx

Opz /1— 112/02 dt dr

= T,
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oM . OM .
a. = ) = Z,
Ipy Y op.
O _ e % ¢ 1 dCGd
ot /1—112/02 ot c /1—1)2/02 de dt
e 1 dCy % e 1 dCZ%
c /1_02/02 dt dt c /1—7}2/62 dt dt
_ 61[d¢_1<dcrd$ dcydy+dczdz)
N dt ¢ \ dt dt dt dt dt dt

opde Opdy  0¢ dz]

B e@ . i mec? _daw W
T A i pge A -
o e w
Ox f1—v2/c2 Ox
e 1 (acx de , 9C, dy | 9C. dz)
¢ J1— w2/ Ox dt Ox dt Ox dt

e 15J0) e 1 o0C,

- _ + —
1—v2/c? Ox €\ /1 —v2/c? ot
1 dy <acy - acx>

/ _,UQ/CQE % ay

1
1 d (acx - acz> e 1 dg
1 C

/ _Ug/cza 0z ox /1—1)2/62 de
e d m dx e
- bl it
1—w2/c2dt \ 1 22 At ¢

_dpe
dr

oM _ oM

ay v 5, T TP=

e
Cc
e
+ -
C

= _pl‘)

In the expressions above, the quantity e is the electric charge of the
particle (including its sign); considering electrons with negative charge
and denoting now by e the absolute value of the charge, Egs. (2.98) and
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(2.100) become

2
Po= e b ep = —W,
1—v2/c?
d
oo Mg
\V1—v2/c? ¢
(2.101)
m dy e
py = —m—— — —C,,
V1 —v2/c? dt ¢
m dz e
P = 77_50,25

/1 —02/c? dt

2
n <pz n ecz> . (2.102)

7. THE FERMI FUNCTION~”

The Fermi function [i.e., the Thomas-Fermi function] is the solution of
the following differential equation under the given boundary conditions:

¢3/2
= 77

The function is tabulated® in Table 2.1.

@ »(0) =1, ¢(oo) = 0. (2.103)

8

7@ The subject of this section is more commonly known as the Thomas-Fermi function. The
author refers here to E.Fermi, Z. Phys. 48 (1928) 73.

8@ How the author obtained the numerical values of the now so-called Thomas-Fermi function
is not clear; but they are very accurate.
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Table 2.1. The Thomas-Fermi function ¢(x), and its derivative, for several points.

r  ¢la) —¢'(2) z  ¢(x) ¢
0 1 1.58 1.1 0.398 9 0.029
0.05 0.936 1.15 1.2 0.374 10 0.024
0.1 0.882 0.995 1.3 0.353 12 0.017
0.2 0.793 0.79 1.4 0.333 14 0.012
0.3 0.721 0.66 1.5 0.315 16 0.009
0.4  0.660 0.56 2 0.243 18 0.007
0.5 0.607 0.49 2.5 0.193 20 0.0056
0.6 0.561 0.43 3 0.157 25  0.0034
0.7 0.521 0.38 3.5 0.129 30  0.0022
0.8 0.486 0.34 4 0.108 40 0.0011
0.9 0.453 0.31 5 0.079 50  0.0006
1 0.424 0.29 6 0.059 60  0.0004
7 0.046 80 0.0002
8 0.036 100  0.0001
Setting:”
RN Y (2.104)
= 1 - —/23¢, .
12
6 = exp{ [ut) dt}, (2.105)
we find
du 16 n (8 n 1 )
o P -
dt 3(1—1¢) 3(1—1)
7 2 2 3
(5 - at)w - -0, (2.106)
u0) = oo, (2.107)
t
¢ = exp {/ u(t) dt} . (2.108)
1

9@ The author looked for a parametric solution of the Thomas-Fermi equation in the form
z = xz(t), ¢ = o),

where t is a parameter. At this point, he performed the change of variables represented by
Eqgs. (2.104) and (2.105). Schematically, the method was then the following: Consider z and
¢ as functions of ¢, given (implicitly) by Eqgs. (2.104) and (2.105), respectively. Afterwards,
evaluate from them their first and second derivatives with respect to ¢, and substitute the
results into the Thomas-Fermi equation (2.103); note that this equation contains derivatives
of ¢ with respect to z. The outcome is a first-order (Abel) differential equation for the
unknown function u(t), namely Eq. (2.106). Finally, the boundary conditions (2.103) are
taken into account in Egs. (2.107) and (2.108).
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Setting instead!?

t = 14476 1/2 /6 (2.109)
u = —Y16/3¢73 ¢, (2.110)

the following relation is seen to hold

du tu? —1
— = 8 —F. 2.111
dt 1—t2u ( )

For x = 0, we have ¢t = 0 and

w(0) = — {16/3 ¢).

For x = oo, from the asymptotic expansion of ¢ we find u = 1, t = 1.
The branch of u corresponding to ¢ is defined at the points between
t = 0 and t = 1. This branch can be obtained by a series expansion
(which is always convergent) starting from ¢t = 1. More precisely, setting
t1 =1 —t, we havell

w = ap + arty + agti + aztt + ..., (2.112)

10@ In the remaining part of this section, only the substitutions in Egs. (2.109) and (2.110)
are considered. Notice that the method used here by the author is quite different from the
previous one, although it looks similar. The author considered the parametric description of
z and ¢:
z = =z(t), ¢ = $=(t)

(note that now ¢ is a function of ¢ only through its dependence on x). He then translated the
problem in terms of ¢ and u(t), by use of Egs. (2.109) and (2.110). The procedure he then
adopted is the following: The derivative with respect to ¢t of Eq. (2.110) is taken [considering
¢ = ¢(z(t))] and the Thomas-Fermi equation in (2.103) is substituted in it. Then z (and
its t-derivative) from Eq. (2.109) is got and substituted into the relation just obtained. The
result is a first-order differential equation for u(¢) (with the boundary conditions reported
in the text), which is solved by a series expansion (see below). Once u(t) was obtained, the
author did not deduce the expression for the Thomas-Fermi function ¢ from Egs. (2.109)
and (2.110), but he looked again for a parametric solution, of the type

z = z(t), ¢ = o),

o(t) = exp{ / w(t)dt},

where w(¢) is a function that can be expressed in terms of u(t) on substituting the above
expression for ¢(t) into Egs. (2.109) and (2.110). The final result is expressed by Egs. (2.116)
and (2.117), where the boundary conditions are taken into account as well.

1@ In the original manuscript, the exponents of the variable t; were forgotten.

setting
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where ag = 1, a1 = 9 — /73, while the remaining coefficients can be
evaluated from the following linear “iterating” relation'?

m
1
Z 3 [(m—n+1)am-nt1 (0p — (an —2an—1 + an—2))
n=0
+ (n + 1) An+1 (6m—n - (am—n —2am-—n-1+ am—n—2))
+16 am—n an — 8 (Am—n An—1 + @p Gm—n — 1)] = 0. (2.114)
The first coefficients are as follows!?
ap =~ 1.000000, a1 ~ 0.455996,
as ~ 0.304455, as =~ 0.222180,
ag ~ 0.168213, as =~ 0.129804,
ag ~ 0.101300, a7 ~ 0.0796351,
ag ~ 0.0629230, ag ~ 0.0499053,
alg ~ 0.0396962.

Setting t; = 1 in the expansion (2.112), from Eq. (2.110) we obtain

3 1/3
— ¢y = (16) (14 a1 +a2+...). (2.115)
The series in the r.h.s. has all positive terms and has a geometric con-
vergence; the ratio between one term and the previous one tends to
approximately 4/5. Once u is known, we can obtain the parametric
equation for the function ¢ with simple quadratures. We find

t but

r = t? (ff)l/g. (2.117)

12@ The author solved Eq. (2.111) by series; he substituted (2.112) into (2.111), thus ob-
taining an “iterating” relation for the coefficients ai, az, as, ... (the first coefficient ag is
given by the boundary condition for z = 0). Using this procedure, one gets the iterative
relation reported in Eq. (2.114). Strangely enough, this is different from the one reported in
the original manuscript, which reads

ai(an — 2an—-1 + an—2) + 2a2(an—1 — 2an—2 + an—3)

+3a3(an—2 — 2an—3 + an—a) + ...+ nan(ar — 2ap)

+8(apan + atan—1 + ...+ anao)

—8(apan—1 + aian—2 + ...+ an—1ag9) = 0. (2113)
However, the remaining discussion and the results presented in the manuscript are all correct,
thus indicating the presence only of an oversight [probably due to the particular hurry]. Notice
also that, as stated by the author, the equations determining the coefficients a2, as, ... are
linear; while the equation for a; is quadratic, and we have to choose the smaller solution,
that is, a1 =9 — v/73.
13@ In the original manuscript, only the first five coefficients were given.
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The other coefficients of the expansion are the following:'*

a1 ~ 0.0396962, a2 =~ 0.0252838,
a3 =~ 0.0202322, a4 =~ 0.0162136,
a5 =~ 0.0130101, a1 =~ 0.0104518,
a7 =~ 0.00840558, a1z ~ 0.00676660,
ajg ~ 0.00545216, azo =~ 0.00439678.

8. THE INTERATOMIC POTENTIAL
WITHOUT STATISTICS

To first order, the problem of the electron distribution in heavy atoms
may be solved as follows: Neglect the inversions of the periodic system
and suppose all the electron orbits are circular. From Pauli’s principle
we have two electrons in a circular orbit of quantum number 1, eight
electrons in an orbit of quantum number 2, and in general 2n? electrons
in an orbit of quantum number n. If Z denotes the atomic number, then

Z =Y 2’ (2.118)
1
and, for very large Z,
Z = %n?’. (2.119)

The pth electron will be in an orbit having a quantum number

Q = /3p/2; (2.120)

and, since it feels an effective charge Z — p, its distance from the nucleus
will be
_ B 3/

= ——7 2.121
me?(Z — p) ( )
In other words, if we set
1 2/3
o= — = -~ (W) ~ L (2.122)
o 2 \2 1.480

4@ In the original manuscript, the numerical values of all these coefficients were missing.
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with!® ) 2/
h 2
= (32/2)1/3 ~ 6.93 x 107 z71/3 (2.123)
me
and thus 2/3 2
§ o= (37r)—h ~ 4.7x 1079 Z27V3, (2.124)

27/3m e2 7Z1/3
and, furthermore, write the interatomic potential as

Z
W = Teﬁbl, (2.125)

we then obtain
(1= ¢1 +2¢h)*?

T = pa——r . (2.126)
Indeed,
Z

Zp = ¢ — 24, (2.127)
If we set!©

t = ¢1 — a9 (2.128)
and thus 2/3

1—1t
o = (]5) (2.129)

then, knowing that ¢;(00) = 0, we’ll havel”

@ ¢
o1 = —a1 /Oo e (2.130)
and, after integration,
¢ = % [1-a -7 - ; + 2, (2.131)
which, with
r =2 (i)z/g(l_;)m, (2.132)

15@ The numerical value reported in the original manuscript is slightly different: 6.96 x 10~9.
As already stated, we usually rewrite all the equations in terms of the reduced Planck constant
h instead of using h.

6@ Here the author applied the same method used in the previous section (a change of
variable) to find the Thomas-Fermi-like function ¢;.

17@ Indeed, notice that

2 x2 x de z= -

t_ 4, % _da
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Table 2.2. Comparison between the functions ¢ and ¢; for several points.

x ¢ P1

0 1 1
0.1 0.883 0.883
0.2 0.793 0.793
0.3 0.722 0.721
0.4 0.660 0.660
0.5 0.607 0.608
0.6 0.562 0.564
0.7 0.521 0.525
0.8 0.486 0.491
0.9 0.453 0.462

1 0.424 0.435

2 0.243 0.276

yields the parametric equation for ¢; in the measurement units intro-
duced by Fermi.

It is interesting to make a comparison with Fermi’s ¢ (see!'® Table 2.2).
From this, we conclude that our approximate method yields a value for
the electron density near the nucleus that is roughly a sixth of the ac-
tual value, and, for the potential generated by the negative charges in
the vicinity of the nucleus, a value that is smaller than the actual one by
roughly 4%. The approximate potential derived above can thus be used
for the K and L series and, with a small error, also for the M series. It
fails though to give correct results for the outermost regions of the atom.
The reason for this is twofold: We have neglected the inversions of the
periodic system and we have approximated the elliptical with circular
orbits. The elliptical orbits are particularly relevant for strongly non-
Coulombian fields, such as the ones that are present in the outermost
regions, since, for any given total quantum number, they are closer to
the nucleus than the circular orbits. The expansions of ¢ and ¢, are

4
¢ = 1— 158z + §x3/2 + ..., (2.133)
p1 = 1 — 152z + 11122 + ... (2.134)

8@ In the original manuscript, the numerical values corresponding to z =
0.2,0.4,0.5,0.7,0.8,0.9 were missing. Note the presence of some slightly different numeri-
cal values for ¢ as compared to the ones in Table 2.1.
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9. APPLICATION OF THE FERMI
POTENTIAL

Let us take the unit charge to be the nuclear charge and the unit length
to be 1/u, with, as usual,

B (37T)2/3 h2
T 97/3me2 Z1/3

In a heavy atom, the potential and the field at a distance = are

= 4.7x107° 2713, (2.135)

_ ¢
Vo= 2, (2.136)
E = ¢_xf¢. (2.137)

This means that at a distance exceeding x there exists a negative charge
¢ —ad.

Let us now see how we can evaluate the potential and kinetic energy
of the atom by means of statistical arguments. Let us first understand
the relation between the initial slope of ¢ and the total energy. This
will be useful for verifying the results of the direct computation of the
potential and of the kinetic energy. From the expression for u, we can
derive that the energy of the atom is proportional to the atomic number
to the power 7/3:

e = KZ'5. (2.138)

If, instead of the atomic number Z, we consider the number a = log Z,
we find that the differential of the energy is

de = geda. (2.139)
We can think of this as the result of an addition of a positive charge
Ze da to the nucleus, increasing the number of electrons of the quantity
Z da. Since Ze =1 in our practical measure units, it will suffice to add
to the nucleus a charge da, and to add to the atom as many electrons as
is necessary in order to have an equal negative charge. Assuming —as is
likely— that the quantum numbers of the initial electrons are not altered
by this procedure!® (the adiabatic principle does not ensure this) and
that the variation in energy due to the introduction of new electrons in

19Even if this hypothesis was not correct, the conclusions we have drawn from it would still
hold, because, in any case, the energy variations would be of the second order.
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the outmost regions is of the second order, conservation of energy will
take the form
de = Vjda, (2.140)

in which Vj is the potential on the nucleus due to the electronic charges
only. The linear density of the negative charges at a distance x is x¢”,
so that

% 1
Vo = / —z¢"dx = ¢. (2.141)
0 x

From Egs. (2.139), (2.140), and (2.141) we infer
¢ = %qﬁ{). (2.142)

Computing the potential energy is easy. While moving the electrons
to infinity with a flux that is constant at every point and proportional
to the initial density, the potential at a distance x varies linearly from
the value ¢/x to 1/x. The potential energy thus is

U = —/ 149 6de = o + f/ ¢ da. (2.143)
0 2z 2 Jo

If instead we want to consider the sum of the potential energies from

each electron, we’ll have

Uy = —/0 %xgb”dx = ¢ +/0 ¢ dx. (2.144)

Computation of the kinetic energy is not as easy. This is due to the
fact that, although the pressure in a perfect gas has no meaning, nev-
ertheless it is possible to define a fictitious stress homography which is
formally equivalent to that of ordinary fluids. Since such a homography
should have a symmetry axis along the radial direction, we shall con-
sider only a radial pressure p’ and a transverse pressure p”. The static
equations then reduce to
dp

/ /!
+ 2‘/1: (p/ o p//) — ¢¢ +

4 2 -
Wlidx T

&' (2.145)

Denoting by 7" the kinetic energy (per unit volume) due to the radial
component of the velocity and T” that due to the transverse component,
the following relations hold:

Y = 2T, (2.146)
o= T (2.147)
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On multiplying the two sides of Eq. (2.145) by x/2, we find
a1’ 1
47 <x3 - 202 T — 2 T”) =5 (—pd" + x¢/¢");  (2.148)
x

and by multiplying this by dx and integrating between 0 and oo, we find
the expression for the kinetic energy:

T = / dr (T' +T")dz = — - ¢ — ~ ¢?dx.  (2.149)
0 2 4 Jo
From Egs. (2.143) and (2.149) we derive:
1 1 [e©
e = T+U= ,¢6+,/ ¢ du, (2.150)
2 4 Jo
T 1
- = ——. 2.151
i 5 (2.151)
On comparing Eq. (2.142) with (2.150), we get?"
b 2
/ $*dr = — Z ¢, (2.152)
0 7

We can then cast Eqgs. (2.143), (2.144), and (2.149) in the very simple
form

U = ggbf), (2.153)
U, = ; o> (2.154)
T = —%%, (2.155)
g _ _%, (2.156)
51 - —% (2.157)

The sum of the energies of every electron, which we shall indicate by
€1 =T + Uy, is 2/3 of the total energy of the atom:

3 2
€= §¢67 €= §¢6; (2.158)

20@ The original manuscript contains, at this point, the following paragraph: “I have not
been able to prove directly this relation by following a mathematical procedure. However, I
have directly verified that it is correct to within 1%. The following formulae are then exact
if (2.152) is exact; otherwise they are only approximate relations.” This paragraph has been
subsequently canceled, while the note “proven” appears.
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and, on going back to more conventional measure units, adopting the
Rydberg (2.18 x 107! erg) as the measure unity for energy:

4800 /3 7/3

<= WZ/ ~ —1.53 277, (2.159)
3200 13 7/3

“a = WZ/ ~ —1.0227%, (2.160)

On comparing the last expression with experiments, we note that the
results obtained are slightly higher than the experimental values. This
is due to the fact that the above arguments predict an infinite charge
density in the vicinity of the nucleus, whereas for finite Z we should
have a finite density. For not too heavy elements, for which experimental
data are available, the error we make corresponds to the fundamental
state energy for one of the innermost electrons. On the other hand, the
relative error is much smaller for the heaviest elements, also because
of the relativistic correction which affects the system in the opposite
direction.

10. STATISTICAL BEHAVIOR OF THE
FUNDAMENTAL TERMS IN NEUTRAL
ATOMS

Having chosen, as usual, the unit length to be g and the unit charge to
be that of the nucleus, the number of electrons at a distance = to x + dx
from the nucleus is

Zz ¢"du, (2.161)

while the potential energy of any one of these electrons is

__19
U=—5-—. (2.162)

Out of the electrons (2.161), only
Zx¢" k% dx (2.163)

have a kinetic energy T' < —kU (k < 1). It thus follows that there are

00 3/2 T
_ m(1_ % _ L
n = /0 Zxd (1 d)y) de, y 7 (2.164)
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electrons having an energy smaller than 7T'; and, if we set « =n/Z,

= [TVE@ - ey e = P, (216)
y = F(a). (2.166)

Since T' = Zy clearly corresponds to the (Za)-th electron, the general
expression for the term corresponding to the nth electron can be derived,
having ordered the electrons by descending order, as follows:

T = ZF(a), with a = n/Z; (2.167)

and, using ordinary measure units, i.e., expressing the terms in Rydberg
units, we find

16
(67)2/3

T = Z3 Fa) = 2.2590 ZY/3 F(a). (2.168)

11. NUMBERS TO THE FIFTH POWER?*

T 0 T x° T x°
3.1 286.29 4.1 1158.56 5.1  3450.25
3.2 335.54 4.2 1306.91 5.2 3802.04
3.3 391.35 4.3 1470.08 5.3 4181.95
3.4 454.35 4.4 1649.16 5.4 4591.65
3.5 525.22 4.5 1845.28 5.5 5032.84
3.6 604.66 4.6 2059.63 5.6 5507.32
3.7 693.44 4.7  2293.45 5.7 6016.92
3.8  792.35 4.8 2548.04 5.8 6563.58
3.9 902.24 4.9 2824.75 5.9 7149.24
4.0 1024. 5.0 3125. 6.0 T776.

21@ In the original manuscript, the fifth powers of numbers with odd second digit were
missing, as well as those of the numbers from 8.5 to 10.0.
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5 5

T T T T
6.1  8445.96 7.1 18042.29
6.2 9161.33 7.2 19349.18
6.3  9924.36 7.3 20730.72
6.4 10737.42 7.4 22190.07
6.5 11602.91 7.5 2373047
6.6 12523.33 7.6 25355.25
6.7 13501.25 7.7 27067.84
6.8 14539.34 7.8 28871.74
6.9 15640.31 7.9 30770.56
7.0 16807. 8.0 32768.
T x° T x°
8.1 34867.84 9.1 62403.21
8.2 37073.98 9.2 65908.15
8.3 39390.41 9.3 69568.84
8.4 41821.19 9.4 73390.40
8.5 44370.53 9.5 77378.09
8.6  47042.70 9.6 81537.27
8.7  49842.09 9.7 85873.40
8.8 52773.19 9.8  90392.08
8.9  55840.59 9.9  95099.00
9.0 59049. 10. 100000

12. DIATOMIC MOLECULE WITH
IDENTICAL NUCLEI

Let zy be a meridian cross section of the molecule, z its axis, and y the
equator line. Also, let V1 and V5 be the potentials generated by each of
the two atoms. Considering the effective potential in the form

21 Vs
V=WV+V-oa——, 2.169
! 2 @ i+ Vs ( )
« must obey the differential equation
ViV = V32 (2.170)

where we have neglected the proportionality constant by a suitable choice
of measure units.

If we suppose, by approximation, that the value of a depends only
on the distance from the center of the molecule, and constraining Eq.
(2.170) to hold in the equatorial plane, we find the differential equation

vz = vy, (2.171)
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V = (2-a) W, (2.172)
2ViVa
ViV = 2V?Vy — <V2>
! i) “
1% oV1\ da d?a
N R N B /Al 2.173
<y * ay) dy b ay? ( )

The constants are determined by requiring «(0) to be finite and the limit
of a for y = oo to be equal to 1.

The hypothesis that a only depends on the distance from the center
of the molecule is, however, too far from reality.

13.

NUMBERS TO THE SIXTH POWER 22

T x° T 8 T z°

1.1 1.8 2.1 858 3.1 8875
1.2 3. 2.2 1134 3.2 1073.7
1.3 438 2.3 148. 3.3 12915
14 75 2.4 1911 3.4 15448
1.5 114 2.5 2441 3.5 1838.3
1.6 16.8 2.6 308.9 3.6 2176.8
1.7 241 2.7 387.4 3.7 2565.7
1.8 34. 2.8 481.9 3.8 3010.9
1.9 47. 2.9 594.8 3.9 3518.7
2. 64. 3. 729. 4. 4096.

x z° T 2° T z°
4.1  4750.1 5.1 17596.3 6.1 515204
4.2 5489. 5.2 19770.6 6.2  56800.2
4.3 63214 5.3 22164.4 6.3  62523.5
4.4  7256.3 5.4 247949 6.4 68719.5
4.5 8303.8 5.5 27680.6 6.5  75418.9
4.6 94743 5.6  30841. 6.6 82654.
4.7 10779.2 5.7 34296.4 6.7  90458.4
4.8 12230.6 5.8  38068.7 6.8  98867.5
4.9 13841.3 5.9 42180.5 6.9 107918.2
5. 15625. 6. 46656. 7. 117649.

22@ In the original manuscript, the sixth powers of numbers with odd second digit were
missing, as well as those for the numbers from 1.1 to 2.9 and from 8.5 to 10.0.
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T z° x z° T x®

7.1 128100.3 8.1 282429.5 9.1 567869.3
7.2 139314.1 8.2 304006.7 9.2  606355.
7.3 151334.2 8.3  326940.4 9.3  646990.2
7.4 164206.5 8.4  351298. 9.4 689869.8
7.5 177978.5 8.5 377149.5 9.5 735091.9
7.6 192699.9 8.6 404567.2 9.6 T782757.8
7.7 208422.4 8.7 433626.2 9.7  832972.
7.8 225199.6 8.8  464404.1 9.8 885842.4
7.9 243087.5 8.9 496981.3 9.9 941480.1
8. 262144. 9. 531441. 10. 1000000

14. NUMBERS TO THE SEVENTH POWER %

T x’ T z’ T x’
1.1 19 2.1 180.1 3.1 27513
1.2 3.6 2.2 2494 3.2 3436.
1.3 6.3 2.3 340.5 3.3 4261.8
1.4 105 2.4  458.6 3.4 52523
1.5 17.1 2.5 6104 3.5 6433.9
1.6 26.8 2.6  803.2 3.6 7836.4
1.7 41. 2.7 1046. 3.7 9493.2
1.8 61.2 2.8 1349.3 3.8 11441.6
1.9 894 2.9  1725. 3.9 13723.1
2. 128 3. 2187. 4. 16384.

T x’ T x’ T x’
4.1 194754 51 89741.1 6.1 3142743
4.2 23053.9 5.2 102807.2 6.2 352161.5
4.3 27181.9 5.3 117471.1 6.3  393898.1
4.4 319278 5.4 133892.5 6.4 439804.7
4.5 37366.9 5.5 152243.5 6.5 490222.8
4.6 43581.8 5.6 172709.5 6.6 545516.1
4.7  50662.3 5.7 195489.7 6.7 606071.2
4.8 58706.8 5.8 220798.4 6.8 672298.9
4.9 678223 5.9  248865.1 6.9 744635.3
5. 78125. 6. 279936. 7. 823543.

23@ In the original manuscript, the seventh powers of numbers with odd second digit were
missing, as well as those for the numbers from 1.1 to 2.9 and from 8.5 to 10.0.
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T x’ T z’ x x’

7.1 909512. 8.1 2287679.2 9.1 5167610.2
7.2 1003061.3 8.2 2492854.7 9.2 5578466.
7.3 1104739.9 8.3 2713605.1 9.3 6017008.7
7.4  1215128. 8.4 2950903.5 9.4 6484775.9
7.5 1334838.9 8.5 3205770.9 9.5  6983373.
7.6 1464519.5 8.6  3479278.2 9.6 7514474.8
7.7 1604852.3 8.7 37725479 9.7 8079828.4
7.8 1756556.9 8.8  4086756. 9.8 8681255.3
7.9 1920390.9 8.9 4423133.5 9.9  9320653.5
8. 2097152. 9. 4782969. 10. 10000000

15. SECOND APPROXIMATION FOR THE
POTENTIAL INSIDE THE ATOM

From the statistical relation between the effective potential and the den-
sity,?4
p =KV —C)>*?, (2.174)

combined with the Poisson equation for the local potential:
ViV, = —dmp, (2.175)

and with the relation (only approximately verified)

Z-n—1
V2V = Zian?Vo (2.176)

for the atom with atomic number Z that has been ionized n times, we

deduce
Z—n-—1

2
V = —4 _. 2177
v P Z—-n ( )
The potential inside the ion is
Z
v = 2% (T) ) (2.178)
ro\p
where
Z—n 2/3 °
= 047273 () 2.179
[ 7 1) A (2.179)

24@ Here C is an integration constant; see below.
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¢3/2
¢ = %, »(0) = 1, (2.180)
@) = "L, elw) = 0 (2181)
¢ = ntbe (2.182)

Ko

16. ATOMIC POLARIZABILITY

The potential inside an atom satisfies, to first and second order (as shown
in the previous section), an equation of the kind

V2V = K (V - 0)*2, (2.183)

Let us now consider the atom in a weak field E. Because of the mu-
tual dependence between the variations of the atomic quantities and the
applied field,?® if the latter is weak, we deduce

o0V = —f(r)Er cos(r-E), (2.184)
5C = 0. (2.185)

Let us suppose that the field —E lies along the x axis. We then have

Vi = V + Exf(r), (2.186)

V2V, = V2V + E (xf”(r) + 3ff’(r)>; (2.187)

Wh-0C) = (V-0C)+ Exzf(r), (2.188)
3

Vi — 0P = (v — 0P+ 5 (V- CV'2Ezf(r) +...;(2.189)

)+ 3 f) = SEW -0V ), (2190)

N W N

PRy + 302 ) = SE (V= OV f(r); (2191

25@ The original manuscript is corrupted, and our interpretation is only plausible.
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and, having set

y = 2f0), f(r) = T?% (2.192)
Y = (K\/V C + ) v, (2.193)

Eq. (2.186) becomes
Vi =V + —-yE. (2.194)

3/2
The condition that f(0) be finite allows us to obtain f or y up to a
constant factor. This may then be determined by the requirement that
the average value of —9V/dx on the surface of the ion be equal to —F,
that is, to the external field. This requirement reads

1
f(ro) + 3o f'(ro) = 1. (2.195)
The electric moment of the ion is then
M = Evd (1 - f(r)). (2.196)

17. FOURIER EXPANSIONS AND
INTEGRALS

(1) For > 0, we have
0 4k
e ke — / [ cos(2nvx) dv
TV

= / a2 s sin(2mvzx) dv

+ 42
o 2k 2mvix
= = d
/—oo kQ + 47TV2 ¢ v

<1 8mv 2mvixc
e - d .
/_oo 2i k2 + Am1? v

for z < 0, on the other hand, the four integrals yield respectively
the values eth® —ethe otk _ethz  For g > —a, we have

e—kx _ eka /OO 2k e27rl/i(a:+oc) dv
oo K2+ 4m?

>~ 1 8mv .
— ka - ony 2nvi(zta) d te.
¢ /m2ik2+4m2e v O
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and, by letting o — 00, the discontinuity at the point x = —« is
shifted further and further to the left.

(2) We have:

e ket = 2\/F/ o Tk cos(2mvx) dv

k Jo
g2 2.2
e v = Qﬁ/ e Y cos(2mvz) dv
= 4 cos(wz) dw.
b

(3) We have:

T J_0o vV — 1 0, z2>d%

1 /00 sin[27 (v — vp)a] 27T g, { e2moir 2 g2,

o0

/oo <SlIl 27(v — vo)al N sin[27 (v + vp)a]
vV —1) V+ 1

> cos(2mvx) dv

| cos 27r1/0x z? < d?,
0, z%>ad?

/oo (sm 27 (v — 1p)d] B sin[27 (v + Vo)a]) sin(2nve) dv
v— 1 v+ 1
B { sin(2nvox), 2% < d?,

0, xz?>ad?
If a = k/21vp, with integer k, the integrals become, respectively,

(_1)k; l / Sll’l(kﬂ'l//l/o) eZTrVia: dv,

T Jeoo V—1p
1 [ 2 in(k

(—1)F = / 70 Sl;l( 7”;/]/0) cos(2mvx) dv,
T ) v? — g

1 [ 2 i
(—1)k = / 70 Sl;l(km;/yo) sin(2rvx) dv.
T — 00 Ve — I/O
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18. BLACKBODY

Let E be the energy emitted per cm? and per unit time, while E,, or E)
denotes the same energy per unit frequency or wavelength. We have?®

E(T) — /OOO E,(v,T)dv — /Oo Ex(ALT)dA,  (2.197)

0
2h? 1
E, = Ry (2.198)
2w c?h 1
E, = 5 ohe/ T 1’ (2.199)
where
c
E, = ﬁEl” (2.200)
c
E, = ﬁE)" (2.201)

Then?" (see Eq. (1.371)):

E(T) =

o 2rhy3 dv
/0 2 ehv/ET _q

_2kATY e 1 h\? d(
23 /0 eh/KT — 1 \ kT kT
kTt 2 7y

hd 15 15 ¢2h3
5.67 x 1027 8 567 x 107274 | (2.202)
cm?s cm?

1

The energy per unit volume is

4 8 7
E' = “F = — —k*'T* 2.203
c 15 ¢3h3 ( )
If there is thermal equilibrium with the environment, the radiation pres-
sure is%8
1 4 F 8 7 erg
= ZF = 2= = — —_k*'T* ~ 252 x 1077 ==, (2.204
P=73 3¢ 45 3K s (2:204)

26@ In this section we use the Planck constant h, instead of the reduced constant &, as in
the original manuscript.

27@ The numerical value reported in the original manuscript was slightly different (5.55
instead of 5.67).

28@ The numerical value reported in the original manuscript is slightly different: 2.47 instead
of 2.52.
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If there are other blackbodies at zero temperature in the vicinity of our
blackbody or if, more generally, our blackbody is in a space free of other
radiation, we have to divide the above expression by 2.

19. RADIATION THEORY (PART 1)

The radiation within a region of volume €2 bounded by reflecting walls
can be decomposed according to its characteristic frequencies. Since
the radiation of a given frequency can be decomposed into two linearly
polarized components, the number of such frequencies in the interval
(v, v+dv)is

812

w =02
C

This means that the density of waves in the volume—frequency space is
2/c3. Assuming that a stationary wave represents a stationary state of
a light quantum of energy F with E = hv, we have?®

St E?
On the other hand, if oy, ais, a3 are the direction cosines of the trajectory
of the quantum, we also have

E E E
ps = cOS@1, Py = _ cOsaz, P = _ coOsay, (2.207)
c

872
NV = ,73(1)3 + i+ p2) dy/p2 + P2 + P2, (2.208)

that is, the density of the stationary states in the phase space of a gas of
light quanta is 2/h?, exactly as for an electron gas. The analogy cannot
be carried further, since the former obeys Einstein’s statistics, while the
latter obeys Fermi’s statistics. Let

C = Cpsin(2nvt—a) A (2.209)

dv. (2.205)

and thus

be the vector potential corresponding to a given frequency, quantity A
being a unit vector, Cy a function of the position, and a a constant. We
set

C = uA, with u = Cjsin(2mvt — ), (2.210)

29@ In this section we use the Planck constant h instead of the reduced one %, as in the
original manuscript.
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and denote by @ and Cy the mean quadratic values of these quantities
in the volume €2:
u = Cp sin (2mvt — ). (2.211)

The total energy of the electric field at time ¢ is

QO 4722 o Q w?
We = 2 Cy cos® (2mvt — ) = 2 (2.212)
while the energy of the magnetic field is
O 47202 _5 | Q 4722
W = o 2 Cysin® 27vt —a) = = o 2 2. (2.213)
The total energy then becomes
wo— 9 (4x22 7 + ?). (2.214)
8mc?
Let us set
_ | Q u [
so that we infer )
W = 722 ¢* + §q2; (2.216)
and, by putting
ow
e (2217)
we find 1
W= 3 <p2 1 4n2? q2). (2.218)

This expression can be considered as the Hamiltonian of the system. On
setting

Hy = % (pz + 4n?)? q?),
where the index s = 1,2,3,... labels all the possible stationary waves,
and denoting by Hy = Wy the Hamiltonian of an atom inside the region
Q, the overall Hamiltonian —when mutual interaction is neglected—
becomes

H=)> H, =W (2.219)
s=0

Let us now consider also the interaction and set H) = Hy + interaction.
In first approximation, and when only one electron interacts with the
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radiation, quantity H{, can be deduced from the relativistic Hamiltonian
for the electron®’ (see Sec. 2.6):

1 e e

Wo = —egf) + Tp? + 7]%6’1' = Ho + 7])201 (2.220)
m me mce

It does not make any difference to use p; C; or C; p; because p; C;—C; p; =

(h/2mi)V - C = 0, as the potential ¢ inside the atom is constant and thus

19

The total Hamiltonian, including the interaction, then becomes
o0 o0 e
W => Hy + Y —pCi (2.221)
5=0 i=1 e

Let us suppose that for t = 0 the region (Q is free of radiation. Then,
classically, the electron will execute a damped motion. In a first approx-
imation we can assume that such a motion is periodic; formally, this can
be achieved by introducing, in the Hamiltonian, small terms depending
only on time and on the p and ¢ coordinates of the electron. Let us
decompose its motion in harmonics and consider one of them, directed
along the x axis with frequency 1. In the expansion of p, , the term

poz = po sin(2miot + 3) (2.222)

will appear. Leaving out the other harmonics and focusing on the elec-
tromagnetic oscillator labeled by s, the Hamiltonian may be written as

1 e
W = 3 (pg + 47T2V§qg) + %Cipogg

+ terms independent of g5 and ps. (2.223)

C3 is the component of the vector potential along = and is proportional
to qs at a certain point. Let us set

S = b gs. (2.224)

In general, by depends on the position. Assuming that the oscillations
of the electron have a small amplitude with respect to the wavelength
of the emitted waves, we may suppose that bs is constant and equal to

30@ Obviously, the author has here assumed H) =Wy
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its value at the center of the atom. Its mean squared value, obtained by
averaging over many neighboring frequencies, is3!
— 1 u? 4 mc?
b2 = -2 = - —. 2.225
s 3 q?2 3 Q ( )
On substituting Eqgs. (2.224) and (2.222) into Eq. (2.223), we obtain

1 e .
W = 3 (pg + 47r2us2 qf) + %b;po sin (2wt + B) gs

+ terms independent of g5 and ps. (2.226)
We then deduce

ds = Ds (2.227)

. € .

ps = —4miviq, — P b; po sin (2mpt + B), (2.228)
Gs + 4?2 qs = — % b3 po sin 27wt + ), (2.229)

the last of which has the general integral

qs = Assin2nvgt + By cos2mygt

e bypo sin (2mvet + B) (2.230)
me 4r2(v2 —12) ' ’

Let us suppose for simplicity that 3 = 0 and impose the restriction that
at ¢ = 0 there is no radiation:

q5(0) = ¢5(0) = 0. (2.231)

This is equivalent to choosing the origin of time at the instant —3 /271
and assuming that the region {2 is empty at that time. On setting
t1 =t+ (6/271y) and rewriting ¢ in place of ¢1, Eq. (2.230) becomes

qs = Agsin2nvgt + By cos2mugt

e b3 po sin 2wyt (2.232)
me 4An2(v2 —13) '

and the constraints (2.231) are to be satisfied with respect to the new
independent variable. We thus find

g € bfc bo

vs me 4m2(v2 — 1)’

B, = 0, A, = (2.233)

31@ The following formula is derived from averaging the square of Eq. (2.224) and using Egs.
(2.211) and (2.215). Note that in the original manuscript the exponent 2 of &y was missing.
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e b? po sin 271'1/0t vy
qs =

1 2 5 sin 2wvgt — sin27ru0t)
me 4m? (V2

S
e b? po sin 27TV0t .
= YR sin 2nvgt — sin 2wyt
me 4n? (V2

Vg — )

sin 2yt

— 1

t sin 27 Us t

e bi po sin 27wyt Vs + g

= — 5 |2 cos2m
me 4m?(v? — vg)

Vg — U

% sin 27wst> . (2.234)

Vs
If W indicates the energy accumulated at time ¢ in the sth oscillator,
then the total energy will be

Vg=

8r (M 9
YW, = / WsdN = 0—3/ Wen? Qdu,. (2.235)
S 0

vs=0

The integral must be evaluated over a large but finite range of frequen-
cies. This is due to the fact that the previous equations were derived
under the assumption that the excited wavelength were much larger than
the amplitude of the oscillations of the electron. Thus the frequencies
could not be arbitrarily large. However, >, W, tends to grow linearly
with time and can thus exceed such a limit; on the other hand, each W
has a maximum (as one can see from Eq. (2.234)), but this does not
contradict what was said above since, if we replace W, with its maxi-
mum values, the integral in Eq. (2.235) diverges. However, by removing
from the integration domain a small region containing vg, the integral
becomes convergent. This means that, after a long enough time, almost
all the emitted radiation will be contained in an arbitrarily small region
around vg. The frequencies v of interest are thus very close to g, so
that in Eq. (2.234) we can replace (vs + 14)/2 with 1. 3% Hence:

e b2pot
T = e 8m2vy(vs — 1p)

X [2 sin(vs — 1)t cos 2wyt — Ys 0 g 27r1/0t:| . (2.237)

W

32@ The original manuscript then continued as follows: “We can also replace sin 27 (vs —vg)/2
with 27 (vs — v9)/2. Hence

b _
qs = < 571002) (27r(1/S — vp)t cos 2wt — Ys Z 0 sin27r1/0> . (2236)

me 4n?(v2 — v3 Vo

[It continues in the next page.]
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As we shall see, for large t the frequency range in which the radiation
has a relevant effect is of the order 1/t. Thus the first term in brackets
is, in general, of order unity, whereas the second one is arbitrarily small
as t tends to infinity. In this limit, it therefore follows that

e blpy sinm(vs — )t

¢ = It — cos 2t (2.238)
ps = —2m ¢ bipo sinm(vs — vo)t cos 2wt (2.239)
me 4m2ug Vs — U
W = 5 (0 + 42 ¢)
e b2pE sin?7w(vs — o)t

= 2%
O m2e2 16742 (vs — 10)?

2 32,2 o2 2

e?  blpg sin® w(vs — o)t 8wy
W, = /27T2V2 s -0 Qdv
Z 3 Om2e® 1642 (vs — )2 3 3

Q e?d QW/ sin? 7(vs — 1)t dv
me3 m2c2 0 (vs — 19)? B
Q e 54 mc?
S T
mes mAc 3 Q
4 2,
= 3,937 P t. (2.241)

, (2.240)

For the electron motion we have

Pr = dIm, (2.246)

32We can assume that the quantity vgt is large, that is, we can consider a large enough
time with respect to the oscillation period. In this case, the second term in the brackets is
negligible and we obtain

e bspot
L P, 9.242
4 me 2m(vs — 1) Cos 2T ( )

b t 2 t
ps = & osPOt (— 2myg sin 2wypt + M) . (2243)
me 2m(vs — 1) t

Neglecting the last term in the expression for ps for large ¢,

bspot
ps = — 27y B L sin 27vpt; (2244)
me 27(vs — 1g)

we thus obtain

_ 1/, 2.2 2\ _ 20 €2 bgp?)tQ
Ws = - (ps + 4n g qs) = 27°; 5 W—Z’(Q)).

: (2.245)

However, the previous expressions do not hold when the quantity (vs — vp)t is large, since
we have replaced sin m(vs — vg)t with w(vs — v9)t.”
However, this part was crossed out by the author.
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2
2 a5 . M ==
Py = 2p; = Tgyg$27 (2.248)
so that o
2 €242
S Wy = 3 b (2.249)

while the energy radiated per unit time is given by

. 2 €232
E =) W, = 3 A (2.250)

in agreement with Balmer’s formula.

20. MOMENT OF INERTIA OF THE EARTH

Let m be the mass of the Earth (using measure units such that the
Newton gravitational constant is equal to 1), Z, the polar moment of
inertia, and Z, the equatorial moment of inertia. The potential of the
gravitational force in an external point at a distance R from the center
O of the Earth, and such that the vector R makes an angle 6 with the
equator, is (see Sec. 1.7):

m 1 3
V = — — |y — =T, 2.251

et (B 5 T). (2251)

where Z; is the central moment of inertia and Zy the moment of inertia

with respect to an axis forming an angle # with the equator. Since

1 3 1

Ty = ZT.cos’0 + I,sin’0 = I, + (I, — L) sin? 0, (2.253)

o = 1T. +

it follows that
m 1 1 3 .2
V = = + s (I, — I.) (2 — g sin 0) . (2.254)

To evaluate 7, and Z., we can use the fact that the potential on the
Earth surface takes the same value at the pole and at the equator, once
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the centrifugal force is taken into account. Denoting by r. and r, the
equatorial and polar radii, respectively, to first order the potentials at
the equator and at the pole read

m 17Z,-1. B m
= — 4+ = - — 2.2
Ve Te Ty 3 *y r’ (2:255)
m I, —1T
Vv, = — - 2= 2.256
p Tp 3 ) ( )

where quantity r is the mean radius of the Earth, which replaces r¢, r,
and similar quantities in the correction terms to first order. Using (again
in first approximation)

11
— - = =2 (2.257)

where s is the flattening factor of the Earth, we get

m G 37,— 1.
— - = = = 2.258
r (8 2) 2 3 7 ( )
2
L, -1 = 3 (s - g) mr?, (2.259)
or, setting s = 1/297 and § = 1/289,
1
7, — I = mmrQ. (2.260)
Substituting this results in Eq. (2.254), we obtain
mo 11 ,/1 3
_m 171 20 , 2.261
v R+R3 {9167717‘ (2 5 Si 9)} (2.261)

The potential acting on a celestial body of mass M therefore is

Mm M{l 2(1 3

.9
Bt e (s wte)] e

MV =
v 2

Thus, a component of the force along the radius vector is present; its
magnitude is

M 2
F = — % % sin 6 cos 0, (2.263)
and on Earth the following torque acts:
3 Mmr? .
C = 96 B sin f cos 6. (2.264)

This torque would move the terrestrial axis towards the celestial merid-
ian of the perturbing star. So, if the latter were the Sun, at the solstices
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the axis of the Earth would be drawn towards the pole of the ecliptic.
At other times of the year, the meridian in which the torque lies would
be at some angle with respect to the meridian normal to the ecliptic.
Denoting by € the latter angle, and with a and 3 the inclination of the
terrestrial axis and the angle that the Sun determines on the ecliptic
after the spring equinox, respectively, we have

e = 90 + ¢, (2.265)

where ¢ is the longitude measured, as is customary, from the meridian
normal to that containing the pole of the ecliptic (that is. from the
meridian where the Sun is at the equinox), and

tan¢ = tanf cosa. (2.266)

If we describe the Earth’s motion as that of a gyroscope, its axis will
move all the time perpendicularly to the meridian containing the star,
with the angular velocity:

C
= — 2.267
"= 7. (2.267)
w being the angular speed of the Earth. The components normal to the
meridian containing the pole of the ecliptic are

C C C tan 3 cos a
= — cos€e = ——— sing = , (2.268
n Tpw Tpw ¢ Tpw /1 +tan? Bcos? a ( )
C C C 1
= —— slne = —— CoS = . 2.269
" Tyw Tyw ¢ Tpw /1 + tan? B cos? o ( )

On replacing C with Eq. (2.264) and recalling that sinf = sinasin 3,
we find

3 Mmr? tan (§sin ﬁ\/l — sin? asin? 8 (2.270)
= — sin o cos a , (2.
n 916 R3Z,w V1 + tan? Bcos? a
3 Mmr? . sin ﬁ\/l — sin? asin? 3
M = o pa—— sina (2.271)
916 R3T,w V/1+ tan? Bcos? a

Neglecting the eccentricity of the orbit, the average value of 7y is zero
since on changing ( into —f, quantity 72 changes sign.
If « is very small, the foregoing formulae become

o = 8 (2.272)
0 = asing, (2.273)
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3 Mmr?
= — —— asi 2.274
g 016 R Tw * 510 (2.274)
3 Mmr? 9
= — ——— i 2.275
n 916 BPT,w & S (2.275)
3 Mmr?
T R371pw a sin 3 cos (3. (2.276)
Assuming a circular orbit, the average values of n; and 7y are
1 3 Mmr?
7 - 2.277
= 5916 RBPLw ® (2.277)
n, = 0. (2.278)

The axis of the Earth rotates around the axis of the ecliptic with an
angular velocity n = 7j; / sin  which, for small «, is
T 13 Mmr* 3 M I,-T.

_m _ L3 Mmr™ 3 M , 2.279
T W T 2016 BPTw | 2 Rw I, (2.279)

After having added the effect of the Moon and having neglected the
nutation, we get

3Z,—1. ( M M’
= = 2.280
" 2 I, (R3w + R’3w> ( )
and, from this,
3 M M\ 11
Ip - 5 (Zp - Ie) <R3 + Rls) E ; (2281)
If time is measured in years/2m, we have
M M’ 1
= 1, 78 = 2.25, = 25800, w = 366. (2.282)
It follows that
I, ~ 344 (7, — I.) (2.283)
and, since Z, — Z, = mr?/916,
44
p = STG mr? = 0.375mr?, (2.284)

which is too high a value, since Z,,/(Z, — Z.) = 305.
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21. RADIATION THEORY (PART 2)

Let us consider once more the Hamiltonian
Ho + <2P§ + 2n? v} q?) + 2 —pobgs, (2.285)
s=1 s=1

b, being a vector®® that depends on position and such that its average

value is

4rc?
J2 = . 2.2
b = =5 (2.256)

Let 1, be the eigenfunction of the nth stationary state of the unper-
turbed atom and v.° the eigenfunction of the rth state of the sth unper-
turbed oscillator. Neglecting any interaction, the eigenfunction of the
whole system will be

Y = Z Un,ryrara,rayrin. Un 71~1 52 A (2.287)

n,r1,T2,...

where the quantities a are constant. However, due to interactions, these
a will depend on time, in accordance with the following differential equa-
tions

I,
; Qnry,re,.. = Z an’,r’l,ré,... An,rl,rg,...,n’,r’l,ré,...7 (2288)

A denoting the interaction matrix. It is immediately clear that the only
terms that can be different from zero are those corresponding to an atom
changing its state and to the quantum number of the oscillators changing
by one unit. For r, = rs+1 we have

/ /
An,rl,rg,...rs...,n RS SIN SA

(& .
= 22mi (vn = vw) (Bma + bind.. + Oinp)

y \/h(rs +1/2+1/2)

drvg

exp {2mi (v, — v )t} (2.289)

wherein 7,7y, 7. are the polarization matrices along the z,y, z axis of
the unperturbed atom, respectively, and v, are the levels of the atom,
that is, v, = E,,/h. We have assumed b, to be constant.

33@ Note that here the author considered a sort of generalization of what had been done in
Sec. 2.19: The vector potential is written as C = bg, treating ¢ as a scalar quantity (in a
certain sense).
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Let us suppose that the atom is initially in the state n, while the
oscillators are in the ground state. It will then suffice to take all the
quantities a to be zero, with the exception of

(n,0,0,0,. = L. (2.290)

After a quite short time we shall have

1
ﬁAn’,O,...,0,1,0,...,n,0,...,0,..‘

an’0,..0,1,0,.. =

e 2w h .
= = Ve bs My Ty, SXP {2mi(vp — vs)t}, (2.291)
S
setting vy, = vy — v, Thus
e 1 h eQﬂ—i(ynn/fys)t —1
/ = — —VUpy bsm, 2.292
an/0,...,0,1,0,... ch Unn! Os Mpn Az, U — Vs oo )
so that
2 [ : 02
2 (& 1 2 2 h 4 sin W(Vnn/ — Vs)t
[07% = — VS, |bs ’
| n 70)'“7071707“' 62 h2 nn ‘ S Tlnn ’ 47_[_1/8 (Vnn, _ VS)2
2 2 ;2
e v o SIN® T (U — V)t
= — N . 2.293
T oy Tl (20
Since the average value of |bs-n,,,,/|* is
42,
’bs'lrlnn’P = g ﬁ ‘77| (2294)

and the value of v; is close to v,,, the probability to find the atom in
the state n’ is

P = : i LCQ 712 Vi = / BV Y 0% 7 (Vg — w5 )t dvs
32 Q wh 3 (Vpny — s)?
64 275 €2|n|?v3
=20 Z U Tnnl oy 2.295
T 7 3t (2.295)

while the depopulation rate due to the n — n’ transition is3*

ar 64rie?v3 |n|? _ 16mte?vl 12n? 1 ' (2.206)
dt 3hc3 3c3 hvpp

34@ In the last formula we have restored the Planck constant h, as in the original manuscript.
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22, ABOUT MATRICES

A physical quantity A can be represented by a linear operator that trans-
forms vectors into vectors, in a space with infinite dimensions. Let us fix
an arbitrary reference frame and denote by ¥, %s,..., %, ... the unit
vectors along the various axes. They may also be complex. In this case
the orthogonality relations will be

YiPr = ik (2.297)

A matrix A, can be associated with the operator A, but this matrix will
depend on the choice of the reference frame. Its elements3® are defined
by the relation3®

A, = As,. (2.300)

Let us introduce a new set of reference axes and let Xy, X2:---sXpn,-- -
be the unit vectors along these new axes. For real axes, the operator S
transforming the vectors 1 into the vectors x reduces to a rotation. Its
matrix is defined by the relation

Xx = Sik i (2.301)
and, due to Eq. (2.297), which also holds for x,
Sin S5 = O (2.302)
If S~! is the inverse operator of S, we have
¥ = Solx (2.303)
and, substituting in Eq. (2.301),
Xk = S Si X (2.304)

Thus
Sk St = O, (2.305)

35@ Notice that the author denoted by the same symbol the operator and its representative
matrix. However, any confusion is avoided by noting that a matrix has always two subscripts
labelling explicitly the row and the column.

36The multiplication rule can be deduced as follows

AB1:bs = ABys 1,br = At Brs 1zb'r7 (2298)

that is,
(AB),, = Atr Brs. (2.299)
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and this is satisfied if
Sl =s5:. (2.306)

In fact, in this case,
Sik it = Sik Sy (2.307)

Equation (2.305) can be immediately derived from the relation
S71s =1, (2.308)
which can be written in the form
St S = S St = on (2.309)
Then, from Eq. (2.308), it follows that
Ski Syt = Ski S = O (2.310)

This relation is similar to Eq. (2.302), but it refers to the rows rather
than to the columns.

Let us go back to Eq. (2.300) and replace the vectors @ with their
expressions from Eq. (2.303):

AS X, = A Sy X (2.311)

on setting®”
Ax, = Al X (2.312)
A;'r 7"_51 Xi = A’/‘SSZ‘;IXZ‘; (2313)

they become
A;lrS;sl = Si_rlAr& (2314)
A;T‘S’r_slssj = S;rlArsSsjy (2315)
Ay = S, A Sy (2.316)

In the same way, on substituting Eq. (2.301) into Eq. (2.312), we find

ASpstp, = Al Si iy, (2.317)
A Srsp; = AL Sir iy, (2.318)
Air Sps = Sir A, (2.319)

Aij = Si AL, Ss;. (2.320)

37@ Note that Eq. (2.312) defines the matrix (A.,) representing the operator A in the basis

{x}
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These formulae are analogous to the ones written above and can be
directly derived from them. For example, from Eq. (2.316) it follows
that

Sui Ajj S5' = Sai S;t Aps S S (2.321)

which is identical to Eq. (2.320).
Denoting by [A] and [A’] the matrices corresponding to the operator
A in the two reference frames, and by [S] and [S~!] the matrices having

elements S,s and S;sl, we then have

[A][S] = [S][A); (2.323)
(A = [S71A4][S]. (2.324)

In all the previous derivations we have assumed S to be the operator
that transforms the vectors 1 into the vectors x, which means that we
can write

X; = S, (2.325)
This requires the vectors x and v to be numbered by the same set of
indices; on the other hand, such a condition is not actually needed. We
can therefore associate the matrix [S] not really with an operator, but
simply with a function S,¢ of two variables, namely, of the indices r and
s of vectors 1, and x,: a function satisfying the relation

Xs = Srstp,. (2.326)

23. RADIATION THEORY (PART 3)

Let us consider again that the atom is initially in the nth state and that
the oscillators are at rest. If an inner state n’ exists, to first order we
can neglect any other stationary state of the atom. While the volume in
which the atom is enclosed tends to infinity, the probability of exciting
only one frequency vg tends to zero. This means that we can treat
nearly all the oscillators as if they were at rest for the duration of the
emission.® From Eq. (2.289), we have

) e 2t
an’0,..0,1,0... — — P Vnn! bs M,

38 More precisely, we exclude the quantum states corresponding to two or more excited oscil-
lators.
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h )
X \/47 eZm(l/nn/st)t (n,0,...0,0,0..., (2.327)
TV,

. e 2w
0n,0,..0,0,0... = Z T Vin! Bs My
3 C
h —27i(v,,,,1 —Vs)t
X e T A 0,...0,1,0... - (2328)

dryg

We can suppose that n,,,/ is real and thus n,,,,, = 1,,,,- We shall now
try to satisfy these equations by setting an,..0,0,0.. = exp{—7t/2}. We
then get

. e 2
ap’0,..0,1,0... = _E A Vnn! bs MNnn

h 274 (v, —Vs )t o—Yt/2
— nn! Vs 2.329
X ”47w5 e e ( )

e 2t
A 0,.01,0.. = =7 7 Vnn bs 1,

B 2 —vs—y/2)t _ 1
" 2.330
\/;us il v -2’ E5
‘ e 4r? h
n0,.000.. = — ) 2 B2 4rv,

s
ef'yt/2 _ eQm(unn/ —vs)t

X ;
27i(Vpp — vs) — 7/2

and thus

271’ ’bS Man’ |2
Vs

e M2, (2.331)

Assuming, as usual, that v, is very close to v, and that Eq. (2.294)
holds, and on transforming the sum into an integral, we find

647‘(‘ h 2 4 mc?

4n0,.000.. = — 5 53 V! [ |
e c® h 471'8 3 QO

BTy ) matge [ €2 = Tt
C3 27T'i(Vnn/ — ) 7/2
_ _327‘(‘3621/?m,‘7]nn/|2 efﬂ/t/Q e —t/2 _ 27rz(u ! —Vs)t .. (2332)
3hc? 271 (Vyny — Vs) — 7/2
Then, since
n,0,..0,0,0... = —%e‘”t/z,
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we deduce that

Yo 3213203 N 2 e_A/'t/2 — &2l )t dvs. (2.333)
2 3hc3 27 (Vs — Vs) — 7/2

It can be proven that the integral on the r.h.s. equals 1/2, and thus®’

3.2.,3 2
_ 327T € Vnn’ |77nn’|
3he3

(2.334)

24. PERTURBED KEPLERIAN MOTION IN
A PLANE

Let us consider a point-particle of unitary mass attracted by a force
M /r? acting towards a fixed center O. The equation of the trajectory is

k
= 2.
" 1+ecos(d —a)’ (2:335)

where k, e and « are constants. Indeed, putting

. r2V;2 e:\/(kr)z‘/?JerVrQ
M kM ’
KV,
o = 0 — arctan (k‘/’)t‘ﬂ/% (2336)
k V., k—
= 6 — arcsin — Ve = 6 — arccos T,
re V4 re

with V. and V; denoting the radial and the transverse velocities, Eq.
(2.335) is identically satisfied when Eqs. (2.337) are substituted in it.
Moreover, the quantities k, e, a given in Eq. (2.336) are constant. In-

39@ In the original manuscript, the beginning of an attempt to prove this result is reported
(the complex exponential is expanded into trigonometric functions). Here we only quote
the following words: “The imaginary part of the integral is undetermined, but we are only
interested in the real part of v, since only this quantity enters in the expression of |an|?,
which is what has physical meaning.”
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(2.337)
kr M kr M
= _— — 92 —_ = — r =
eM( r +r2> =Y (a—i— 2) 0,
. reV; kr . Vi
=60-——— =60-— =0.
“ ki er? r
An expression for the semi-major axis can be deduced:
u = ko k2 M
o 1—e2 kM — (k—1)2V2 — k2V2
- k2 M - M
kM — k2V2 4+ 2krV2 — kKM 2M/r — V2
VZ
- r ! 0 (2.338)

2 rVIM  2-VZVE V- v2

in which V' = 1/V,2 4+ V2 is the total speed and V = \/M/r the speed

corresponding to circular motion. The semi-minor axis will be

b i Vi Vi
= —_— a =
V1—e? VM /2 —rV?/M
rVi Vi
= =r . (2.339)
V2Mr — V2 P —
QM/T' \%4 2‘/02 V2
The radius k£ normal to the major axis can also be written as
T2V2 V2
k= —1 =r_L. 2.340
M r %2 ( )
The distance of the moving point-particle from the second focus is
27,2 2
Ve /M v
P 9g —p = - 2.341
e R Y.V S - e (2:341)
and the period of revolution is
2mab 2 M 2
T =22 T = L g3 (2.342)

N e
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Let us now assume that an arbitrary field is superimposed on the
Newtonian field, and let us denote by x; and x; the radial and trans-
verse components of this additional force. Equation (2.335) will still
hold, but now k, e, @ are no longer constant. They are varying functions
that depend on 7,0,V, and V;, and are defined by Eqs. (2.336). We’ll
obviously have

. Ok ok 2V, Xt
k = —xr — Xt = 2 —— = 2k =, 2.343
8VTX + ant RS v ( )
. Oe N Ode
e = —Xr —_—
8VTX ant
k—r k Xt k
_ (5 2,k 2) X Moy (2344
(2 v+ V) B L (2310
. k+r k—r
a = eQMWXt—mWXr, (2-345)
a = Maz (Vixe + Vixe)- (2.346)

Then, let us assume we know ; and x; as functions of r, 0 and ¢. From
Eq. (2.335), they can be expressed as functions of k, e, a, 0, t, as well as
V, and V;:

VEM
V, = = Vi(k, e, 0), (2.347)

r

v, = Vt% sin (0 — ) = Vy(k, e, a,b). (2.348)

On substituting in the three independent equations (2.343),(2.344),(2.345)
[Eq. (2.346) actually can be derived from the previous ones], we find

ko= k(kea,b,t), (2.349)
e = é(k,e,a,0,t), (2.350)
& = ke a,b,t). (2.351)

Thus another equation is needed in order to determine the motion. It
comes from the first of Egs. (2.336):

vVEM .
= O(k,e,a,0). (2.352)

0.:

From the initial values kg, eg, ag, 0y of the four variables at time tg, the
values of k, e, o and 6 at any instant can be evaluated by using Egs.
(2.349)-(2.352). If the perturbation is small, the problem is solved by
successive approximations. Denoting by €’ the value of 6 at any instant
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of time in the case of no perturbation, as derived from Kepler’s equation,
in the zeroth-order approximation we’ll have

0=0, k=ky, e=ey a=ag. (2.353)

In first approximation, we instead have k = k1, e = e, a = a1, 0 = 64,
with

kl = kO + ]%3(](30,60,0{0,9/,15) dt7

to
(o9}
e = o+ / é(ko, €0, a0, 8/, 1) dt, (2.354)
t
OOO
a1 = oo + d(ko,eo,ao,el,t)dt.
to

It is not possible to write a similar expression for €, since in the exact
expression

0 = 6y + O(k,e, o, 0,t)dt (2.355)

to

the two terms on the r.h.s. are of the same order of magnitude, so that,
if we set an approximate value for # on the r.h.s., we wouldn’t get a more
approximate value on the Lh.s. However, we can try to transform Eq.
(2.352). To this end, let us note that the form of the function é(k, e, o, )
does not depend on the perturbing forces, and it thus is the same if no
perturbation is present. We shall then have

0 = O(ko, €0, a0,0"); (2.356)

and, setting
0 =0 + ~, (2.357)
we shall get
¥ o= 9.(16',6,0[,9) - 9.(]{30760,01079,)
= O(k,e,a,0) — 0 = A(k,e,a,0,1). (2.358)

If instead of Eq. (2.352) we wanted to use the equation
0 =0 + (ke a,6,t), (2.359)

this would not have been adequate for our calculation by successive ap-
proximations, since, by setting an approximate value of 6 in y(k, e, «, 0, 1),
we do not get an approximate value for 4 (because 7 is not zero when
perturbative forces are absent, unless we use for 6 its exact value 6’).
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In order to evaluate 6; it is necessary to use the expression®’
2 do
t = to + St (2.360)
bo 9( /1’6/170/1701)
in which we will have set
K =k0'(0.)), ¢ =eilf(6a)], o) =l ()], (2.361)

with @ = 0/(t), t = 0 (0), k1 = ki(r), and so on. In general, for the
expressions approximated to order n (n > 1), the following formulae
hold:

k;n = kO + k(kn—l’en—laan—lﬂgn—lat) dt:
to

00
€n = €0 +/t é(knflaenflaanflaenflat) dt,

0

N (2.362)
an = Oto—|—/ d(knflaenflaanflaenflat) dt,
to
b= b4 2 dé,,
O Ja (K e ol 0,)

kn = kn(t), en = en(t), an = an(t).

The last of Eqgs. (2.362) is justified by the fact that, knowing k, e, « as
functions of ¢ to order n (that is to say up to infinitesimals of order n,
when the perturbing forces tend to zero) and knowing ¢ as a function
of 6 to order n — 1, it is possible to derive k,e and « as functions of 6
to order n, since dk/dt,de/dt, da/dt are themselves infinitesimals of the
first order.

Let us now suppose that the perturbing forces are constant in time
or, more precisely, that they can be considered as such on time scales
longer than the revolution period. Let us also assume that they are small
enough so that k, e and « change little during a period. We shall denote
by k, é and & the secular variations of these quantities, i.e., the average

40@ In the original manuscript, the upper limit of the integral is not explicitly given.
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values of the quantities k, é, & over the entire period. Clearly, we shall
have

k=k(k,e,a,t), é=élke,at), a=dkeat). (2363
The explicit form of Egs. (2.363) depends on the form of the functions
Xr = Xr(ra 97 t)a Xt = Xt (’f', 97 t)7 (2364)

and the time dependence obtains only if x; and ¢ depend on time, with
the constraint (as assumed) that the time variation is small.

Let us now examine the specific case in which xy = 0; x; = er™. From
Egs. (2.343), (2.344), (2.345), we deduce

k =0, é—iner”,

eM
(2.365)
a—m‘/tﬁr —67 M(T — kr )6,
and thus
) 1 k
_ 5 LS n o __ n—1
k=0, ¢=0, a= 54 (r kr )e, (2.366)
with 23/ )
_ (1—e%) / ™ dé
n—= 7 k" . 2.367
" 27 o (1+ecos@)ntr ( )
It follows that
T (1- @)k
2o (1)
2 3/2 kf?)
3/2 (2.368)
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and*!

=
I

45, 5 ¢\ s
14 =2 2 2 6 k
+26+86+166)’

(2.369)

+

105 356)6
2 s ¢ TR

105
1 + 1462 + 764

35 4 35 &\ -
+46+128€)k’

— -8 189
8 _ _ 2 2 169 4
ro = (1 e ) (1 + 18¢” + 1 e

+—0c

105 4 315 8) .
220 (8 g8,
ERIETT

41@ In the original manuscript, the explicit expressions for 7,72,...,78 are missing.
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We then infer that

n=-—1, a = ]\12(1—62)1_;_622,
n= -2, a = 0,

n= -3, o = — %(1—62)3/2;%7
n=—A4 @ = — %(1_62>3/2 l;’
a0 )

25. RADIATION THEORY (PART 4)

Let us consider two atomic quantum states labeled by indices 1 and 2
and let v be the transition frequency. Let As; be the probability that
an atom in the state 2 will spontaneously make a transition to state
1 in unit time, B;U the probability for the same transition due to
radiation of frequency v, quantity U being the radiation energy per unit
frequency and unit volume. Let also B1aU denote the probability of the
inverse transition, and N7, Ny the number of atoms in states 1 and 2,
respectively. At the equilibrium we shall have

N Ao+ BaU
Ny ByU

If the background temperature is 7" and Boltzmann’s law is assumed, we
find*?

(2.370)

Ny —hv /KT
= 2.371
Nl € ’ ( )

42@ In this section we use Planck’s constant h as in the original manuscript.
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U = & ——— (2.372)

from which

8T v3h
Bz — h/kT _ 4
8T v3h
= Ay e "/ 4 p “hv/RT (2,373
2 23 w/kT ( )
which is always satisfied only if
Bis = B, (2.374)
8T 3
A21 = f31/ h,Blg. (2375)
c

Let us now try to obtain these results using the radiation theory
developed above. Let

wO = Z wn,m,...,rs,...an,rl,...,rs,... (2376)

155 s,

be the eigenfunction at an arbitrary time. If we neglect all the quantum
states other than 1 and 2, we shall get

) e 4m? h(ns + 1)
D Dy nkt e Y =y
S
x exp{2mi(v —ve)t} az,. n,—1,., (2.377)

because of the fact that we can assume that in the transition 2 — 1 the
emitted energy has a characteristic frequency close to v. In the same
way we can write

. B e 42 hng
2,..ms=1.. = 7 TVbs'Uu 3.2,
x exp {2mi(vs — V)t} a1, ... (2.378)
Since
N o= ., (2.379)
Ny = > Jag. %, (2.380)

it follows that

Ny =3 (ar.af, +a.af). (2.381)
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In order to simplify our calculations, let us suppose that all the a;s are
initially zero. The previous equation would seem to yield N; = 0, but this
is wrong, since it results from an incorrect use of a limit procedure with
an infinite number of frequencies. The calculation must be performed
in the same manner as in Sec. 2.21. The only difference with respect
to what was done there is that now the argument of the square root is
ns + 1 instead of 1. Since in the final result there appears the square
of such square root, all we have to do is multiplying the result by the
average value of ng + 1. Denoting by n the average value of ng, we find

64mv3e?|n2)?
3he?

In the same way, on assuming all the atoms to be initially in state 1, we
find the same formula, apart from changing Ny into N2, and vice versa,
and having n instead of n + 1, due to the fact that in Eq. (2.378) we
have ns and not ng + 1:

Ny = N (n+1). (2.382)

64mv3e?|n2)?
3he3

From the foregoing, we can now derive Einstein’s A and B coefficients:

Ny, = Ny (2.383)

64m4v3e2|n1a|?

A = — 2.384
21 3hed (2.384)
A A

By = By = A2 _ 21

U  (8rx/A)°h
which agree with Eqgs. (2.374) and (2.375).

(2.385)

26. DEFINITE INTEGRALS4

(13) We have
1 n 1 22np)?
1-2%) = : 2.
/0 ( 3:) 2n+1 (2n)! (2.386)

For large n, the L.h.s. is approximated by

/OO e dy = 1 z,
0 2Vn

43See Sec. 1.37.
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from which, for large n, we find

n!222n
(2n)!

= Van + ..., (2.387)

as it can immediately be seen from Stirling’s formula (see Sec.
1.27).

(14) We have

o it 2re™*, a > 0,
/ _de = (2.388)
—o0 @ 1T 0, a< 0.
(15) We have
> cosw T _,
(16) We have
© zsinw —a

(17) We have

9] eiaz T
/ de = Eeia/k, k > 0, a > 0. (2391)
—00 x

(18) We have 44

0o azr .
xre 1T

_ —a/k

/ ————dr = —<e /,

. 2.392
oo 1+ K222 k? >0 (2:392)

ENd IS

(19) We have

o 1 ;
/ @l dy = 1 /x (2.393)

(14bis) We have

o0 eZkit )
dz = 2.394
/_001+m . (2.394)

44@ More precisely, this result holds for a > 0 (keeping a/k > 0), while for a < 0 we simply
get the opposite.
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(20) On setting dg1 = dzydyidz1, and rp = /2?2 + y? + 22, one gets:?®

8

/ e dg = ai; a >0, (2.395)
|- _ 8rma

Tle dgpgn = S5 0> 0. (2.396)

(21) On setting

dr = dz1dyidzidzodysdze,
ri2 = V(x1 —12)2+ (y1 — y2)2 + (21 — 22)2,

r o= \/m, ry = \/mv a,b >0,

one gets:
/ e et dr = (;ig, (2.397)
/ :le—a“ etdr = ii;f 5 (2.398)
/ ;e_m obra gy — ‘iizj aQ;(F a3j_bb;b2 ab. (2.399)
27. SERIES EXPANSIONS 46
(1) Let us consider the following function of x:

y = 2 f(z)!xn (—1). (2.400)

Under certain constraints, we have
im 2Y — (2.401)

r—oo e

for any value of r. If f(n) =constant, then Eq. (2.401) is surely
satisfied. If f(n) = n, then y = —ze™® and Eq. (2.401) is again
satisfied. In the same way we can prove that it is satisfied when

45@ The following integrals are evaluated over the entire real axis for each variable.
46See Secs. 1.22 and 3.1.
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f(n) = n(n—1) or f(n) = n(n —1)(n —2), and so on. More-
over, the same holds for f(n) =1/(n+1) or 1/(n+ 1)(n+2) or
1/(n+1)(n+2)(n + 3), and so on. It follows that Eq. (2.401) is
satisfied when f(n) is any rational function of n or, more generally,
when f(n) can be expanded in decreasing powers of n, the first one
being an arbitrary power n* (with integer k).

Equation (2.401) is also satisfied if f(n) can be expanded in de-
creasing powers of n, each power step being unity, for example,
and the first power n¢ being rational or irrational. In this case, in
fact, the function f1(n) in the series

y+y =3 fl(n!)xn

n

can be expanded starting from n°'. Thus, for a given arbitrary

value of 7, Eq. (2.401) will be satisfied when y is replaced by

k<k — 1) 7
9 Yy

quantity k& depending on r. Now, if we set

y+ ky + + o+ oy, (2.402)

2" (z+ 2)

lim = 0, (2.403)
r—00 e
which is equivalent to
z+ 2 = az"e", (2.404)

with an infinitesimal «, then it follows that
z =€ " / arTe®dr = e T fa "™ = Ba"e, (2.405)

where [ is another infinitesimal. By repeating this procedure k
times, we find that Eq. (2.401) is also satisfied by y.

Equation (2.401) also holds if f(n) is the product of logn and an
algebraic function of n, and this can be proven as we did above.
More in general, replacing f(n) by

k(k—1)

f) = kfn—1) + =———f(n—2)
_k(k— 1é(k_2) fln=3) + ... £f(n—k), (2.406)

it is possible, by appropriately choosing k, to make y infinitesimal
of an arbitrarily large order (for large n), and Eq. (2.401) gets
satisfied.
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(2) In first approximation, for large n and small ¢/n, we have

( n/2n+ € ) T (/2 ¥ e)?!(n/Q — ! 2" \/Ze—%?/n.
(2.407)

(3) For large z, the series expansion of 6 (which is, however, always
divergent) reads

O(x) = \/27?/0m e dz

1 .2 (1 1 3 15 105 )

= 1- —e — .
NG

Although this is a divergent expansion, it nevertheless can be used,

since it supplies values that approximate the true ones by excess

or by defect, alternately.

T 223 + 425 827 + 1629

28. RADIATION THEORY (PART 5): FREE
ELECTRON SCATTERING

We have considered the stationary waves that may be present in a volume
Q) without any assumption about their form or about the shape of the
volume. For simplicity, here we assume that the potential C; relative to
the radiation of frequency v is of the following form, which is compatible
with Eq. (2.215):

C, = \/4me? /) o 2Tty "2) A (2.408)

where Ag is a unit vector normal to the propagation direction. The
frequency is given by

vy = e\[12 + A2 + A, (2.409)

and the number of oscillators, relative to the wave numbers, in the in-
" n

tervals v, — v, + dvg, 5 — s +dvg, and vy — 4" + dvy’, will be
dN = 2Qdy, dyy dvY. (2.410)

s

We shall assume the following eigenfunctions for the free electron:

U, = \/16 exp {2mi(8,x + 6y + 61 2)}, (2.411)
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and there will be
dn = Q déil dég d(%' (2.412)

of them. The electron momenta corresponding to Eq. (2.411) will be

p? = —hd, p' = —hd!, p? = —hi". 2.413
n Y n z n

x

In the same way, the momenta of the light quanta are, from Eq. (2.408),

s _ 7

P = —hl, Py = —hyY, pl = —hyY. (2.414)

The first- and second-order interaction terms in the total Hamiltonian
(see Sec. 2.6) are

Amc?

3 £ pA, gs 2T y+Y"2)
— mc Q
62 47TC2 omil(~! / 1" 101
+ e @r s Ay A 2T )2 Or Y07 )2 (2.415)

r,s

Since only the second-order perturbation terms will enter in the per-
turbation matrix, the first-order terms are either small or changing too
fast. By neglecting the first-order terms, the only non-zero elements in
the matrix will be the ones corresponding to an arbitrary exchange of
electrons and to a one-level transition (in either directions) of two and
only two oscillators. Since we are only interested in large and slowly
varying terms, let us suppose that one of these oscillators, say the rth,
undergoes the transition from the quantum number k. to k, + 1, while
the other, say the sth, undergoes the transition ks to ks — 1. The matrix
element corresponding to such a transition is

4rre? R(r+1) | hs
B ! 1 = —=A,-A
n,kr,ks;n’ kr+1,ks—1 ZmQZ T S \/ 47TV7» 47TV5

« /ezm[(%w;féﬁég,)m+-~] dr e2mivy —vntvr—vs)t (2.416)

Let us suppose the volume 2 is a cube of side length a. Then the
absolute value of the integral becomes

sin7(y; — v = 6, + 0y )a sinw (v — ¢ — 6 + 5y )a
Ty == 0)  m(y = = o+ )
STy = = 6 4 6)a

Ly )

(2.417)

Furthermore let us assume that at time t = 0 all the atoms are in the
state n and the oscillators in the state 0, apart from the oscillator s
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which is in the state ks. We shall associate the coefficient 1 with the
eigenfunction corresponding to this state and the coefficient 0 to all the
others. For a small period of time we have the following: If a,/ 11,1
is the coefficient of the eigenfunction corresponding to the atom in the
state n/, the rth oscillator in state 1, and the oscillator s in the state
ks — 1, then

An/ 1 jg—1 = %Bn’,l,ks—l;n,o,ksy (2.418)

that is, neglecting a phase factor,

e |k
. S 2mi(vn—v,r+vs—ur)t
A/ 1 k-1 = Ar-As sz \ o © (Wn—vprtvs—vr)
r¥s

y sinmw(y,. — 5 — 05, +d/,)a sinw(y) — ) — ) +6)a

(v — L — 6, + ) (Y =~ — 81 +6")
" /// 5/// 5///
X s 725/’/}:7 /// 5/// +5///)) ) (2'419)
T n'
so that
ks
' e = |AAgl" ——
|an 1. 1| = | B 4m2Q4 Uy s
y sinm(y, — 4 — 0, +8/,)a sinw(y) —~) — 6 +6)a
Ty =5 — 0, +0y,) Ty =y = on + o)
sinm(o)! = 7" — 80+ 8)a S(v — i + 5 — 1)t (2.420)

('Yﬂ/ /// 5/// + 5///) 7T2(Vn — Uy + Vg — Vr)2 ’

Summing over all the values of 7 and n’ and transforming the sum into
an integral, we get

2 oyt st s ‘AT'AS|2
okl = ggoay / e s s sy e
9 sinm(y, — v, — 05, + d),)a sinw(y, — ) — 6 +6)a

Ty = V=0 +6y)  wy =l =6+ )
sinm(y)! 2 = 0+ S)a sinn(vn — v+ v =By o
('77,"” /// 5/// 5;{5) 71-2(yn — Uy + Vs — l/r>2 . .

Let us suppose that a is very large. The integrand will be significantly
different from zero only for those transitions that satisfy the momentum
conservation, that is,

o= A =8+ 6 =0 (2.422)
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(and similarly for the other components). On integrating over dv,., dv/
"

and dv,”, we find

S law g’ = e4k5/d5’d5”d5”’
n,1L,Rks— - 2.9 n-vn n
- Q’m? vy
" |A,-Agl? O sinw(vy — Uy + vs — I/r)t’ (2.423)
Vs T2 (Vy, — Vpr + Vs — 1y )?
where
v = ey A+, (2.424)

the components v, being given by Eq. (2.422). If ¢ is large enough, the
following must hold:

Up — Up + Vs — 1 ~ 0. (2.425)

We can then restrict the integration to those values of J, that, through
Egs. (2.422) and (2.424), satisfy Eq. (2.425). To calculate the intensity,
let us consider low-energy light quanta and slow electrons. Then we have

Up o Us; (2.426)

and, denoting by 6 the angle between the incident and the scattered
quantum, we moreover have

_— 1 1 . 540
|AT'AS’2 = 5 - Z Sln2 5, (2427)
1 ve . 0
- Dy — pnl = —47rf sin 7, (2.428)
so that the integral in Eq. (2.423) becomes
4
2 4e* ks 0 . 90
7;‘ ’an/’l,]%,l‘ - W / T COS 5 dﬂ Sin 5

" (1 1 . 29) sin? wert sin 0/2
n2c2r2 sin? 0 /2

de*ky [T 6 .60 /1 1 6
= 7t ¢ / Cos — sin — <—sin2> do
0

m2Qe3 2 2 \2 4 2
4e*Kg 4 mwelt w
_ _ dmet uw 9.429
T 3m2an 3 m2¢3 hyg’ ( )

u being the energy per unit volume.
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29. DE BROGLIE WAVES

The expression

o i2mut dy
» = / R — (2.430)
—0 a+i2m(y —70)

represents a wavepacket with phase velocity
Uph = v/

If o tends to zero, Eq. (2.430) reduces to

_ ; o . d(y =)
_ 2myox 12TVt 2 _ td d _
v o= et [ esp fin(y o) (b o)} I
A . oo e dy
e—127r'yoa: ezZmlot / —. 2.431
—o0 2w [(tdvy/dyo — ) a + 1y] ( )
If o« — 0, we get the following (see Eq. (2.388)). For o > 0:
e 2m0T oi2m0t - for tduy/dyg — 2 > 0,
b = (2.432)
0, for tdvy/dvyy—z <D0.
This represents a plane wave extending from x = —oo to x = (dvy/dyo)t
whose (forward) wavefront moves with the group velocity
dVQ
= —. 2.433
Ugr d’YO ( )
For a < 0:
0, for tdvy/dyy —x >0,
v = - (2.434)
e~ 12m0T gi2mvot - for ¢t dydryy — & < 0.

This represents a plane wave extending from x = (dvy/dyp)t to z = 400
whose (backward) wavefront moves with the group velocity (2.433).
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30. e?~ he?

Let us consider two electrons A and B placed at a distance ¢ from each
other. In some sense, the surrounding region?” will be quantized. As a
first approximation we can describe the situation in terms of a pointlike
mass moving with a group velocity equal to the light speed c. Let us
also make the arbitrary assumption that such a point-particle moves
periodically between A and B and back. Let us further suppose that
it is free of interactions while travelling between A and B, whereas in
A and in B it inverts its velocity due to the collision with the electrons
sitting there. If its motion is quantized, we have

lp| = nh/2¢ (2.435)

and, assuming n = 1,

Ip| = h/2¢. (2.436)

At every collision the electron receives a “kick” equal to
2|p| = h/¢, (2.437)

and the number of collisions per unit time is

1 c

— = — 2.438

T = o (2.438)
so that a continuous force will be acting on each electron, whose magni-

tude is

2p he
F === — 2.4
T 202 (2439)
If we identify Eq. (2.439) with Coulomb’s law
o2
F = (2.440)

we find

e = \/? (2.441)

Such a value is, however, 21 times greater than the real one.

47@ The word used in the original manuscript literally means “aether.”
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31. THE EQUATION " + Py =0

Let us consider the equation

y' + Py = 0. (2.442)
On setting
Yy = u exp {z/(k:/uz)dx}, (2.443)
we obtain
y = <u' + zk) exp {1/(k/u2)dx}, (2.444)
u
" " kQ 2
Yy = (u - u3> exp {z/(k;/u )dm}, (2.445)
" k? .
W — gt uP =0, (2.446)

Given the initial conditions yo and y(, at © = x¢, we set
uo = [yol, (2.447)

so that the arbitrary (real) additive constant of the integral in Eq.
(2.443) is determined modulo 27. For yo # 0, according to Eq. (2.444),
we then put y
/ Yo / .
th = o (% 1) (2449

We can suppose that both u(, and k are real. Then, if P is also real, the
integration of Eq. (2.442) with a complex variable is equivalent to the
integration of Eq. (2.446) with a real variable.

Note that, if yj/yo is real, then k¥ = 0 and Eq. (2.446) reduces to
(2.442).

Given an arbitrary solution of Eq. (2.446) with an arbitrary value of
k, not only the function y in Eq. (2.443) but also its complex conjugate

Yy = uexp {—i /(k:/u2) daz}, (2.449)
satisfy Eq. (2.442), so that the general solution to Eq. (2.442) is
Yy =u [A exp {z/(k/uQ)dar} + B exp{—i/(k:/uz)dxH . (2.450)

On setting

u = u/Vk, (2.451)
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we obtain )
uj — 5 +uw P =0, (2.452)
uy

and the general solution can still be written in the form

Yy = u {A exp {z/dx/u%} + B exp{—i/dx/u%” . (2.453)

From this it follows that we can always reduce the problem to the k =1
case. When the initial values for y and g’ are given, it is possible to
proceed as described above, since Eq. (2.443) now becomes

y = Vku [z’/dx/uﬂ , (2.454)

and the constant vk, the integration constants, and the initial values
u1o and u} o can be determined from Eqs. (2.447), (2.448), and (2.451).
Alternatively, we can find an arbitrary solution of Eq. (2.452), fix arbi-
trarily the integration constants, and then the coefficients A and B can
be determined in such a way that the initial conditions on yo and y(, are
met.
Assuming P to be a slowly varying function, in first approximation
the function
w = pt/4 (2.455)

is a solution of Eq. (2.452). The general solution, to first order, then is

Yy = ;ﬁ(Acos/\/lgd:c—i-Bsin/\/]?dx), P >0,
y = — [AeXp{/\/jdm} (2.456)

4 —i—Bexp{—/\/jdxH , P<O0.

o

The condition that P be a slowly varying function is expressed as

Pl
’ P
In order to derive the second-order approximation, we can replace v’ in

Eq. (2.452) with the value obtained from Eq. (2.455). Thus, in second
approximation, we get

< 1.

1 5 L
_ ZP// p5/4 4 176]3/2 p9/4 _ — + uP = 0. (2.457)
U
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On replacing u with P~%/4 + Au and setting
1

— ~ P3* — 3P A, (2.458)
u
Eq. (2.457) becomes
1 1" p—5/4 5 12 p—9/4
_ZP P + EP P + 4PAu = 0, (2.459)
from which it follows that
1 5
A — 7PN P—9/4 _ 7P,2 P—13/4 24
TS 64 (2.460)
and /! /2
_ PP" — (5/4) P
= pY4(1 : 2.461
! ( " 16 P3 (2.461)
In this order of approximation, the following will be valid:
1 PP" — (5/4) P"
— = PY2{1 - , 2.462
u? 8 p3 ’ (2:462)

dz pr?
/ﬁ _ 8P3/2 +/\F< 32P3> de,  (2.463)

and the solutions for y will be of the kind

1 PP" — (5/4) P*
y = =1+ 3
VP 16 P

sin p?
x { o l spiz + / f(l - 32P3> dx] ,(2.464)

for P > 0. Similar solutions hold for P < 0:

1 PP" — (5/4) P*
y = 3 I+ 3
v—P 16 P

/ /2
X exp{:l: _8(—PP)3/2 + / \/$<1 — 3]23]33) dx]},(2.465)

or, by setting P, = —P,

L (PP PP
Y = p 16 3

X exp{:t [ 2 + / f( 3]23]33) dx”. (2.466)
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Let us consider, in general, the case for which P < 0, so that P; > 0.
Equation (2.442) can then be written as

— Py = 0. (2.467)
Let us set
y =z exp{/\/Pldx}. (2.468)

We then have

y = (z’ + z\/ﬁ) exp{/\/ﬁdx}, (2.469)
' = [z" +22' VP + 2 <P1 - 2\ﬁ)} exp{/mdx}v(2-470)

"4 22 /P =0 2.471

2N+ 22/ P+ 2 2\/117)1 , ( )
" /

- G (2.472)

WPz 2 AR
If P is slowly varying, we can in first approximation set
2= P4 (2.473)
and, by considering both signs of v/P;, we find again Eq. (2.456).

If y; is a solution of Eq. (2.443), the general solution reads

dac
yl
Indeed, on setting
dx
Y2 = U1 / o
Y1
we get,
, y, / dx n
y = N
2 1 y% ”
dx
" "
y = /77
2 Yoy
and thus "
0=yl - %yg vl + Puys. (2.475)
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32. INDETERMINACY OF VECTOR AND
SCALAR POTENTIALS

Let us consider a magnetic and an electric field in a given spacetime
region. The potentials ¢ and C are rather undetermined since we can
set

H = VxC = VxCy, (2.476)
1 0C 1 0Cy

with ¢1 # ¢ and C; # C. Correspondingly, we could write two wave
equations for an electron:

l— (V: +§ ¢)2 + Z <p@' +Z Ci)2 + m262r Y =0, (2.478)
2

[— (W + ¢1>2 + Z (Pz‘ +§ Cli>2 + m202] Y1 = 0. (2.479)

C Cc

We can always put

C, —C = VA, (2.480)
1 0A
— = ———= 2.481
with A an arbitrary function of space and time. This function is no
longer arbitrary if we impose the so-called continuity constraint*®
1 0¢ 1 0¢y
v.-C+-— =V-C -— =0 2.482
+ c Ot L c Ot ’ ( )
since, in this case,
1 9?4
2
A— - —. 2.483
v c2 ot? ( )
From
W ex {”A} — e {”A} W+ e(dr—¢)], (2.484)
P\ ne - P\ne e\ ’ ’
te te e
i —-Ar = ——A¢ pi+ - (C1i—Ci)|, (24
pexp{hc } exp{hc } [p —|—C(Cl Ci)|, (2.485)

48@ This is more widely known as the Lorenz gauge condition.
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we deduce that

(W - 6¢>1> exp {ZGA} = exp {leA} (W + e¢> ; (2.486)
c he he c c
2 ; 2
(W n €¢1> exp “’A} _ exp{zeA} (W n e¢> . (2.487)
c he he c c
and that
(pz + eCu) exp {ZeA} = exp {ZeA} (pz' + eCz') , (2.488)
c hec hec c
2 . . 2
(pz' + eC’u) exp {leA} = exp {leA} (pz + eCi) (2.489)
c hec hec c

It follows that, if ¢ is a solution of Eq. (2.478), then the quantity
i€

will be a solution of Eq. (2.479). Since the phase shift of ¢ given by
Eq. (2.490) is physically irrelevant, due to the fact that it is identical
for all the eigenfunctions evaluated at the same point and at the same
time, we have then proven that the two Hamiltonians considered by us
are equivalent.

33. ON THE SPONTANEOUS IONIZATION
OF A HYDROGEN ATOM PLACED IN A
HIGH POTENTIAL REGION

Let us consider a hydrogen atom placed at the common center of two
spheres of radii R and R+dR, respectively. On the first of these spheres
there is a charge —Q'/dR and on the second a charge (Q'/dR) — e (we
set Q' = QR); then we take dR to be infinitesimal. The atomic electron
will experience a potential:

V =e/z — A, z <R,
(2.491)
V =0, = > R,

x being the distance from the center and A a constant.® For the sake of
simplicity, we adopt the radius of the first Bohr orbit as the unit length,

49@ In the original manuscript, the value A = Q?/R? is given. But, for dimensional reasons,
this is wrong. The constant A can be fixed by requiring the continuity of the potential; in
this case we have A = ¢e/R.
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e as the unit charge and h as the unit action. Our unit for energy will be
me*/h? = 4rRyh, and then 1/(4nRy) will be the unit time, where Ry is
Rydberg’s frequency. Furthermore, we choose the electron mass as the
unit mass. The Schrodinger equation corresponding to zero azimuthal
quantum number, when and setting y = ¢/, will be

X' +2(E—-A+1/z2)x =0, = <R,
(2.492)
X' +2Ex =0, z>R.

Let us set £ — A = Ey. If the atom is in its ground state, then F; is
approximately equal to —1/2.°0 We then set
—FE = Q, (2.493)

so that Eqgs. (2.492) become

X'+ (1 —-—a+2/z)x =0, z <R,
(2.494)
X"+@R2A-1—-a)x =0, >R
A solution to the first of these equations for o = 0 is
X = ze . (2.495)
Let us cast the solution for « # 0 in the form
X = ze ¥ + ay, (2.496)

with the constraints y(0) = 0, /(0) = 0. On substituting into Eq.
(2.494), we find

' =z + (1 4+ a—2/x)y, (2.497)

showing that y depends on a. Since the initial conditions on y have been
fixed, y is completely determined. For large values of x, this takes the
asymptotic form

y = kg e"VITepl/ViTe (2.498)

Since we have assumed that « is small, as an approximation we could
set ko = ko, and kg will be evaluated from the asymptotic form for y

50@ The ground state energy of a hydrogen atom is —e?/2ap, where ap is the Bohr radius.
In the adopted units, this energy equals —1/2.
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with the constraints y(0) = 0, ¥'(0) = 0. The differential equation for
such y is
v = ze™ + (1 - 2/x) y, (2.499)

and the asymptotic expression for the solution will be of the form
y = koe*/x. (2.500)

Let us then evaluate ky. The function y can be expanded in increasing
powers of x:

1 1
y =23 — -zt + . +a2z" + ..., (2.501)
6 9
where the coefficients a, can be obtained from the recursive relation
n— 2 Ap—2 — 20p—1
= —(=1)" n - 2.502
fin (=) n! (n—1)n ( )

Starting from as, these can be written in the form

1 [ 2042 1 1 1
SR P R 2.
B2n+1 (2n)! ["2n+1 ( Tty +2n—1>}’ (2.503)
L [ <1+1+1+ - )] (2.504)
a = ——— — — — . .
2n en—1) " 375 on — 1

Indeed, if Egs. (2.503) and (2.504) hold for some value of n (and it can
be directly verified that they hold for n = 1), then Eq. (2.504) will still
be valid if we replace n with n + 1 since, from Eq. (2.502), we derive

— @2+ Dlagny = —— — — <1+1+1+ b )
e S | 375 Toan—1

1 1 1 1 n2 2n
— 1+-+—-+...+ + +
n+1

3 5 2n —1 n+1 2n+1

=n+1 (1+1+1+ + ! )
N 3 5 T lom41)’

and thus Eq. (2.504) holds for ag,t2 too. In the same way, by using
again Eq. (2.502), we find

(2n+2)!a —2”+1—2”+1<1+1+1+ T )
S T o Y3 2+ 3 375 T o1
L2 (1+1+1+ L1 ) M+2 242
on + 3 3 s T T 1) T o3 T 2t 3
M + 2 1 1 1
- 1 (142424, ..
(n+ 153 <+3+5+ +2n+1>’
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and thus Eq. (2.503) holds for ag,t3 as well. Equations (2.503) and
(2.504) then always apply.

The expansion (2.501) can be indefinitely derived term by term. We
can thus set

o0
v +3y" + 3y +y = Z b z"; (2.505)
0
and, in general, we have

by = ap+2(r+ a1 +3(r+1)(r +2)arso
+ (r+ 1)(r +2)(r + 3)arss, (2.506)

or, due to Egs. (2.503) and (2.504):

(2n + )by, = —2n%(2n+ 1) + 3n(2n + 1)(2n + 2)
-3(n+1)2n+1)2n+2) + (n—l—l (2n+1)(2n +4)
+2n(2n+1)(1+3+. 1)
—3(2n—|—1)2<1+;+. )

1
+3(2n+1)(2n+2) <1+3+ +2n—|—1>
—2n+1)2n+3) <1+ % +oot 2n1+1> _ (2.507)

(2n 4+ 2) baps1 = n(2n +2)% — 3(n + 1)(2n + 2)*
+3n+1)2n+2)2n+4) — (n+2)(2n+2)(2n +4)

— (20 +1)(2n +2) <1+1+...+ ! >

3 2n —1
4324 1)2 ( Lt )
" 37" o+ 1
1 1
—3(2 2 2 3)(1
(2n+2)(2n + )( +3+ 2n+1)
1 1
2 2)(2 4) .. =1- 2.508
+(n+ mt <+ + 2n+3> 2n+3 ( )
It follows that
%) 00 xs—l e ZE25+1
ha' = Y =Y
g r ; s! ;(234—3)!
1 o0 S 1 o0 .’E2S+1
B IR ey
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_ e’ —1 e? —e ™ —2x
a r 222
_ e’ e’ —e™7®
T
1 _ 1
= (x 2902) + e 227, (2.509)

By substituting into Eq. (2.505) and rewriting the 1.h.s., we find

d
1" / “
" +2 +y) +

1 1 1
_ x - = T =
=e < 5 2) + e 52 (2.510)

(y// + 2y/ +y)

and thus

11 1
Y _—x/[%(_) } } 2.511
y'+2 +y = e { 5 T 92) T g dr . (251

Since, for z = 0, we have y = 0, ¥/ = 0, " = 0, this becomes

y'+2y +y = ex% — e (2193 + 1) (2.512)
that is,
/ d 1 (1
(y +y)+d*(y +y) Zex%—ex(%—l—l), (2.513)
so that

2z
/ —z € 1
= - 1
Yy t+y e {/ [2]: (2x+ )

Taking into account the initial conditions, we get

dz + C’}. (2.514)

2:1:_1
2x

_x T 2T _ 1
y = e / —x—i—/ dz | de + C|;
0 2x

and finally, using again the initial conditions, we find

1 2 _—x —x /z /gv1 6212 —1
- = d dxs. 2.517
5 r'e 7 + e ) T 0 229 Z2 ( )

[§]

x
v+y = —xze® + e_””/ dz (2.515)
0

and

(2.516)

y:
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As a further check, let us evaluate 3" and y”:

1 T 1 @272 _
y = —xe® 4+ —axte — e_:”/ dz / eidxg
2 0 0 2.%'2
T g2 _
= dz, 2.518
+e /0 oF x ( )
1 T T1 p2T2 _ 1
Y = —e 4 2ze™® — Zg%e™ 4 e_x/ day / eidxg
2 0 0 2x9
T e2z —1 et _ o
-2 71’/ d . 2.519
¢ 0 2x Tt 2x ( )
Since
@ T g2 — ] | 1 1 1
d / — —day = / dr — —e2* 4 = -,
/0 Ty Tam, T Ty T3¢ Tarttg

the previous formulae become

T Q2T 1 1 1 1
y = xe_x/ © de — —e® + (+xm2> e (2.520)
0

2z 4

T (1—%)671/
0
13 1 ,\ .
- = — — 2.521
—i—( 1 2x+2m)e , (2.521)

T e —1 11
e e [ (3 )
Y A L

T Q2 1

1 3 5 1
= 2
—— S 42— 2a?), 2.522
+e (235 4—1—296 295) (2.522)
From these it follows that

2
y" = <1 — ) y+ e, (2.523)

x

that is, the differential equation (2.499) is satisfied. Moreover, clearly
y(0) = ¢'(0) = 0, (2.524)

as we required. For x — oo we get

e | o [ 1 1 ,
/ de = e* | — + — + higher order terms ), (2.525)
0 2T yx2

and the asymptotic expression for y is
1e”

- - 2.526
vy=g0 ( )
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from which we can obtain the constant kg in Eq. (2.500):

ko = o (2.527)
For large values of x, the solution of Egs. (2.491) and (2.492) then is
approximately

ze™ + 2 ervita  1/Vita, (2.528)
8
We now suppose that R is large in our units; this means that R has
to be large with respect to atomic dimensions. We then have

X:

X(B) = Rehy 2T (2529)
8 R1/Vi+ta’
a eR\/l-i-a

" -R 1
VB = (-Re s S <\/1+a Rm) (2.530)
For reasons that will be clear later on, we are only interested in very
small values of «, so that the second term in the expression of x(R) is
of the same order as the first one. This means that o has to be of the
order R%2e2E_ Tt is then possible to replace v/1 + o with 1 everywhere.
Neglecting also 1 relative to R, the equations above become

R
— -rR &
xX(R) = Re " + SR
(2.531)
R
IIR - _R —R gi
X" (R) e+ o g

Equation (2.528) takes a simple form for large values of x smaller than
R:

a e’
8
For x > R the second equation in (2.492) must be satisfied. Let us
suppose that £ < 0, because otherwise no spontaneous ionization would

take place. Since

X = ze ¥ 4 (2.532)

1 1
EFE=A--—- 2.
5 5% (2.533)
A has to be much larger than % The second equation in (2.492) thus
has sinusoidal solutions. For x greater than R we then have

R

X = (Re_R + (;6R> cos V2E(xz — R)

L —Re*RJrgf sinV2E(z — R). (2.534)
2F 8 R S

ﬁ
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Let us set

1 A—1
B=A-5+ AR? e—QRT. (2.535)

The quantities E, B and A — 1/2 have all values that are very close one
another so that, when they appear as factors in some expression, it is
definitely possible to substitute one for the other in order to simplify
the formulae. In expressions that are arguments of sines and cosines,
another approximation is required. Since

4(A-1 1
E =B - (A)R? e 2R _ 3 (2.536)

we’ll set

V2E = V2B — \/;f (4(AA_ D g2e-2r 4 ;a> (2.537)

We denote by v the second term above divided by 27:°!

11 (4(A— D g2k 1a> (2.538)
2%) '

7T T o RE A
so that S(A_ 1
o = —4nV2E~ — (A_)RZeQ‘R. (2.539)

If this is substituted into Eq. (2.534) and the approximations described
above are used, we find

1 r 2B ef
X = (ARe — 4R27w> cos (\/2B—|—27r’y) (r — R)

R
n <_ \/jTB Re R _ i % 2m> sin (\/@ + 2m) (z — R),(2.540)

or, again as an approximation,

2 A
— 2 R2e-2R 1 R-2e2R 4122
X \/AR e + 8R et 4y
X cos[<\/2B—|—27r'y) (x—R)+z}, (2.541)

where z is an angle that depends on ~y. If we choose x to be normalized
with respect to dz, then it must be multiplied by a factor N:

u = Ny (2.542)

51@ The author considers this 7 as the (correction to) the momentum of the system under
consideration (in the adopted units).
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such that
2 A
N ZRQ e 2R 4 gR—Q e2R 47242 = 2, (2.543)
Indeed,
[ee] +e
lin%/ x(7) dx/ x(y+¢€)de = 1/N2. (2.544)
=0 Jo —€

This yields the following normalized eigenfunctions for x < R and x > R,
respectively:

A el
u - V2 R <2xe—x L& ex> oiBt (2mi/2Bt

7-(-2A2 e4R Z ;
1 ety (2.545)
\/ T R

u = 2 cos K\/ﬁ + 27‘(”}/) (x —R)+ z} oiBt g2miV2Bt,

Here we have taken into account the time dependence and the fact
that £ = B + 27v2B~. Note that in Eq. (2.545) the term 2ze ™" +
(a/4)(e*/x) has been factored out since

R ae®\? R 2
/ <2me_x + — ) dr ~ / (2ze7")" da ~ 1, (2.546)
0 4 x 0

so that, for small values of x, it represents the eigenfunction of the quasi-
stationary state 1s, normalized in the usual way.

Let us now suppose that initially the electron is in the ground state.
Its eigenfunction is approximately spherically symmetric, so that we can
write

v = Ulx)/z, (2.547)

where at time 0 we have
Uy ~ 2xe ™. (2.548)

Denoting by ug the functions u defined above at time ¢ = 0, let us expand
Uy in series of ug :

Uy = / cugdry. (2.549)

—00

We shall have

00 A R 2 A2 o4R
c = /0 Ujupder ~ \/;eR/\/l—i—TrZL;LL’y?; (2.550)
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and, since, for an arbitrary ¢,

U = / cudy, (2.551)

on substituting Eqgs. (2.547) and (2.550), we find for x less than R:

_ 2miv/2B
U = thA et (a:efr + aex> /oo e Zr%dW

R? 8 /) Jooo 1+ (n2A%M /4R
(2.552)
where it is simple to show (from Eq. (2.539)) that
A-1 V2B
a=-—0 8R?e 2R _ 0 8R? e 2R (2.553)

coincides with the « relative to the stationary ground state considered
here; the demonstration is similar to the one exposed in what follows,
which will lead to Eq. (2.560)).>2 Now

/oo eQWi\/@'yt d,}/
—oo 1+ (A2 J4RY)A?

27iv/2BAt 2R 2
_ —R2e_2R/ e d(Ae v/AR )
2
R w14 47% (Ae*fy/4R?)

2 2\/2B

ARQe_zReXp{ ]ZQR }, for t < 0,

_ (2.554)
2 4R2\/ZB
1 R* exps — 2R (>

for t > 0.

We are only interested in the solution for ¢ > 0, since we shall set the
initial conditions regardless of the way the system reached such initial
state. Thus, for ¢t > 0 and = < R, we’ll have

U = <a: e + gem) !Bt exp{—4R2\/QB t/Ae?R}, (2.555)

while, for z > R,

U = eiBtQ\/Z€ /00 cos \/E—G-Qﬂ"y)( —R) +z} 02miV2Byt
+ (m2A2e4R A RY) 2

dv,

(2.556)

52@ This paragraph is added as a postponed footnote in the original manuscript.
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. eiBtﬂ /oo 1 — (rAV2Be*R/2R?)y
- R |/ 2 A2.4R /) pAy A2
oo 1+ (A% /ARY)y

X €OS (@ + 27W> (z — R) o 2miV/2Bt dy

B /00 V2B + (mAe* /2R?)~
oo 14 (m2A%eH J4ARY)A?

sin (\/ 2B + 27?7) (r — R) o2miV2Bt dy

_ eiBtf oiV2B(z—R) /°° M+ Ni orifvaBit(z-R)y g
- R 2 i

. © M —Ni ..
+ ¢ 2B(z—R) [ 5 ¢ e2m[\/@t—(z—R)]'y d’}/:| ’

(2.557)
with

1 — (rAV2Be*R/2R?)y

M = , 2.558
14 (72 A% R /4R )2 ( )

V2B + (mAe*R J2R?)y

14 (m2 A% R J4RY )2

o0 . 2A2 4R
[ ezm[\/@ti(z_mh/<1+7r4 ;n2> a

2 R? 4 R* ——

for vV2Bt+ (z — R) <0,

_ (2.560)
2 R? 4 R ,—

for vV2Bt+ (z — R) > 0.

(2.559)

We have

Moreover:??

/oo ,YeZﬂi[\/Eti(fo)]'y dy
—oo 14 (n2 A% J4RY)H?

53@ In the original manuscript the signs of the results of the integral were reversed, but here
the correct expressions are used.
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- TA2 iR A e2R
for vV2Bt+ (z — R) < 0,
_ (2.561)

4 RY 4 R ,—
for vV2Bt+ (z — R) > 0.

Thus, although we will be concerned only with the solutions for x > R
and t > 0, we will have to consider two separate cases, depending on
whether V2Bt — (z — R) is positive or negative, while V2Bt + (z — R)
is always positive. Since the quantity

o .

/ (1/2)(M + Ni) e2mlVEBe+@=R)ly 4.y (2.562)

—0o0

1R exp {+4 Ri[\/ﬁti(az - R)]} ,

is identically zero when v2B + z — R > 0, due to Egs. (2.560) and
(2.561), we have, respectively®*

\/je}; Bt exp {—i arcsin /(24 —1)/2A —ivV2B(x — R)}
x exp {4R%(x — R)/(Ae*™) — 4R*V2Bt/(Ac*M)},
for /2Bt — (z — R) > 0,

0, for 2Bt — (xr—R) <0,

(2.563)
having again made use of the approximation 2B = 2A—1 where possible.
For V2Bt — (x — R) > 0, independently of the small time-dependent
damping factor and of the space-dependent growth factor, Eq. (2.563)
represents a progressive plane wave moving towards high values of x.
For sufficiently small values of t and x — R, the electron flux per unit

time is )
8R*\/2B
On the other hand, the damping factor can be written as
et/ (2.565)
where T is the time-constant.?® It follows, as it is natural, that
1 Ae?R
F== T=— 2.566
T 8R2V/2B ( )

54@ Note that the author missed a factor 2 in front of the following expression.
55@ Below, in this section, we shall call T' the “mean-life”, following the author’s terminology.
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In his notes on the half-life of a particles in radioactive nuclei, Gamov®®

assumed an exponential time dependence and postulated that, at large
distances from the nucleus, the eigenfunction of the « particle is a spher-
ical progressive wave, thus determining 7' by using Eq. (2.566). The
previous discussion shows how well grounded his arguments were and
also that Gudar’s objections on alleged inconsistencies arising from the
space dependent growth factor in U from Eq. (2.563) were not true.
Indeed, the first equation in (2.563) holds only up to a distance

x — R = V2Bt, (2.567)

while beyond it we have U = (0. This means that, for times close to ¢t = 0,
Eq. (2.563) is verified only in a region close to the nucleus, whereas, with
the passing of time (taking into account the approximations used), it is
valid within a radius V2Bt = vt, where v is precisely the velocity of
the emitted particles. Notice that, even if the finite life of the quasi-
stationary state induces a small uncertainty in the emission velocity, the
wavefront appears sharp due to the approximations we have made in
the computation. We shall shortly show how, by reducing the approxi-
mation further, it is possible to highlight such an uncertainty of v, and
to determine the velocity curve independently of the general statistical
principles of quantum mechanics.

The formulae that we have just derived suggest some interesting ob-
servations:

I. Having verified that the first of Eqs. (2.563) holds at short distances
almost since the beginning, we can try to derive directly a solution of the
required form, without worrying about what happens at larger distances.
This is Gamov’s method. In other words, let us assume that the time
dependence is, at any distance, given by

Q2mivt o—t/2T _ (2mit(v—1/4mil) (2.568)

so that 1 represents formally a stationary state with a complex eigen-
value. Now, from Eqgs. (2.532) and (2.534) and taking account of the
time dependence, with a suitable approximate normalization, the general

56@ The author refers here to G.Gamov, Z. Phys. 41 (1928) 204. He had already worked on
Gamov'’s theory also in connection with his Thesis work [E.Majorana, The Quantum Theory
of Radioactive Nuclei (in Italian), E. Fermi supervisor, unpublished].
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solution for the stationary states becomes to be

e'Ft 9 (x e " + —

. R
iEt
U=2{ "2 [(GR

1
+\/ﬁ<

for z > R.

) for x < R,

a €
T

) cos V2E(z — R) (2.569)

-

e

R
+ 2% ) GinV2E(z — R)
8R S X s

CD:U‘:U OO\Q

For x > R, we can also write

U — oibt £+gj_ ¢ _£+E£ oiV2E(z—R)
e 8 R \2FE e 8 R
R « eR ) R (6% eR iv2E(z—R)
— -+ == -t e . (2.
+ +8R+ﬁ2E< eR+8R>e (2.570)
The requirement for having no ingoing wave is
R a eft 7 R a el
-+ - - —=|-—=+=-=] =0 2.571
o T 3R \/2E< eR+8R> ’ ( )
whence
V2E i gpa 2R (2.572)
\/ 2F —1 '
and, setting in first approximation v2F = v2A — 1,
A-1 V2A -1
o= -0 8R%Ze 2R — i 8R%e 2R, (2.573)
so that
1 1 V2A
=A-o-Ja=DB+i T8R2 e 2R (2.574)
or, to the same order of approximation,
V2B
E =B+ 2'741%2 e 2R, (2.575)

It follows that, for x < R,
, A-1 V2B *
U = &Pty lxex — (A R%e 2R 4 ’LT R? e2R> ]

€
T

—7VQB4R2e72R
xe A , (2.576)
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as already found. Then, by this method one can also determine the
“mean-life” T
A e2R

T = — .
V2B 8R2

II. The “mean-life” T is proportional to A/ V2B, where B is the mean
energy of the electron or, which is the same, the mean kinetic energy
of the electron when it crosses the spherical surface of radius R. Since,
using a very rough approximation, B ~ A — 1/2, the mean-life is pro-
portional to (B+1/2)/v/2B. If we take A = 1/2, that is to say that A is
equal exactly to the ionization potential, then B = 0, and the mean-life
naturally becomes infinite. What may be surprising is that the ioniza-
tion probability per unit time increases with increasing B until it reaches
a maximum value, and then starts to decrease and eventually fall off to
zero as B — o0o. The maximum is achieved when B = 1/2 and thus
A =1, that is to say, at twice the value of the ionization potential. The
minimum mean-life is then

(2.577)

eZR
T = —. 2.578

8R? ( )
The explanation of this paradox is the following. Whenever there is a
surface that sharply separates two regions with different potentials, it
behaves as a reflecting surface not only for the particles coming from the
region with lower potential energy, but also for the ones coming from
the opposite side, provided that the absolute value of the kinetic energy
(positive or negative) is small with respect to the abrupt potential energy
jump.

III. We have seen that the energy of the electron has been determined
with inaccurately. We can talk in terms of probability that it lies between
E and E + dFE or, analogously, of probability that the speed of the
emitted electron falls between v and v + dv. From Eq. (2.537), we have

v = V2E ~ V2B + 21+, (2.579)
dv ~ 2mdy. (2.580)

The probability that v has a value between v and v 4 dv is ¢?dy; from
Eq. (2.550), the probability of v lying in the interval v, v + dv is

(Ae*f /4r R?)dw N (Ae* /4 R*)dw
1+ (n2A%e* AR T 1 4+ (A% /16RY) (v — V2B)?

(2.581)
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In first approximation, the same holds for the energy. The probability
for unit energy is

(Ae* /A2 BR? _ Ky/x
1+ (A% /32BRY) (E—B)> 1+ K3 (E - B)?
/7K

- TTooneE %

As we shall show later, when considering radioactive phenomena, if we
deal with quasi-stationary states, we always find the same probability,
independently of the form of the potential (provided it has spherical
symmetry). The parameter K which defines the probability amplitude
is related to the mean-life T' by the relation

K = 1/2T = r, (2.583)
or, going back to the usual units,
K = h/2T. (2.584)

Note that such expressions agree with the general uncertainty relations.

IV. Let us push further the approximation in the case x > R, while
keeping the definition (2.538) for v. We now have

E = B + 21V2B~, (2.585)

and, instead of Eq. (2.537), in second approximation we get

2

2
V2E = V2B + 27~ — 2, 2.586
y 55 ( )

Equation (2.557) now becomes

U — eiEtf [ez’\/@(x—R) /°° M+ Ni
R o 2

27242

X exp {2m’[\/ﬁt + (z — R)]y — /o5 (x — R)} dy

—f—eii QB(ach)/oO M — Ni
o 2

2722

= (x— R)} d’y] . (2.587)

X exp {27ri[\/ﬁt — (- R)]y+
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34. SCATTERING OF AN a PARTICLE BY A
RADIOACTIVE NUCLEUS

Let us consider the emission of an « particle by a radioactive nucleus
and assume that such a particle is described by a quasi-stationary wave.
As Gamov has shown, after some time this wave scatters at infinity. In
other words, the particle spends some time near the nucleus but even-
tually ends up far from it. We now begin to study the features of such
a quasi-stationary wave, and then address the inverse of the problem
studied by Gamov.’” Namely, we want to determine the probability
that an a particle, colliding with a nucleus that has just undergone an
a radioactive transmutation, will be captured by the nucleus so as to
reconstruct a nucleus of the element preceding the original one in the
radioactive genealogy. This issue has somewhat been addressed by Gu-
dar, although not deeply enough. It is directly related to our hypothesis
according to which, under conditions rather different from the ones we
are usually concerned with, a process can take place that reconstitutes
the radioactive element.

Following Gamov, let us suppose that spherical symmetry is realized,
so that the azimuthal quantum of the particle near the nucleus is zero.
For simplicity, we neglect for the moment the overall motion of the other
nuclear components. The exact formulae will have to take account of
that motion, and thus the formulae that we shall now derive will have
to be modified; but this does not involve any major difficulty. For the
spherically symmetric stationary states, setting, as usual, ¥ = x/x, we
shall have ,

d 2m

d—;g + 3 (E-U)x =0 (2.588)
Beyond a given distance R, which we can assume to be of the order of the
atomic dimensions, the potential U practically vanishes. The functions
x will then be symmetric for £ > 0. For definiteness, we require U to
be exactly zero for x > R, but it will be clear that no substantial error
is really introduced in this way in our calculations. For the time being,
let us consider the functions x to depend only on position, and —as it is
allowed— to be real. Furthermore, we use the normalization condition

R
/ ’dr = 1. (2.589)
0

57@ Once more, the author is referring to G.Gamov, Z. Phys. 41 (1928) 204: See the previous
footnote.
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Let us now imagine that it exists a quasi-stationary state such that it
is possible to construct a function uwg which vanishes for z > R, satisfies
the constraint

R
/ lup|?dz = 1, (2.590)
0

and approximately obeys®® the differential equation (2.588) at the points
where its value is large. This function ug will be suited to represent the
« particle at the initial time. It is possible to expand it in terms of the
functions y that are obtained by varying E within a limited range. Let
us then set

E = Ey+ W. (2.591)

The existence of such a quasi-stationary state is revealed by the fact
that for z < R the functions y, normalized according to Eq. (2.589),
and their derivatives are small for small W.

In first approximation, we can set, for x < R,

xw = Xxo + Wy(z),
(2.592)

xw = XxXo+ Wy'(x),

and these are valid (as long as U has a reasonable behavior) with great
accuracy and for all values of W in the range of interest. In particular,
for x = R:

xw(R) = xo(R) + Wy(R),

(2.593)
xw(R) = xo(R) + Wy (R).
Bearing in mind that Eq. (2.588) simply reduces for z > R to
Pxw 2m
— + — (& = 2.594
12 +h2(D+W)XW 0, (2.594)
for x > R we get
1
xw = (a+bW) cos ﬁ\/2m(E0 +W)(z — R)
(2.595)

1
+ (a1 + b1 W) sin ﬁ\/Qm(Eo + W)(x — R),

58For an approximately determined value of ¢, while being almost real.
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having set
a = XO(R)7 b = y(R)a
) __ hY(R) (2.596)
LT 2mBo W) Vem(Bo + W)

Note that a; and b; are not strictly constant but, to the order of ap-
proximation for which our problem is determined, we can consider them
as constant and replace them with

hxo(R) hy'(R)

! 2mE0 ! 277’LEO ( )

Moreover, since Fjy is not completely determined, we shall fix it in order
to simplify Eq. (2.595); with this aim, we can shift R by a fraction of
wavelength h/+/2mEy. It will then be found that Eq. (2.595) can always
be replaced with the simpler one

Xw = acosm(gg—]%)/h
+ BW sin\/2m(Eq + W) (x — R)/ .
We set

V2m(Eg+W) /h = V2mEy /h + 27y = C + 27~,  (2.599)

and, in first approximation, the following will hold:

2y o~ S (2.600)

h\/QEo/m hv?

v being the (average) speed of the emitted « particles. On substituting
into Eq. (2.598), we approximately find

(2.598)

xw = acos(C+27my)(x—R)
(2.601)
+ 3"~ sin(C + 27y)(z — R),

B = B2rh/2Ey/m. (2.602)

For the moment, the yy functions are normalized as follows:

R
/ iy der = 1.
0

with
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We denote by ny the same eigenfunctions normalized with respect to
d~. For x > R, we then get

2
m= e 1 os(C ) )
(2.603)
/ 3 = 2
+ 3" sin(C + 27y)(z — R)] = WXW

We expand ug, which represents the o particle at the initial time, as
a series in ny, and get

[o.¢]
- / Ky nw dy. (2.604)
—0o0
Now, since ug = xw for z < R and therefore
K / T 2 / * 2
= U r = — Tr = ——,
v o o 2+ 322 Jo W /o + 372
(2.605)
on substituting into Eq. (2.604), we obtain
4 xw
uy = /OO PR 5 d7. (2.606)

For small values of x, the different functions yyw actually coincide and
are also equal to ug; it must then be true that

0 4 a7
1 = ——dy = —— 2.
/_Oo a2 1 g2 7 af’ (2.607)
and, consequently,
4
g = —g (2.608)

must necessarily hold. Because of Eq. (2.600), if we introduce the time
dependence, we approximately get

s [ dxw exp {27ri\/2E0/m ’yt}
u = e /
—o0 o? 4 16m%4% /o

For small values of x the xyy’s can be replaced with ug, and we have

u = ugeFot/h exp{—a%/zEO/mt/z}. (2.610)

This can be written as

dr. (2.609)

u = oot/ et/ (2.611)
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quantity 7' denoting the time-constant (“mean-life”)
B 1 1
a?\/2Ey/m a2y’

In this way, and using also Eq. (2.608), both « and ' can be expressed
in terms of T"

(2.612)

£1 +1
VOT — YR(E/m)T?’
B = FAnVoT = Fan {/2(E/m)T2. (2.614)

It will be clear that only one stationary state corresponds to a hyperbolic-
like orbit in the classical theory. The revolution period or, more precisely,
the time interval between two intersections of the orbit with the spherical
surface of radius r, is given by

o =

(2.613)

4
Py = ——m—+—— 2.615
w (a2 + B242)v’ ( )
and the maximum value is reached for W = 0:
4
Py = — = 4T. 2.61
W a?v (2:616)

As a purely classical picture suggests, the probabilities for the realization
of single stationary states are proportional to the revolution periods
(see Eq. (2.605)), and T itself can be derived from classical arguments.
Indeed, if a particle is on an orbit W and inside the sphere of radius
R, on average it will stay in this orbit for a time Ty = (1/2)Py =
(2/v)/(a® + 34?), and the mean value of Ty will be

Tw T 134 " Twd .
Tw = T T = — =T 2.617
v [T rhar /[T mway = o (2617)
However, we must caution that, by pushing the analogy even further to
determine the expression for the survival probability, we would eventu-
ally get a wrong result.

The eigenfunction u takes the form in Eq. (2.610) only for small val-
ues of x. Neglecting what happens for values of x that are not too small,
but still lower than R, and considering, moreover, even the case x > R,
from Eqs. (2.602) and (2.606) we have

-  4acos(C + 2my)(x — R) o
_ iEot/h 2mivyt
u = e {/0 aZ + 322 e dy
B /00 4y sin(C + 27y)(x — R)
0 a2+ 3122

2Tty | (2.618)
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where o and 3 depend on T according to Eqs. (2.613), (2.614). Equa-
tion (2.618) can be written as

_ibot/n [ice-r) [ (2a—2if") 2mi(vt+a—R)y
U e e /0 o2 T /8/2")/2 e Y
—iC(z—R > (20& + 21’6/7) 2mijvt—(z—R

Since a and ' have opposite signs and, for ¢t > 0 and = > R, one has
vt + x — R > 0, the first integral is zero, while the second one equals

) . oo 2mi[vt—(z—R)
/ (2a + 2i3'y) e2riltt—(=R)y 4oy = 9 / o2milvt—(z—R)]y 0
0 0

a2 + 5/272 a — Zﬂ/’}/
AT erta/plt—@-R)] _ AT (02Dt (a-R)]

_ i & (2.620)
0,

for vt — (x — R) > 0 and vt — (x — R) < 0, respectively. On substituting
into Eq. (2.621) and recalling that, from Eq. (2.599), C = mwv/h, we
finally find

o eiEot/h e—imv(x—R)/h e—t/QT e(av—R)/(2vT)7

u = (2.621)
0,

for vt — (x — R) > 0 and vt — (x — R) < 0, respectively. Let us
now assume that the nucleus has lost the a particle; this means that,
initially, it is ug = 0 near the nucleus. We now evaluate the probability
that such a nucleus will re-absorb an « particle when bombarded with
a parallel beam of particles. To characterize the beam we’ll have to give
the intensity per unit area, the energy per particle, and the duration of
the bombardment. The only particles with a high absorption probability
are those having energy close to Ey, with an uncertainty of the order
h/T. On the other hand, in order to make clear the interpretation of
the results, the duration 7 of the bombardment must be small compared
to T'. Then it follows that, from the uncertainty relations, the energy of
the incident particles will be determined with an error greater than h/T.
Thus, instead of fixing the intensity per unit area, it is more appropriate
to give the intensity per unit area and unit energy close to Ep; so, let
N be the total number of particles incident on the nucleus during the
entire duration of the bombardment, per unit area and unit energy.
Suppose that, initially, the incident plane wave is confined between
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two parallel planes at distance d; and dy = di + ¢ from the nucleus,
respectively. Since we have assumed that the initial wave is a plane
wave, it will be

ug = U()(f), (2.622)

¢ being the abscissa (distance from the nucleus) of a generic plane that
is parallel to the other two. Then, for £ < di or & > do, it is ug = 0.
Furthermore, we’ll suppose di > R and, without introducing any further
constraint,

he  _ he

(= — 2 _
my/2Eq/m muv

= pA, (2.623)
with p an integer number and A the wavelength of the emitted « particle.
We can now expand g between d; and ds in a Fourier series and thus
as a sum of terms of the kind

iy c72i(E—d1)/C (2.624)

with integer ¢. The terms with negative o roughly represent outgoing
particles, and thus we can assume them to be zero. Let us concentrate

on the term
ki eP2miE—d)/l | gimv(E—di)/h (2.625)

and let us set® .
ug = o + k,emvETA/R (2.626)

The eigenfunctions of a free particle moving perpendicularly to the in-
coming wave, normalized with respect to dF, aref®

Yy = o GVIMB(E~d)/h (2.627)

V2hE/m

Note that the square root at the exponent must be considered once with
the positive sign and once with the negative sign, and E runs twice
between 0 and co. However, only the eigenfunctions with the positive
square root sign are of interest to us, since they represent the particles
moving in the direction of decreasing £. We can set

Yo = /0 " g, dE, (2.628)

59@ Note that the author split the wavefunction of the incident particles into a term related
to the principal energy Fo (the second term in Eq. (2.626)) plus another term which will be
expanded according to Eq. (2.628).

60@ In the original manuscript, these eigenfunctions are denoted by 1p, but here, for clarity,
they will be denoted by 9,
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wherein

d2
e /d o ¥ dE. (2.629)
1
In particular, we put
_ L —zmv(&—dl)/hd — P 2.630
c € ) '
B = [ Yo Jho $ T ke (2630
Since, evidently,
N = C2E07 (2.631)
one finds 1202
N = 2 2.632
hv ( :

Let us now expand ug in terms of the eigenfunctions associated with
the central field produced by the remaining nuclear constituents. Since
only the spherically symmetric eigenfunctions having eigenvalues very
close to Ey are significantly different from zero near the nucleus, we
shall concentrate only on these. For x > R, the expression of these
eigenfunctions is given in Eqs. (2.603), (2.613), (2.614). Actually, the
nw given by Eq. (2.603) are the eigenfunctions relative to the problem
reduced to one dimension. In order to have the spatial eigenfunctions,
normalized with respect to 7, we must consider

nw
Ay’

g = (2.633)

In this way we will set

Yo = /0 pygwdy + .., (2.634)

wherein
d2

Dy = /// dSgw vy = ; 2w x gy dx /df o dE. (2.635)

1
We can set
1

w = [Avei(0+27r'y)(xfd1) +Bvefi(0+27r'y)(xfd1)}’ (2.636)
V¥

and, from Eq. (2.603),

4 - e i3y oi(C277)(d1~R)
(2.637)
B. — o+ iﬁlfy efi(C+27r7)(d17R)

R /a2—|—ﬁ/272 ’
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We can now assume that di, and thus ds, is arbitrarily large; but ¢ =
ds — dq has to be small because the duration of the bombardment, which
is of the order ¢/v, must be negligible with respect to T'. Since 277y is
of the same order as a?, that is to say, of the same order as 1/vT (see
Eq. (2.612)), 2m/¢ is absolutely negligible. For di < x < dg it is then
possible to rewrite Eq. (2.636) as

1 . ,
gW _ [A'y ezmv(z—dl)/ﬁ + B’y e—zmv(x—dl)/h} ’ (2638)
dx
given Eqgs. (2.637).
Let us now substitute this into Eq. (2.635), taking into account Eqgs.
(2.626) and (2.632). We'll simply have

27 B, /d2 —imv(a—dy) /b /”” mo(E—dy) /i
— e mu(x dx elmv 1 d
pA/ \/47T di dy §

hB.k,t  Byh32/N

= = = q¢B,, 2.639
VAT muo VAT m /v 45 ( )
with 32 nrL/2
h*/<N
g =" (2.640)
imuvl/2\/4r
Substituting into Eq. (2.634), one gets
oo
Py = q/o B gwdy + ... (2.641)
and, at an arbitrary time,
. S8} .
Y = eZEOt/hq/ By gwe*™ 7 dy + .. (2.642)
0

or, taking into account Eqs. (2.633) and (2.603),

w — eiEot/h q /OO 2B’Y X e27ri1}’yt d"}/ + (2 643)
anz Jo /a2 + 22

We now want to investigate the behavior of ¢) near the nucleus. There,
assuming that other quasi-stationary state different from the one we are
considering do not exist, the terms we have not written down in the
expansion of ¥ can contribute significantly only during a short time
interval after the scattering of the wave. If this is the case, 1 will have
spherical symmetry near the nucleus. We set

W = \/;Lm, (2.644)
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so that the number of particles that will eventually be captured is

/ lu?| dz: (2.645)

(the integration range should extend up to a reasonable distance, for
example up to R). Substituting into Eq. (2.643), and noting that for
small values of x we approximately have xyw = xo, one obtains

w = qxo eiEot/h /oo 2. eQwi[vtf(ch*R)]’Y d,},' (2.646)
0o a—ifly

Since, as we already noted, a3’ < 0, and setting d = d; — R, from Eqgs.
(2.613), we find

t—d/v t—d/v J
gaxoeft'he 2T —gqae e 2T | fort> -,
u = v
d
0, fort< —.
v
(2.647)

The meaning of these formulae is very clear: The a-particle beam, which
by assumption does not last for a long time, reaches the nucleus at the
time ¢ = d/v, and there is a probability |ga|? that a particle is captured
(obviously, ¢?a? < 1). The effect of the beam then ceases and, if a
particle has been absorbed, it is re-emitted on the time scale predicted
by the laws of radioactive phenomena. If we set n = |ga|?, then from
Egs. (2.612) and (2.640) we get
2m2h3

which tells us that the absorption probabilities are completely indepen-
dent of any hypothesis on the form of the potential near the nucleus,
and that they only depend on the time-constant 7. 6

Equation (2.648) has been derived using only mechanical arguments

61@ The original manuscript then continues with two large paragraphs which have however
been crossed out by the author. The first one reads as follows:

“Since only the particles with energy near Eg are absorbed, we can think, with some imagina-
tion, that every energy level Eg + W is associated with a different absorption coefficient ¢y,
and that such £y is proportional to the probability that a particle in the quasi-stationary
state has energy Eo + W. From (2.600), (2.608), (2.612), and (2.605), we then have

D
= (2.649)
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but, as a matter of fact, we can get the same result using thermodynam-
ics. Let us consider one of our radioactive nuclei in a bath of a particles
in thermal motion. To the degree of approximation we have treated the
problem so far, we can consider the nucleus to be at rest. Due to the
assumed spherical symmetry of the system, a particle in contact with
the nucleus is in a quantum state with a simple statistical weight. Such
a state, of energy FEy, is not strictly stationary, but has a finite half-life;
this should be considered, as in all similar cases, as a second-order effect.
Assuming that the density and the temperature of the gas of a particles
is such that there exist D particles per unit volume and unit energy near
Ey, then, in an energy interval dF, we will find

DAE (2.654)

particles per unit volume. Let us denote by p the momentum of the
particles, so that we have

p = V2mEy, (2.655)
dp = \/m/2EydE. (2.656)

Ey appears instead of E in the previous equations because we are consid-
ering particles with energy close to Ey. The DdFE particles fill a unitary
volume in ordinary space, and in momentum space they fill the volume
between two spheres of radii p and p + dp, respectively. Thus, in phase
space they occupy a volume

drp*dp = dnm?\/2Ey/mdE = 4rm?vdE. (2.657)

Since the number of incident particles per unit area and unit energy with energy between
(Eo + W) and (Ep + W) + dW is NdW, we must have

o0
h
n = N/ twdW = ND 2, (2.650)
e 2T
from which, comparing with (2.648),
1 h? A2
D= = = —. 2.651
T m2v? ™ ( )

This is a very simple expression for the absorption cross section of particles with energy Ep,
i.e., the particles with the greatest absorption coefficient. If we set
wh

N = NI,
2T

(2.652)
then Eq. (2.648) becomes
n= X (2.653)

which means that the absorption of N’ particles of energy Ey is equivalent to the absorption
of N particles per unit energy.” The second paragraph is not reproduced here since it appears
to be incomplete.
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This volume contains

m2v
———dF 2.658
2m2h3 ( )
quantum states. Therefore, on average, we have
2m2h3
D—— 2.659
e (2.659)

particles in every quantum state with energy close to Fy. This is also
the mean number of particles inside the nucleus, provided that the ex-
pression (2.659) is much smaller than 1, so that we can neglect the in-
teractions between the particles. Since the time-constant (“mean-life”)
of the particles in the nucleus is 7', then

212 h* D

n = ——- 2.660
m2vT ( )

particles will be emitted per unit time and, in order to maintain the
equilibrium, the same number of particles will be absorbed. Concerning
the collision probability with a nucleus, and then the absorption proba-
bility, D particles per unit volume and energy are equivalent to a parallel
beam of N = Duv particles per unit area, unit energy and unit time. On
substituting, we then find

om2h3

which coincides with Eq. (2.648).

35. RETARDED POTENTITAL?®?

Let us consider a periodic solution of Eq. (1.21) and let
H = wusinwt, (2.662)
with u a time-independent function. The equation

w2

Viu + Zu =0 (2.663)

will hold; and, setting k? = w?/c?, we find

Viu + k*u = 0. (2.664)



VOLUMETTO II 189

Fig. 2.1. Definition of some quantities used in the text.

Equation (1.33) then becomes

1 0
usinwt = o / {Sinw(t —r/c) (u cos ¢ + T@Z)
d
+ 2y cos ¢ cosw(t — r/c)} —g, (2.665)
c r
and thus
1 wr ou wr do
U = —/ cos— |(ucos¢p +r— | + —ucosqﬁsm— —
47 c on c cl r?’
(2.666)

If the distances r are large with respect to the wavelength, we will simply
have

1 ou wr w w
u = E/ (8n s——i—uz cos¢smc) do, (2.667)

or, in terms of the wavelength,

A Ou 2mr 2mr
= / (27r 5, €05 + u cos ¢ sin )\> do; (2.668)

note that we are dealing with stationary waves.

62Gee Sec. 1.2.
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Table 2.3. Matching values for the solutions of the equation 3" = zy (see the text).

T M M’ N N’
-4 0.2199 —-1.2082  0.5732 1.3972
0 1 0 0 1

4 68.1777 131.6581 93.5172  180.6092

36. THE EQUATION vy" = xy

It is easy to find approximate solutions to this equation with Wentzel’s
method (see Sec. 2.31 and also 2.5). However, these do not hold anymore
when z approaches zero. Therefore the problem that arises is how to
connect the asymptotic expressions for x > 0 (by a few units, at least)
with those for z < 0. Since the equation is homogenous, we need only to
know how to match two particular solutions, to be able to perform the
matching for any solution. Let us consider the following two particular
solutions:

x3 xG xg
Moo= 1+
3372356 " 2356890
(2.669)
4 7 10
N = 04 0 4 e e

34 3467 3467910 L

For |z| > 4 the first and, even better, second-approximation asymptotic
expressions are practically exact. It is then enough to compute, from Eq.
(2.669), the values of M, N, M’ N’ for z = +4. These can be found in
Table 2.3.9% In Fig.2.2 we report the functions M and N in the interval
—4 <z <0.

37. RESONANCE DEGENERACY FOR
MANY-ELECTRON ATOMS

Let us consider n electrons ¢, ¢q2,...,q, in n orbits described by the
eigenfunctions 1, ¥9, . . . , ¥, with different eigenvalues. If we neglect the

63@ Note that the numerical values reported in Table 2.3, as written in the original
manuscript, were obtained from Egs. (2.669) by taking the expansions up to the non-
vanishing tenth term (and the same is true for the derivatives), which means up to the 27
and z28 power terms for M and N, respectively (and 229, 230 for M’ and N/, respectively).
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Fig. 2.2. The functions M (solid line) and N (dashed line) in the interval —4 <
z < 0.

interaction, in the zeroth-order approximation, we can assume that the
eigenfunction of the system is the product of eigenfunctions of the single
electrons. Since the different electron eigenfunctions can be ordered in n!
different ways, we shall have n! independent eigenfunctions of the kind

U, = iy (QT‘I) @Z}?(QTQ) e d}n(qrn)v (2'670)

r1,T2,...,T, being an arbitrary permutation of the first n numbers. Let
us denote by P, the substitution

(1 2 3 .. n> (2.671)

ay az as ... Qap

and define also P, as the operators acting on functions of n variables or
groups of variables, which we briefly write as ¢:

P flq) = f(Prq). (2.672)

In the previous equation, P, on the l.h.s. must be considered as an
operator, and on the r.h.s. as a substitution that alters the order of
the independent variables. Clearly, this double meaning cannot lead to
misunderstandings. It is also understood that P; is the identity permu-
tation. From Eq. (2.670) it follows that

U1 = vi@) ¥2(q2) - ¥nl(dn), (2.673)
and, from Eqgs. (2.670), (2.672), and (2.673),
U, = P U, (2.674)
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As a perturbation term, let us introduce in the Hamiltonian the inter-
action H, which we’ll have to consider symmetric with respect to ¢, so
that

P.H(q) = H(g), r=12,...,n. (2.675)

The H,s term of the perturbation matrix will be

H. — /@H\p dg = /pr W H P,y dg, (2.676)

where dg obviously denotes the volume element in the space of the ¢
variables. Note that the last integral extends from —oo to oo for all the
variables, and thus it does not depend on ¢. Consequently the operator
P, will reduce to unity when it is applied to it.%*

38. VARIOUS FORMULAE

38.1 Schwarz Formula

The Schwarz formula is

n 2 n n
S aib| <> ap - > bl (2.677)
=1 =1 =1
Indeed,
n n n 2 n
Z CL,L2 . Z b? — Z a; bl == % Z (ai bj — Gy bl)Q . (2678)
i=1 i=1 i=1 ij=1

If it is understood that every couple %, j must be taken only once, and,
since the terms ¢ = j are zero, by introducing for example the condition
1 < j, the term on the Lh.s. can be rewritten as

Z ((17; bj — Gy bl)z

1<j

There is also another Schwarz formula:
b 2
/ yzdx
a

64@ This section was evidently left incomplete by the author.

b b
< / y? dx / 22 da (2.679)
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(with b > a). Indeed,

b b b 2
/dex/ 22dx — / yzdx

r=b r&=b
= ;/x:a /:a [y(x) () — y(§) 2(2))” dwds.  (2.680)

38.2 Maximum Value of Random Variables
Let x1, 9, ..., x, be n random independent variables, following the same
normal distribution law

1 _»

P, = ﬁe v (2.681)
which can also be viewed as n independent realizations of the same
random variable z. Let y be the largest (in the algebraic sense) of these.
Its distribution is clearly

d /1-6(y\"
P, =—|—= 2.682
= () (2:052)
with

0y) = —= /y e ¥’ dy (2.683)

77 )y . .

For large n, the values of y for which P, is significantly different from
zero are large themselves. Limiting our analysis to such a part of the

curve representing P,, we can then derive its asymptotic behavior for
large n by the Equation in item 3) of Sec. 2.27. As a first approximation,

we have s n
d 1 e™¥
Pp=—(1--x— 2.684
Y dy ( 27y ) ’ (2.684)

which approximately is
d ne=v’
P, = —expy{——F+ 3 2.685
and, with a further approximation, becomes
n ne=v’
P, = —— exp{ — +v* ) ¢ 2.686

Let yo be the value for which P, has a maximum. Since

d n e v’ 9 n 2 n e v
S = - e o % 49 2.687
dy <2\/77 y Ty ) ﬁe PAVET + 2, )
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in first approximation one gets

Yo = +/logn, absolute error — 0,

n 2

e e % = ,/logn, absolute error — 0,

2
n e Y%

2T Yo
g2 2y/mlogn

e = ————, relative error — 0.

It follows that

5 2/1
n_e 0} — voeen (2.688)

n 2

Py = —=e Y exp{ ——#=

Yo ﬁ p { e

Thus we have obtained both the maximum value of P, and the corre-
sponding value of y:

Yo = +/logn, (2.689)
2ylogn 2y0
— )

P, =
Yo e

(2.690)

Moreover, the width of P, (the interval in which P, is large enough)
is of the order 1/yy. We haven’t yet succeeded in establishing whether
the value of yg is given by v/logn with a precision greater than 1/yg, as
would be desirable. It is then convenient to follow another procedure.

Since q . y "
P =— (— v’ 2.691
=y () 2601

if we require Py, = 0, we have

y
(n— 1)e_y3 = 2y / eV dy, (2.692)
[e.9]

i.e., with a relative error tending to 0,

n 2
——e %0 = yj. 2.693
NG Yo (2.693)
Taking the logarithm of the previous expression, up to infinitesimals, we
get

logn — log2v/m — y* = logy. (2.694)
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On setting yo = v/logn + €, we obtain, in first approximation,

— log2y/7 — 2e+/logn = log+/logn, (2.695)
which yields
log 2/71
_ _logsvmogn (2.696)
2+/logn

Thus, the second-order approximation for yy becomes

log 2y/mlogn
yo = logn N (2.697)
It follows that the correction term goes to zero less rapidly than the am-
plitude of the P, curve, which behaves as 1/y/logn. This is something
we have to bear in mind.
Pushing further the approximation would not yield corrections com-
parable with 1/y/logn. Then, we use the following as a first-order ap-
proximation values for yo and Py:

log 2+/71
Jlogn — og 2/ logn

= — 2 2.698
Py, = (2/e) Vlogn, (2.699)

or
Py, = 2yo/e. (2.700)

38.3 Binomial Coefficients

n
0 1

1 1 1

2 1 2 1

3 1 3 3 1

4 1 4 6 4 1

5 1 5 10 10 5 1

6 1 6 15 20 15 6 1

7 1 7 21 35 35 21 7 1

8 1 8 28 56 70 56 28 8 1

9 1 9 36 84 126 126 84 36 9 1
10 1 10 45 120 210 252 210 120 45 10 1
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n
11 1 11 55 165 330 462
462 330 165 55 11 1
12 1 12 66 220 495 792
924 792 495 220 66 12
1
13 1 13 78 286 715 1287
1716 1716 1287 715 286 78
13 1
14 1 14 91 364 1001 2002

3003 3432 3003 2002 1001 364
91 14 1
15 1 15 105 455 1365 3003
5005 6435 6435 5005 3003 1365
455 105 15 1

n
16 1 16 120 560 1820 4368
8008 11440 12870 11440 8008 4368
1820 560 120 16 1
17 1 17 136 680 2380 6188
12376 19448 24319 24310 19448 12376
6188 2380 680 136 17 1
18 1 18 153 816 3060 8568
18564 31824 43758 48620 43758 31824
18564 8568 3060 816 153 18
1
19 1 19 171 969 3876 11628
27132 50388 75582 92378 92378 75582
50388 27132 11628 3876 969 171
19 1
20 1 20 190 1140 4845 15504

38760 77520 125970 167960 184756 167960
125970 77520 38760 15504 4845 1140
190 20 1

38.4 Expansion of 1/(1 — )"
We have

e S B ) e

r=0 r=0

It follows that

<n—|—77:—1):zr:<n—|—:—2>7 (2.702)
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Table 2.4. Coefficients of the expansion of the function 1/(1 — z)".
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r =20 1 2 3 4 5 6 7 8 9
n =0 1 0 0 0 0 0 0 0 0 0
1 1 1 1 1 1 1 1 1 1 1
2 1 2 3 4 5 6 7 8 9 10
3 1 3 6 10 15 21 28 36 45 55
4 1 4 10 20 35 56 84 120 165 220
5 1 5 15 35 70 126 210 330 495 715
6 1 6 21 56 126 252 462 792 1287 2002
7 1 7 28 84 210 462 924 1716 3003 5005
8 1 8 36 120 330 792 1716 3432 6435 11440
9 1 9 45 165 495 1287 3003 6435 12870 24310
10 1 10 55 220 715 2002 5005 11440 24310 48620
or ,
Z(k 1—|—r> _ <k+r>' (2709
T T

r=0

In Table 2.4 we report some coefficients of the expansion of 1/(1 — x)".

38.5 Relations between the Binomial

Coefficients

(720)+(

(see Sec. 1.32) ;

=1

> o

r=0
(see Sec. 1.32). It follows that

(see previous subsection); or

Zl:<n;|1—r

r=0

)

n—1

)

(2.704)

(2.705)

(2.706)

(2.707)

(2.708)

(2.709)
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2§"1<n>_2” (2.710)
Zr+1\2r ) o+l ‘
38.6 Mean Values of »* between Concentric

Spherical Surfaces®®

Let P be a point with coordinates « =0, 3 =0, vy =1, and P; a point
on the spherical surface whose equation is

A+ 4+ =2 < L (2.711)

If r is the distance between P and P;, we’ll denote by S, the mean
value% of r”:

1 drx? 1 47
= n = — " dw; 2.712
Sn 47rm2/0 r"do 47r/0 r" dw; (2.712)
it follows that
d n 1 4
—di = o Vr" udw, (2.713)
m™ Jo
- 1 Anz?
z? —ddi = / Vr"audo, (2.714)
™ Jo

u being a unitary vector normal to the sphere. From Eq. (2.714), we
have

ds 1 [Ame?
2 n 2,.n
Oon _ - d
T e 1 /0 Ver®tds
1 dma’
- = / n(n+1)"2dS,  (2.715)
T Jo
d [ ,dS,\ _ n(n+1) i
dx ($ dx> N 47 /0 " do
= n(n+1)2?S, s (2.716)
We thus get
d2s, 24ds,
o el n(n+1) Sy o, (2.717)

65See Sec. 1.21.
66@ In what follows, the author denoted by do, dw, and dS the surface element, the solid
angle element, and the volume element, respectively.
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which can also be written in the form

1 d?(zS,)
z dz?

On the other hand, Eq. (2.713) can be rewritten as

= n(n+1)Sn_s. (2.718)

d 1 47 2 2 1
Tin - E/o O S e 2; dw, (2.719)
that is,
ds, n 1— 22
—_ = — — _9. 2.72
dx 2¢ " " 2x Sn—2 (2.720)

Taking the derivative of the last expression and substituting it into Eq.
(2.717), we finally get

(n+2)S, —2n(1+2%) S, o + (n—2)(1—-2%%S,.4 = 0. (2.721)
Equations (2.718) and (2.721), with the obvious relations
So =1, S.q =1, Sp0) =1, (2.722)

make it possible to evaluate all the S,,.
Let us evaluate Si; from Eqs. (2.718) and (2.722), we have

d?(zS)
12 = 2z,
d(zS7) -
dx
1
xS = :E+§:1:3,
1
Sp = 1+ 5:}:2. (2.723)

Substituting n = 0 into Eq. (2.721), one gets
2 —2(1-2%)%8_4 = 0, (2.724)

from which
(2.725)

From Eq. (2.718) one obtains

d?(zS_s) 2x

dz? (1 —22)?’
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d([ES_2> o 1
dx 1 =22
1 1+
9 = =1
xS_9 5 Ogl—x’
1 14+
S_ o = —1 . 2.726
2 2z Ogl—x ( )

Since we now know the values of Sy, S_4, and S_y from Egs. (2.723),
(2.725), and (2.726), all the remaining S,, can be evaluated using only
Eq. (2.721). For example, setting n = 2, one gets

48y — 4(1 + %) = 0, (2.727)

from which

Sy = 1+ 22 (2.728)

as can be directly checked. Here we report the values of the first S,, with
positive n:

So = 1, So(1) = 1,

_ 1, (Q+z)P-Q1-x)? 4

Sl — 1+§£B — Gx 3 Sl(l) — g,
1 1_(1-2)

S = 14g2=dF@—(=2af So(1) = 2,

8x

1 16

Sy = 142224 Zzt=..., S3(1) = —,

5 5

10 16

54 = 1—1—3302—1—1‘4:..., 54(1) = ?

In general, for n > —2, we have

2n+1

Su(l) = ~—. (2.729)

Clearly, in this formula S, (1) is the mean value of the nth powers of the
distances between two surface elements on a sphere of unit radius (see
Sec. 1.21 for the analogous formulae corresponding to surface elements
on a circle).
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For negative n, we instead have

S1 =1, Sa(l) = 1,
1 142

S—Q - % log 1— 2’ S—?(]‘) = 09,
1 1 1 1

S-3 = 1—x2_2m(1—$_1—|—1‘>’

G _ 1_1( 11 )

T =22 4 \(1-2)2 (1+2)2)°

2
T =223 6 \(1—a)® (1+ax)B)

Notice that, with the exception of S_s, the quantities S;, (with integer
n) are rational functions.  Let us set

S =Y aja*, (2.730)
r=0
with (see Eq. (2.722))
ad = 1. (2.731)
Equation (2.718) can be written, more in general, as
1 d?*(zS,,
- dgvzk) = (n+1)n(n—1)---(n— 2k +2) S, _op. (2.732)

Thus, from Eqs. (2.722), it follows that

ap, 2r+1)! = (n+1)n(n—1)---(n —2r+2), (2.733)
so that
»  (m+Dn(n—1)-(n—2r+2)
a, = @+ 1)] , (2.734)
B X (n+1Dnn—1)-(n—2r+2) ,
S, = EZ:O Gr 1) . (2.735)

The last equation can also be written in the form

oo

o n+1 %
S, = z%)( o > 5T (2.736)
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For integer n > —2, the sum reduces to a finite polynomial. In particular,
we recover Eq. (2.729) (cf. Eq. (2.710)):

2n+1

_ n+1 -
Sn(1) = Z: ( 2r )2r+1 on+2

Then we get
Se 14 722 + 72t 4 25, Se(1)
1
Ss 1+ 522 + 3z + ?xﬁ, S5(1)
10
Sy 1+ 31‘2 + zt = , 54(1)
1
S3 1+2x2+g:1;4:..., S3(1)
1 - (1-a)t
S2 1+$2 ( +$) ( .’L’) ’ 52(1)
8x
1 (1+2)3—(1—2)3
1+ -2? = 1
Sl + Sx 61 9 Sl( )
SO 13 So(l)
S_1 1, S_1(1)
1 1 1
_ 14+ =22+ 2t + =28+ ..
S_a +3x +5x +7x +...,
S_3 1+a?+azt+2%+ ...,
S_4 1+ 222+ 3zt + 425 + ..,
2-5 37 4.9
575 1+?$2+?l’4+?$6+,
4-5-6 6-7-8 8-9-10
S_6 14 z? + zt + x5 +.

4! 4! 4! o

(2.737)
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and so on. Equation (2.735) can be rewritten for the two cases n > —2
and n < —2, respectively, as follows:%7

2r=n+1/24+1/2 o
+1 T
S, = < " > S —) 2.738
n Z:%) o ) 3o (2.738)
<1 n—242r Y\ o
=% (AR ) e m<-2 @)

Now, let ydr be the probability that r lies between r and r + dr. We
have

y = 0, for|r—1|>=z. (2.740)
Otherwise, let us consider the point with coordinates @ = 0, § = 0,
v = x on the internal sphere. Take the spherical surface with center at
this point and with radius r,

o + B2+ (y—x2)r =1 (2.741)
and let it intersect the external spherical surface
o + 32+ 47 =1 (2.742)
For the circumference common to the two spherical surfaces,
2yx —x? = 1 — 22,
1+a22 72
= - — 2.743
gl o 5 (2.743)
we’ll have 114
~ r
= - | = . 2.744
2 |dr 2z ( )

In conclusion,

0, forr<1-—ux,
y = % forl—z<r<1+u, (2.745)

0, forl+4+x<r;

and, in particular,

1—z
(2.746)
1+«
1 = .
y(1+x) 5

67@ The + sign in the upper limit for the sum refers to odd n, the — sign to even n.



204 ETTORE MAJORANA: NOTES ON THEORETICAL PHYSICS

We then infer that

(o] 1+x rn+1
Sn = / rydr :/ dr
1

—00 —x 2x
(1 + x)n—i—? _ (1 _ :L,)n—Q
2(n+2)x ’

(2.747)

which contains Eqgs. (2.729), (2.735), (2.738), and (2.739). Equation
(2.747) does not hold for n = —2, in which case one has

1+z 7 1 1
Sy = / dr = — log ~ % (2.748)
1

. 2rz 2x 1—2’

as already obtained above.
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1. EVALUATION OF SOME SERIES

o0

1 sin x
(17) > —eVsinrz = arctan ———
=T eYy — cosx
tan z/2 x
= arctan - =,
tanh y/2 2
or, setting K =e™ Y,
i K" . ¢ Ksin ¢
—sin rex = arctan ———
= 1 - Kcoszx

¢ 1+Kt T T
= arctan n—| — —.
arcta 1_Ka 2 2

Special cases:

(a) K=1:

o0 .

Z sinre @

ot r 2 2
see (12).
(b) x=m/2:

1.3 L5
K — gK + 5K + ... = arctan K.

(c) Setting x = 7/4 in (a), after some simple algebra we obtain

2 2 T
= —— — 1.

2
7o T3 1mar o W2

2
35

205

(3.1)

(3.3)

(3.5)
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35 79 1113 1517 @
2 2 2-1
+ + + + ... = v2 ,
35 1113 1921 = 2729 8
2 2 2 V2+1

2
— oo =1
79 15-17 + 23-25 + 31-33 * TR

[\

\)

_|_

2 2 2
1
(19) R _1) 1616 —1) +

242(242 — 1)
V241 72

8 192

=1-m
2 2 2
20
(20) 84(84 —1) + 164(16* — 1) + 244(24% — 1

1 V2+1 2 d
=1-n - — = .
8 192 90-2048

)—i-...

2r+1 2(n+2)x

[ n+1 ) i (14 z)"2 — (1 —z)"+2

(21) > ( o

r=0
for < 1; see Sec. 2.38.6. If n is a positive integer, the series reduces to
a finite sum up to 2r =n+1/2+1/2.

Special cases:

(a) z = 1:

> 1 22n+1

Z(n;1>2 +1  n+2 (36)

r=0 r n
(b) The above formula fails for n = —2; in this limit:

1 1 1 1 1+
14+ 2?2+ 22 + 2254+ ... = =1 . .
—|—3x +5JI +7a: + 55 108 T (3.7)
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(c) For other interesting expressions with integer n, see Sec. 2.38.6.

o0
CoS 1T x
22 = —log2 — 1 in —
(22) TEZI " og og sin 5

for 0 < z < 2m.

(23) Changing k (a non-odd integer) in —k in Eq. (3.274) and summing
the two expressions, from y(k) + y(—k) = 0, we obtain

1 _ 3 N 5 _ 7 + 2n+1 .
1—k2 9 — k2 25 — k2 49—k T (2n+1)2 — k2
T
~ 4cos kr/2 (38)
2. THE EQUATION OH =r
We first give a formula related to the simpler equation:
V2V = p. (3.9)

Since 1/r is a harmonic function, we have
1 1 1 1 1
“VV = —-VV - VV?*> = V. (VV — VV); (3.10)
r r r r r

and, from (3.9),

1 1
V-(VV—VV) =L (3.11)
r r r
If r is the distance between Py and an arbitrary point P, on integrating
over a region S’ between a closed surface o around Py and a sphere of

radius € centered in Py, we get

Pas Wy (L VY e
/,TdS—/U<Vcosa+ran> 2 A V+€8n 2

(3.12)
n being the outward normal and « the angle between this normal and
the position vector. For ¢ — 0, S’ tends to the whole region S enclosed
by ¢ and Eq. (3.12) becomes

B 1 P 1 oV do
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Let us now consider the differential equation

1 0°H
2 _
r being a known function of space and time. If r is again the distance
from a reference point Py, and we define the function Hy to be

Hy(P,t) = H(P, t—g), (3.15)
then it follows:
H(P;t) = Hi(P, t+r/c),
H.(Pt) = H, (P, t+r/c) + %H{t(P, t+r/e),
H! (P,t) = H{,. (P, t+r/c) %H{’It(ﬂ t+r/c)

2

+L2 H (P t+7)e) + —— 2 — 7 (P, t+1/c)
f T/C 5 r/c),
r2c2 it r3c 1t

V2H(P,t) = V?*H{(P, t+r/c) + C%H{’tt(P, t+r/c)
+ % H, (P, t+r/c) + % Hi{, (P t+r]/c),
SHUPY) = HA(P t47/c)
From Eq. (3.14), it follows:
r(Pt) = V2 Hi(P, t47/c) + 2 HYyy (P, t41/c) + — H] (P, t4+r/c),

(3.16)
or, changing ¢ + r/c into t:

2 2
VEH(P, 1) + = HYW (P 1) + — Hy (P 1) = r(P,t—rfc). (3.17)

If A is an arbitrary function of space and time, we write

A(Pjt) = AP, t—r/c), (3.18)
and Eq. (3.17) becomes

2 9°H, 2 0H;
V2H - — —— =T 3.19
1+cat8r+rcat " ( )

Let us set
p=T— — - — ; (3.20)
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then Eq. (3.19) becomes
ViH, = p. (3.21)

For a given value of ¢, H; and p are space-dependent functions, and we
can use Eq. (3.13). We then get

1 p 1 8H1 do
H{(P, = —— - — H — | —
1(Po,t) 47r/srds+47r/a< 1cosa+ran)r2
_ 1/r +12/ 82H1+18H1§
- 47 r 41 ¢ otor r Ot T
H
( cos o + T a@nl) (i—g. (3.22)

Furthermore,

/ 32H1 laHl
IS 87587“ r Ot

»u‘,i
~——— S— @

S 0’H, 0OH,;
r_/dw/<3t8r &s)d”
= / dw / (7“ (‘3H1) dr

B / OH,
- Je Ot
O0Hq do
= /O'TW cos & 5. (3.23)
Substituting this expression in Eq. (3.22), we find
1 T
H{(Py,t) = —— -ds
{(Po.1) A
+i/ (H cos o + aHl+2—r%cos )da
AT Jo ! aTr on c Ot “) e
(3.24)
However,
HI(P07t) = H(P07t)7
Hy(P,t) = H(P,t—r/c) = H(P,t),
OHy(Pt) _ OH(P,t—r/c)  OH(P,t) cosa H(Pt)
on N on N on c ot
and, on substitution into Eq. (3.24):
1 T
H(Ppt) = —— [ =
(Pot) = -4 [
+1/ Hcosa+ra—H+f@605a d—a
Ar /o, on c Ot r2’
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which clearly expresses, setting r = 0, a more general principle than that
of Huygens.
Let us consider a periodic solution of Eq. (3.14):

H = uet, (3.26)
On setting
o
k= —, 3.27
’ (3:27)
Eq. (3.14) becomes
Viu + ku = re ", (3.28)
Let us consider '
= ye't, (3.29)

with y a function depending only on space variables; it follows that
Viu + ku = . (3.30)

If Egs. (3.26) and (3.29) are satisfied, then, to every function that is
solution of Eq. (3.14), there corresponds a function that is solution of
Eq. (3.30); the same holds if we change i in —i in Egs. (3.26) and (3.29).
If u satisfies Eq. (3.30), then, from Eqgs. (3.25), (3.26), and (3.29), we
obtain

1 —ikr
wPy) = —f/ ¢ yds

ou\ _;, do
/( (1 + ikr) cosa+ran>e PR (3.31)

Changing 7 into —i, we obtain a second expression for u:

ikr
uR) = - [ Soyas

C4r r
do

1 . Ou ikr
+ . /a (u (1 — ikr) cos a + r@n) Sy (3.32)

Taking the sum of these two expressions and dividing the result by 2,
we get a third expression for u, which is explicitly real:

1 k
u(Py) = _7/Scos Tde#—f/ (ucoskrcosa

+ wkr sin kr cos a + r 9u oS k:r) d—a. (3.33)
on 72




VOLUMETTO IIT 211

If instead we take the difference of the two expressions and divide by 21,
we obtain the remarkable identity

0 — _1/sinkryds
4 Js r
1
+7/ (usinkrcosa—ukrcoskrcosa—i—rausinkr) d—g,
4 Jo on 7r2
that is,
/sink;'ryds
s T

do
r2’

(3.34)

0
:/ (u sin kr cos o« — wkr cos kr cos o —H“—u sin kr>
o 8n

On taking the limit £ — 0, Eq. (3.30) reduces to Eq. (3.9) and Eq.
(3.33) to Eq. (3.13). Substituting Eq. (3.30) into (3.34), we have:

sin kr
u 2 u
/S (V2 +#u) dS

r

0 d
= / (usinkrcosa—ukrcoskrcosa—i—rusinkr) —U,
o on r2

(3.35)

which is a true identity holding for an arbitrary function u. In particular
in Eq. (3.35) we can take k arbitrarily small and expand each term as
a power series of k. On equating the first-order terms on the two sides
we find

ViudS = | =—d 3.36
S u o 877, U? ( )

which is the well-known divergence theorem. Other identities can be
obtained by equating higher order terms; for example, from third-order
terms:

_122> _/(1 _125U>
/S(u GTVU, ds = i gurcosa — et o do, (3.37)

which can be directly proven by observing that

I og2, _ 1 2, 2 2 o2
u—ngufg(uVr —rVu). (3.38)

Let us now consider again Eq. (3.31) within some approximations.
First, let us suppose that r is large with respect to the wavelength,
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so that we can neglect 1 compared to ikr; furthermore, let ¢ be the
surface of a progressive wave that has a curvature radius smaller than
its wavelength. At small distances such a wave can be treated as a plane
wave, and approximately we shall have

ou
S .
o iku, (3.39)

where the signs + correspond to a wave approaching or leaving F.
Within these approximations, Eq. (3.31) reduces to

—ikr

y
u(R) = / u (cos a+1)

do (3.40)

r

or, introducing the wavelength from the relation

k= — 3.41
)\7 ( )
i cosatlue K7

P) = - do. 3.42
up) = 5 [ Fe= e (3.42)

If « is small and the wave is approaching P, :

. 27
Py = 1/ ¢ do (3.43)
u(Py) = N udo. .

3. EQUILIBRIUM OF A ROTATING
HETEROGENEOUS LIQUID BODY
(CLAIRAUT PROBLEM)

Suppose that a rotating body is a superposition of incompressible liquid
layers each of a given density. Assuming a small angular velocity w,
the deformations of the body are of order w?, and we’ll take w? as the
reference small quantity.

The liquid elements attract one another according to Newton’s law,
in which we keep, with some convenient choice of the unit system, the
attraction coefficient to be unity. When the body is at rest, the density
is a never-increasing function of the distance from the center:

p=p(r), p <0 (3.44)
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In the same way, Newton’s potential (generated by the forces) depends
on r:

Vo = Vo(r). (3.45)

We denote by D the average density of the part of the body at a distance

smaller than r: .

pridr
D=2 3.46
/3 ( )
It follows:
,
D = 3 pr?dr, (3.47)
0
302D + r*D' = 3pr? (3.48)
that is,
3p = 3D +rD; (3.49)
and, taking the derivative,
3p) = 4D + r D", (3.50)

which will be useful later on.
The force acting on a unit mass at a distance r will be

1\ 7 4
2 /0 drre pdr = §7r7°D, (3.51)

so that 4
Vg = —gmrD. (3.52)

Now let us set the body in rotation; in the new equilibrium configu-
ration, an element in P will have moved to P’ . Let us put

n = PP cos (r, PP'). (3.53)
The normal shift 1 can be expanded in spherical functions Y

n=> HY, (3.54)

with H being functions that depend on the radius. If the rotation takes
place about the z axis, only the spherical functions that are symmetric
with respect to the z axis will appear in the expansion (3.54), and these
can be expressed in terms of the Legendre polynomials

P, (cos 0). (3.55)
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Furthermore, 1 should not be sensitive to changes of z in —z. Thus
we can restrict our calculations to the spherical functions of even order.
Moreover, on the surface of the sphere of radius r, we have

/ndo’ = 0. (3.56)

Hence the zeroth-order spherical function should not be considered. The
first contribution comes from the second-order function, which we take
in the form

Y = (2% + ¢ — 22 /1% (3.57)

Here we suppose that for all the other functions we have H = 0. This
corresponds to assuming that, in a first approximation, the equal-density
surfaces are ellipsoids. This hypothesis is clearly satisfied by the free
surface. Equation (3.54) then reduces to

n = HY, (3.58)

with Y given by Eq. (3.57).
The flattening of the equal-density surfaces with average radius equal to
r clearly is

s = 3H/r. (3.59)

In the same way we suppose that the Newtonian potential is, in first
approximation,

V=V +LY. (3.60)

Adding the contribution from the centrifugal force, we obtain the total
potential to be considered for the local equilibrium:

U = V+%w2(x2+y2)

1 1
= Vy + §w2r2 + (L + 6w2r2> Y. (3.61)
In first approximation, from Eqs. (3.53) and (3.58), the density p of the
rotating fluid is

pr=p-np =p-HYY (3.62)

To determine H and L, which are unknowns in the present problem,
we have to use the Poisson equation and impose the condition that
the equal-density surfaces coincide with the equipotential surfaces. The
Poisson equation gives

V2V = —dmp, (3.63)
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or, using
V23Vy = dmp, (3.64)
V-WW = LY, (3.65)
pr—p = —HpY, (3.66)
simply
VILY = 4rH/'Y. (3.67)
Dividing by Y, we get
/ " 2 / 6
drHp = L" + - L' — — L. (3.68)
r r

In a first approximation the equipotential surfaces (U = const.) are
ellipsoids of revolution about z. The flattening of the meridian section
will, in first approximation, be

L+ (1/6)w’r® 43 L+ (1/6)w*r?
rVy B (4/3)7r* D

sy = —3 (3.69)
If, as we have seen, the equal-density surfaces are ellipsoids of revolution
as well, with flattening given by Eq. (3.59), in order for the two families
of surfaces to coincide, we should have

s = sy, (3.70)
that is 5 9
L+ (1/6)w*r
H = 3.71
(4/3)mr D (3:71)
Extracting L from Eq. (3.71), we get
4 1
L = gmrDH - 6w2r2, (3.72)
4 4 4 1
L = 3T DH + §mD’H + gerH’ - §w2r, (3.73)
L’ = gﬂD,H + gﬂ'DHl + §7T7"D/H/
4 " 4 " 1 2
+ §7T’I“D H + §7T7"DH — 3w (3.74)

Substituting in Eq. (3.68), we eliminate L:

4DH
3HY = ——— +4D'H +4DH + 2rD' H'
T

+rD"H +rDH"; (3.75)
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and, using Eq. (3.50),
3H) = 4D'H + rD"H,
we finally obtain

4D H
T

0 = +4DH +2rD' +rDH"H,

or

Hl H” H/
D (—4 + dr — +r2) +aD =0

H H H

Let us set
q =rs/s;

remembering that s = 3H/r, we get

s’ B H 1
s  H r’
H/
= — —1
q TH )
from which we deduce:
H/
= =1
’I”H + q,
H H" H 2
- - _ PR = )
I% +TH T’(H> q
H 2H// ) H' 2
I - _ i — Y]
rH +r I% r (H) rq
H//
1+q+7qu—(1+q>2:7’q’/
H//
7"2? = rq/+q+q2.

Substituting Egs. (3.82) and (3.86) into Eq. (3.78), we find

D(rq’+5q+q2) +2rD' (1 +q) = 0,

which is the Clairaut equation.

If rD'/D tends to 0 as r tends to 0, for r = 0 we should have

5q¢+¢* =0,

that is,
qg =0, —5.

(3.76)

(3.77)

(3.78)

(3.79)

(3.80)

(3.81)

(3.82)

(3.83)

(3.84)
(3.85)

(3.86)

(3.87)

(3.88)

(3.89)
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Now, expanding V around the center of the rotating body, we have
V= V0O) + A2 +y?) + B2+ ... (3.90)

Assuming p/(0) to be finite (and, in particular, zero), V' can be expanded
in series of x, y, z and, for symmetry reasons, the odd power terms vanish.
Denoting by € a small function of 4th order in r, we get

1
U=V +A(2? + %) + 5w (4 + %) + B2 + & (391)
with, obviously,

4A + 2B = —4mp(0). (3.92)

Let us consider
U = const.; (3.93)

we find (Al = —A, Bl = —B)

1
(Al — 2w2) (xQ + y2) + B 2% + € = const., (3.94)

and, neglecting second-order terms:

s—1/VA1_w2/2_1/\/E—1—,/‘41_“’2/2 (3.95)
1AL — w?/2 Bi '

We then have

s'(0) =0 (3.96)
and, a fortiori,
_rs'(0)
q(0) = S0 0. (3.97)
The point
(7’, Q) = (07 0)' (3.98)

belongs to the integral curve defined by Eq. (3.87).
Let us assume that D can be expanded in an even power series of r:

D = D(0) + ar® + br* 4+ e + ... (3.99)
and, in the same way,

g = qo+ ar’®+ 8rt + % + .., (3.100)
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or, by setting

ag = D(), (3.101)
a; = a, (3.102)
ay = b, (3.103)
ag = ¢, (3.104)
ay = (qo = 0, (3.105)
as = a, (3.106)
ay = B, (3.107)
ag = 7, (3.108)
D = > apmr™, (3.109)
q = Z ooy (3.110)

and, substituting in Eq. (3.87),

(5 ) [ (2ramr™ + ) + (2 i)'
+23 magr® (143 asr™) = 0. (3.111)

Let us evaluate the initial coefficients of the expansions of q. We have:

D = Do+ ar? + bt +ca®+ ..., (3.112)
rD' = 2ar? 4 4br' + 6cr% + ..., (3.113)
q = ar? + 8t S+ (3.114)
rqg = 200 4+ 48r* + 6% + ..., (3.115)
¢ = ot +2a6°% + ..., (3.116)
rqd +5q+ ¢ = Tar? 4+ (96 + o)t +... (3.117)
= (11y + 2a8)r% + ...,
14q¢ = 1+ar?+ 6 + %+ ..., (3.118)
D(rq +5¢+¢) = TaDor® + (98 + a*)Do + Taa)r*
n ((117 + 208)Dy + (98 + a)a+
+ Tab) 1 4 ..., (3.119)
2rD' (14 q) = 4ar® + (4aa + 8b)r*

+ (4B8a + 8ab + 12c¢)% + ... (3.120)
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It follows that

7Ta Dy + 4a = 0, (3.121)
968 + a?)Dy + Taa + 4aa + 8b = 0, (3.122)
(11y + 2aB)Dy + (96 + a?)a + Tab

+406a + 8ab + 12¢ = 0. (3.123)

The force of attraction on the surface of a planet with mass M is given
by a potential that in first approximation reads

M Iy —37/2
M I —31/2

V =
r rd

, (3.124)
where Z is the moment of inertia with respect to the line OP ! and T
is the (polar, not axial) moment of inertia with respect to the center of
mass.

On the surface we have
M Iy —3Z/2 1
—+ Org/ + 5w (2 + 4?) = comst.  (3.125)
by denoting with R, the polar radius and with R, the equatorial radius,
we get

U =

M C - A M 1C - A 1
— - = = 5> +s—— + -W’R, (3.126)
R, R2 R, 2 R} 2
where C is the moment of inertia with respect to the polar axis 2 and A
the moment of inertia with respect to any equatorial axis, so that

1
Iy = A+ 35C. (3.127)

Let us denote by f the ratio between the centrifugal force and the gravi-
tational force at the equator and with rq the average radius of the planet;
in first approximation we then have

w?r?
= . 3.128
f= (3128)
From Eq. (3.126), it follows, in first approximation, that
1 1 3C0-A 1f
<Rp R€> 2 ril)’ + 2 7r ( )

1@ Joining the center of the planet with the considered external point.
2@ Above, this quantity was denoted by I.



220 ETTORE MAJORANA: NOTES ON THEORETICAL PHYSICS

and, setting as usual

we have, again in first approximation,

3C-A 1

2> a7 T2l

S1 =

or, denoting by D; the average density inside the planet

9(C — A)

1
Sl_if_ 87T7’%D1 '

The average moment of inertia of the Earth becomes

8 1
7="" / prddr.
3 Jo

Now, we have

r1 T1 T1 1 .
/ pr4 dr = / 7’2p7"2 dr = / r2d <r3D>
0 0 0 3

1 2 (M
= gri’Dl—g/O r* Ddr,

from which it follows that

8 "1
7 = g (r?Dl — 2/ T4Dd7‘>.
0

In first approximation, we get
C ~ 1;

and, substituting in Eq. (3.132), we find

1. -4 2 ;
1, - Ddr).
st c ( r§1)1t/)r dr)

(3.130)

(3.131)

(3.132)

(3.133)

(3.134)

(3.135)

(3.136)

(3.137)

Let us consider again the Clairaut equation (3.87) and evaluate the

expression
d
&(WDMH4>: 51 D VI+q+ D 1+
5 q
+r° D —
24/14+¢q
5D (1%_ %_TD/
Ve 77 5D
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From Eq. (3.87), we find

rD’ rd. g ¢
— (1 == _1_ = 3.139
sp LT 10 2 10 (3.139)
so that, substituting in Eq. (3.138), we get
d /5 5r* D 1 1 2)
— (D1 = 14+ -qg—— 3.140
ar (r +a) \/1+q< t31 07 ) (3.140)

from which it follows that 3

D1+ /T1 5tk (1 . = 2) dr (3.141)
r = —q — — . .
1M1 q1 ) T+q 2(1 10(1

Let us set )
1+ ¢q/2 — ¢°/10

K =
VI+yg

(3.142)

so that Eq. (3.141) becomes 4

T1
i D11+ q1 :/0 5r* DK dr. (3.143)

If ¢ is sufficiently small, K is approximately unity: °

q k

0 1
0.1 1.00018
0.2 1.00051
0.3 1.00072
0.4 1.00066

0.5 1.00021
0.6 0.99928
0.7 0.99782
0.8 0.99580
0.9 0.99317
1 0.98995
2 0.92376
3 0.8

3@ In the original manuscript, the upper limit of the integral is ; however, it is evident that
the appropriate limit is 7.

4@ See the previous footnote.

5@ In the table below, the author reported only the values for K = 1,1.00074, 1.00021, 0.98995
corresponding to ¢ = 0,0.3,0.5,0.9, respectively. Particular emphasis is given to the value
for ¢ = 0.3.
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The maximum of ¢ occurs on the surface ¢ = ¢, and its minimum at
the center (r, ¢) = (0, 0).

Let us evaluate q;; as we have seen in Eq. (3.131), on an equipotential
surface outside the planet,

3C - A

. .144

1
= 5 f
In first approximation, the first term on the Lh.s. increases as 3. Then,
deriving the above equation, we get

3 cC - A
= —-f—-3——7-. .14
ol =3 (3.145)
Comparison with Eq. (3.144) gives
)
/ 2 —
rs + 2s 2f
, )
rs = if — 2s, (3.146)
_rs _ 5f
7= s 2s

In particular, if f is evaluated with respect to the surface of the planet,
one gets

= - = — 2. 3.147
q1 2 51 ( )

For the Earth g1 = 0.57. Thus K takes a value very close to 1. Assuming
K =1 (this hypothesis can always be made when the planet’s density
is not exceedingly inhomogeneous), (3.143) becomes

rlDH/gi -1~ /5r Ddr, (3.148)

or, using Eq. (3.137),

[5 f 5 5 C 1
For the Earth
Fo= 1/288, (3.150)
C
o = 305, (3.151)

and thus
s1 = 1/297, (3.152)
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which is in excellent agreement with experiment.

values in Eq. (3.145) we find
1 11 3C - A

223

Substituting these

—_— = - 4 - —— 3.153
297 2 288 + 2 Mr} "’ ( )
from which .
- A= —Mr} 3.154
and, using Eq. (3.151),
C = 0.332Mr? (3.155)
while for a constant density we would have I = 0.4M7?.
Values reported at the Madrid Conference Sare
R, ~ 6378, (3.156)
R, = 6357, (3.157)
s = 1/297, (3.158)
D; = 5.515. (3.159)
Let us suppose that the density of the Earth can be expressed in the
form:
p = a+br*+crh. (3.160)
We want to find the unknown coefficients using the conditions
D; = 5.515,
p1 = 2.5, (3.161)
T = 0.332Mr3
We have
p1 = a+bri+ cri, (3.162)
17“£1)'D1 = /” (ar2 + brt + CTG) dr
3 0
1 1
= gar‘;’—i— Sbri’ + ?CTI, (3.163)
that is,
3,9, 3 4
Dy = a+ 5br1 + —er (3.164)

6@ The author does not provide details about this reference.
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Moreover,
8 e
I = ?ﬂ/ (ar4+ bré + cr8) dr
0
8t /1 1 1
= ?77 <5ar§+ §b7{ + 9cr§’>, (3.165)
that is,
T 8t /1 1 1
5 = g (5a—|— ?br% + 9cr;1>. (3.166)
1
On the other hand,
M 4 4 3 3
== 3D+ o M (a—i— gbrf + 707“11), (3.167)
from which it follows that
7 2a—|—%br%+%cr‘f (3.168)
Mr? N 5a+%br%+%cr‘f' '

The Lh.s. of Egs. (3.162), (3.164), (3.168) involve known quantities, so
that the set of linear equations in the unknowns a, br?, crf is

a+ bri + crf = p,

5 3 5 3
3 3
a + gb""% + ?CT%:DD
where we have set .
5
5 = = (3.170)
2 Mr?
Moreover let us put
€ = pl/Dl- (3171)
From Egs. (3.169) it then follows that
5 3 5 3
— 0+ b2 (2 - 9 4(—5):
a(l ) + bry (7 5>—|—cr1 5 - 0,
(3.172)

a(l — €) + br} <1 26) + crf <1 §5> = 0,
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from which

4 4 8
S Z5 4 —e
bl = -, (3.173)
63 35 147 €
2 2 4
. 750 T3¢
o= 10 6 G (3.174)

It follows that

a = £(175 — 1895 + 30¢€),
bri = —/ (490 — 6305 + 140¢), (3.175)
crf = £ (315 — 4416 + 126¢).

Substituting in Eq. (3.169), we get

16el = P1,
0 = 0, (3.176)
16¢ = D;s.

From which, invoking Eq. (3.171)
Il = Di/16. (3.177)

Finally, we get
(175 — 1890 + 30¢€) Dy

po= 16
(490 — 6306 + 140¢€) Dy r?
- — (3.178)
16 T%
(315 — 4416 + 126¢€) Dy r*
+ 5
16 ]

with § and e defined in Egs. (3.170) and (3.171). For the Earth, from
Egs. (3.175), it follows that

§ = 083, € = 0.45. (3.179)

Substituting these values into Eq. (3.178), we find

T2 7,4
p1 = Dy (1.977 - 1.881? + 0.354 r;i)' (3.180)
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The maximum value for the density (at the center of the Earth) then
would be

po = 1.977D; = 1.977-5.515 = 10.90. (3.181)
From
1.977 — 1.881 + 0.354 = 0.45, (3.182)
3 3
1.977 — 1.881~5 + 0.354 - - = 1.000, (3.183)
2 2 2
1.977-5 — 1.881-? + 0.354'§ = 0.332, (3.184)
setting
r2 P4
p = D a+ﬂ7+7j s (3185)
1 ]
the coefficients «, 3, v are seen to satisfy the equations
-
« + ﬂ + /y - D17
3 3
a+55+?7 = 1, (3.186)
2 . 25 . 2 A
5T 77T 9T T g

which are simpler than Egs. (3.169).

4. DETERMINATION OF A FUNCTION
FROM ITS MOMENTS

Let y be a function of z:

y = y(), (3.187)
and suppose that, for 22 > a2, we have y = 0 and an integral
[e.e]
/ ly| de (3.188)
—00

that is finite. Let us define the moments uq, p1,..., ftn of order 0,1,2,...;n

as
po = /ydw,
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#/0s

g
o/n

Fig. 3.1. The density of the Earth p as a function of the distance from its center
(see the text for notation).

., (3.189)
= [ v
and set
2(t) = /yewtdx, (3.190)
so that
1 [ ;
y = —/ e " 2 dt. (3.191)
2 J_wo
From Eq. (3.190), it then follows that
d .
£ = i/xyemdx,
(3.192)
n .
% = i”/m”yemtdx.

For t = 0, we have z(0) = po and, in general,

d"z
—_— = " 1, .193
( dtn)0 " (3.193)
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From the assumptions mentioned above, z can be expanded in a abso-
lutely convergent Mac-Laurin series:

= it)"
= % Lin (73 (3.194)

Substituting in Eq. (3.191), we then have

1 /OO —ixt - (Zt)n
= — e
Y or oo 20: Hn

where, obviously, the integral and the series cannot be inverted.
We can also write

1 t2r

o0
y = —/ cosxtz ,uzr—)!dt

™

(3.195)

£2r+1
— in xt -1 —dt. 3.196
+ - /0 sin x 20:( ) Hor41 (2r+1)! ( )

Example 1. Let y=1for0 <z <1l and y =0 for z <0 and = > 1.
The moments of this function will be
B 1 B 1
Y B = 0T

Let us substitute them in Eq. (3.196) and note that, in the present case,

o0 t27‘ 00 t27‘
1) pgy ——— = 1) —

20:( S e 20:( et
1 & 2+l sin t

— 2N (=) — 3.197
t zox ) (2r+1)! t ( )

1 = t2r 1 — cost
= - 11- -1 = . 3.198
S ) - 199
We have
o0 t sin t in xt (1 — t
y = / cos xt sin t + s;nx ( cos t) dt
0

1
™
1
™

< sin (1 — )t 1 [ sin t
/ sin(l—2)t g, 1 / ST g (3.199)
0 t ™ Jo t
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The first integral takes the values 7/2 for x < 1 and —x/2 for x > 1.
The second integral takes the values —7/2 for x < 0 and 7/2 for x > 0.
We then have:

1 1
for z < 0 - - =0
or x , y 5 7 5
1 1
for 0 < z < 1, y:§—|—§:1; (3.200)
1 1
fi > 1 = -+t =0
or r ’ ) 2+2 )

as we supposed.
Example 2. Let y = 0 for x < 0 and y = e™® for x > 0. Now the
conditions above are not satisfied, and we have to abandon mathematical

rigor somewhat. We have
tn = nl. (3.201)

Substituting in Eq. (3.195), we get
> (it)" > 1

> bin i > (i) = TR (3.202)
s !

0

which is valid only for > < 1, since otherwise the expansion does not
converge. However, let us suppose that we can always write

i(it)" = —_1 =, (3.203)
1 — it
0

so that Eq. (3.195) becomes

1 00 e—imt
- = dt. 3.204
Y= o /_Oo 1— it (3.204)

If in the formula (14bis) in Sec. 2.26),

o el dy 2re™®, a >0
= ’ ’ 3.205
/_ooa—i—z'a; {07 a < 0, ( )
we replace a with z and x with —tx, we get
0o et g dt 0o et qt
/_ooa:—itx _/_ool—it
2re™®, forx > 0,

B { 0, for z <0, (3-206)
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resulting in

B e ®, forx >0,
vy = 0, forzxz <0,

as we supposed. ,
Example 3. Let y = e™™ . We then have

por41 = 0,
_ 2r—1 |
Hor = 9 :
1 3 2r —1
= \/7?.5.5., 5
B (2r)!
- \/7?74.227'

It follows that

S (1) i gy = VR Y (1) gy = Ve
5 (2r)! 5 227 rl

Substituting in Eq. (3.195),

+2
— —wt T dt
' e
— / +zx dt
zf

- o [Letens(ien

as we supposed.

(3.207)

(3.208)

(3.209)

(3.210)

(3.211)

Example 4. Let us consider the problem of finding the function

whose moments are

Ho = 1>
1
H1r = Za
1
H2 = §>
1
Hn =

(n+ 17

(3.212)
(3.213)

(3.214)

(3.215)
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We have
= (it)" = (it)"
= n = , 21
: ZO:“ n! zoj(n+1)!(n+1) (3:216)
: = (it)d
zit = , 3.217
21: Ja (3.217)
it 42 = iy ( 3]‘ : (3.218)
T !
it(Zt+z2) = > (l') = e’ -1, (3.219)
T
it
, z e —1
= —= 4+ —. .22
z " + P (3.220)
Then, noting that z =1 for ¢t = 0, we get
1 t A0t 1
= / S ) (3.221)
t Jo 1t

Substitution into Eq. (3.195) or (3.191) gives

L[ iw gy L /t et — 1
- = dt -~ dt
y 2 / t Jo 1ty !
1 </°° cos xtdt /t sin t1 dh
s 0 t 0 1
n /00 sin a:td /t 1 — cos t1 dt1>
0

1 [z ‘ .
o /o sin 0 cos 0 / () cos (zr cos f) sin (r sin )
+ sin (zrcosf) (1 — cos(rsinf))| dr

B 1/1 dg
7w Jo sin6cos#

> 1
. / = {sin[r(sind — z cos0)] + sin (rzcos0)} dr. (3.222)
0 T

For 0 < 6 < m/4, the second integral takes the value
0, if =z <0,

7, if 0 <z < tan 6. (3.223)
For 0 < z < 1, we then have
i do
= - =11 t 0 arctanz __ 1 ' 3.994
Y /arctana: sin € cos 6 [log tan ] ogz. )
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The function is thus determined for all values of z:

for © <0, y =0,
for 0 <z <1, y = —logu, (3.225)
for z > 1, y = 0.

It is easy to check that the function y defined above satisfies the required
conditions.

Example 5. Let ydx be the probability that the distance between
two points (i.e., surface elements) belonging to a circle of unitary radius
lies between z and x + dz. From (7) in Sec. 1.21, the moments of y are

4 (n + 1)!

e = A0 a2l (4 )l (3:226)

In particular,

w = 1, (3.227)
128

= 3.228

M1 457’(’7 ( )

e = 1, (3.229)

- Y m
0 0

b (n+1)(it)"

R

. .2
1+ n/2 (2 + n/2)! (3-230)
Let us set 2 = 21 + iz0. We get
o0 tQT
= -1)"2(2 1 3.231
a = 2 U@ ey (680
t oo t27’+1
dt = ~1)"2 , 3.232
/0 “ XO:( S T ) (3:232)
9 t o0 t27‘+3
t dt = -1)"2
/0 o 20:( N T
0 tQS-‘rl
= — -1 827
21:( ) sl(s+1)!
B i (2t/2)28+1
N T s' (s+ 1)!

= 2t — 2I,(2t), (3.233)
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whence
t 2 I (2t)
dt = - —2 3.234
| = e (3.234)
2 I(2t)  IL(2t)
21 = —t—2—4 2 + ER (3.235)
and, since
1
I(2t) = Ip(2t) — — L(2t), (3.236)

2t

For z5 we have instead

o) t2r+1
2= 20: D e s )
t 0 t27’+2
/0 2dt = 20: 2132 (r £52)0 (3.239)
9 t S t2r+4
t /0 2di = ; 213/ (r+5/2)0 (3.240)

and so on.

Example 6. Let y(r) dr be the probability that the distance between
two points belonging to two concentric spherical surfaces, one with unit
radius and the other with a radius a < 1, lies between r and r + dr. In
this case the moments of y(r) are

wo = 1, (3.241)

1
po= 14 -d?,

. (3.242)

(1 4 a)n+2 _ (1 o a)n+2
n = , 3.243
a 2(n + 2)a (3:243)

see Sec. 2.38.6. Substituting in Eq. (3.194) we get

o (1+a) & (L+a)" (it)”
- 2a Z n!(n+2)

(1-a)? & (1- n
%) Z )" ()" (3.244)
0

n!(n+2)
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t i n+1l (;p\n+1
/ L 1+gz(1+a) (it)
0 2a1 (n+2)!

1—(100 1_an+1itn+1
— .;( (;H()!) : (3.245)

t
t/zdt:—
0

t —
/ 2dt = + i, (3.247)
0
t(+a)t _ qi(l-a)t
2at2
(1+a)e’ 1+t — (1 —g)et (1)t
2at

—1

(3.248)

However,

9 t [
/ ze 'TtAt = [e_”t/ zdt]
—00 0 —o0o
o] . t
—/ —z're*”tdt/ z(t1) dty
—o0 0

R ei(l=a)t _ oi(l+a)t L
- 2at

o0

— 00

; 0o Ht(l—a—r)t _ 1

ﬂ/ S

2a J_oo t

- 0o Ht(l+ta—r)t _ 1
_wr / e oy

2a J_oo t

—r / e irtdt. (3.249)
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The first and fourth terms on the lLh.s. are indeterminate,
mean values are zero. The second term takes the values

r
—ﬂ'%, for r <1 — a,

r
m—, for r>1-— a.
2a
The third term assumes the values

WL, for r < 1+ a,
2a

—ﬁi, for » > 1+ a.
2a

Then, from Eq. (3.191), changing x into r, it follows that

y =0, for r<1-—a,

y:L, for 1—a<r<1+4a,
2a

y =0, for r>1+4 a;
see Sec. 2.38.6.

5. PROBABILITY CURVES

235

and their

(3.250)

(3.251)

(3.252)

(1) Probability that two points belonging to two concentric spherical
surfaces with radii @ and b < a are at a distance r from each other:

The probability density y = dP/dr is given by

y =0, for r <a—0b,

y:%“b, for a —b<r <a+hb,

y =0, for r>a+ b

see Secs. 2.39.6 and 3.4. Its moments then are

B N B (a+b)n+2 _ (a—b)n+2
fin = /T ydr = 2ab(n + 2) ’

(3.253)

(3.254)
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(2)

ETTORE MAJORANA: NOTES ON THEORETICAL PHYSICS

In particular,

poy = % (3.255)
po = 1, (3.256)
pr = a—i—éf, (3.257)
py = a® + b (3.258)

Probability density that two points on a length ¢ segment are at a
distance r from each other:
2(¢ —
y(r) = (IQT)’ 0<r</,
(3.259)

y(r) = 0, otherwise.

Its moments are
_em (3.260)
Hn = n+1)(n+2) '

In particular

o = 4, (3.261)
Y4

mo= 3 (3.262)
52

o= (3.263)

Probability density that two points on two co-planar and concen-
tric circumferences with radii @ and b < a are at a distance r from
each other:
B 2r

/= (@2 =22 + 2(a2 +02)r? — ¥

y (3.264)

For b = a, we have simply

2r

= — 3.265
Y mV4a?r? — r4 ( )
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6. E\//'ALUATION OF THE INTEGRAL
/2 sinkx
0 sin @

From the relation
sin (k+2)x — sin kx = 2 cos (k+ 1)z sin =, (3.266)

we deduce

in (k + 2 in k
sin(k+2)x _ sinkz o s b+ 1) (3.267)
S x S x

Integrating between 0 and /2 and setting

7/2 sin kx
k) = d 3.268
wo) = [ S e, (3.269)
we find
2 . osin(k+1)7

ylk) —yk+2) = — Pl e 5 (3.269)

Considering this relation with k replaced by k + 2, k+4, ..., kK + 2n,
respectively, and noting that

. /2 gin kx . © sin kx
lim - dz = Ilim
k—oo Jo sin x k—oo Jo x
> sin x ™
/0 Law = 2 (200)
that is,
y(oo) = 3, (3.271)
we get,
v > 2 . (E+14+2m7
k) = — — 272
y(k) = 3 gk—%l%—%sm 2 ’ (3272)
that is,
T Ck+D)m &S 2(-1)
k) = — — . 2
ylh) = 5 —sin =5 %:(k+1)+2r (3:273)

In other words, we have

- 1 1 1 (k4D
- T _ _ —_— wrm
y(k) = 5 <k:+1 k+3 T k45 )Sm

(3.274)



238 ETTORE MAJORANA: NOTES ON THEORETICAL PHYSICS

Let us consider the following function defined for positive a:

1 1 1

=1- — 2
9(a) Ita "172a 1+3a 7 (3:275)
while, for o = 0, we define
1
»(0) = lir% pla) = 7 (3.276)

This is always an increasing function of its argument taking values be-
tween 1/2 and 1.
Notice that the identity

o(a) + 1ia¢ (1ja> =1, (3.277)

enables us to determine the series expansion of ¢(a) for &« — 0. We can
also give an integral formula for ¢(«):

L dx
P(a) = /O 1T 20 (3.278)

from which we deduce the following particular values:

1

6(0) = lim 6a) = 5. 9(1) = lg2, #(2) = ;. (3279)

For integer «, we have

1—(1+1++ ! >1(3280)
14+z¢ \l—2z6 1—z6 "~~~ 1—zx621l)a 7

where § = ¢/ that is the first ath root of —1. Equation (3.280) can
be immediately verified by expanding the two sides of it in a power series
of x or of 1/a, depending on whether « is less than or greater than 1,
respectively.

Substituting Eq. (3.280) in Eq. (3.278), for integer a we have

_ 1L _ 1 5
dla) = — " [5 log (1 — 9) + 53 log (1 — 6°%) + ...
1 a
+ sy log(l — 62 1)}; (3.281)

or, noting that §%* =1,

ola) = — — [0 log(1 — §) + 8% log (1 — 0%) + ...

1
«
+ dlog(1 — 8% 1. (3.282)
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Note that the imaginary part of each logarithm on the r.h.s. of Eq.
(3.282) is univocally determined when it belongs to the interval (—in/2,
im/2). In view of the fact that the terms on the r.h.s. of Eq. (3.282) are
complex conjugate in pairs and that

"= in " T
log (1 —6") = log (2s1n 5 ) + 1 5 i (3.283)
52077 = cos & — jsin r—ﬂ, (3.284)
e e

Eq. (3.282) becomes

¢(a) = cos g log (2 sin 22)

3T .37
4+ cos — log (2sin — ) + ...
o} 2

o
+ cos M log (2 sin (2a—1)71'>
o 20
T . T 3m . 3w
4+ —sin — + — simn — + ...
2 « 2 o
200 — 1 200 — 1
L @azlm g Gazbr (3.285)
« «
We deduce the following particular cases:
1 s
(;5(0) = 3 ¢(1) = log 27 ¢(2) = -0
2 4 3.286
1 V3 (3.286)

We can then evaluate ¢(«) for integer a; however, the repeated use of
Eq. (3.277) allows us to evaluate this function for arbitrary values of
the independent variable in the form «/(1 + na), with integer « and n.
Excluding the trivial case with o = 0, for each value of n and varying
a between 1 and oo, we have a discrete group of possible values of the
independent variable for which the function can be evaluated; the lowest
value is 1/(n + 1), while the upper limit is 1/n. The set of values for
which the function can be evaluated is then made of a discrete set of
points of the form 1/n; hence it is not possible to evaluate the whole
function based on the considerations above and continuity properties.

If we know the value of ¢(a) for an arbitrary value of «, using Eq.
(3.277) we can always reduce the problem to the case with o < 1, since
a/(1+a) < 1. Using Eq. (3.277) twice, we can also restrict the problem
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Table 3.1. Some values of the function ¢(a).

) )

0 0.50000 0.26  0.56304
0.02  0.50500 0.28 0.56759
0.04 0.51000 0.30 0.57201
0.06 0.51498 0.32 0.57652
0.08 0.51994 0.34 0.58089
0.10 0.52488 0.36  0.58521
0.12 0.52979 0.38 0.58946
0.14 0.53467 0.40 0.59366
0.16 0.53951 0.42 0.59779
0.18 0.54431 0.44 0.60186
0.20 0.54907 0.46  0.60587
0.22 0.55378 0.48 0.60982
0.24 0.55843 0.50 0.61371

to the case with @ < 1/2. We then have the results listed in the Table
3.1 7
For small «, the following expansion is useful:

11 1, 1 . 17 .
= -4+ a-— - e 2
() 5t 7 g + @ e + (3.287)
Substituting Eq. (3.275) in Eq. (3.274), we get
™ 2 2 . (E+Dr
_ T _ il wrr 2
y(k) = 5 ¢(k:+1> (k+1) ST (3:288)
We infer
y(0) = 0,
y(2 :
1 4
) = 2(1-2) =<
iy = 2(1-3) = 5
11
6) = 2(1—-2>+ -
wo) = 2(1-5+3).
8) = 2(1—1+1—1)
ver = 375 7))
(10) = 2(1 L 1+1>
Y - 375 7 79)
T
y1) = @) =y = ... = yln+1) = 5.

7@ In the original manuscript, only the values corresponding to o = 0, a = 0.40, and o = 0.50
were reported in the Table.
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This relation is immediately verified when k = 1, while it follows from
Eq. (3.269) when k is an arbitrary odd integer. We deduce:

00 «f /2 gsin k
/ WPz = lim R e = I (3.289)
0 T k—oo Jo sin x 2

7. INFINITE PRODUCTS

(1) We have

(3.290)

(2) For k> 0:

(1 - k) (1 - Z) (1 - g) (1 - 1k6> = Siijﬁ\f (3.291)

On setting = 7k, k = 22 /7%, we can write

SiI;CC — -k (1_ Z) (1 _ g) (1_ 1k€i) e (3.292)

For x = w/2 (k = 1/4) we recover the Wallis formula (1).
(3) We have

1 427 7210 10%13 13216 . P\? 3
—. . . . ..o = | lim — = A
2 53 83 113 143 z—o0 P
(3.293)
(see Sec. 2.5), with
Pl'(x) = zPi(x), P(0) =1, P0) =0,
Pl(z) = zPy(z), P((0) =0, Py0) = 1.
From d
> dx
P, = P — 294
2 1/0 P2 (3.294)
it follows that . o q
g < (3.295)

A o PZ
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8. BERNOULLI NUMBERS AND
POLYNOMIALS

Bernoulli polynomials can be derived from the generating function

Dz, t) = efejtl - i Bulz) (3.296)

Bernoulli numbers are the constant terms in the polynomials B, (x):
B, = By(0). (3.297)

On setting x = 0 in Eq. (3.296), we directly deduce the definition of
Bernoulli numbers:
t = B, ,
il Dl (3.298)

|
0 n.

We list the first few Bernoulli numbers and polynomials:

1 1
By =1 B = —=, By =>, By=0
0 ; 1 5’ 2 6’ 3 )
B ! B; = 0, B ! B; =0
4 30° 5 — Y, 6 — 42’ T = Y
1 )
8 30’ 9 ; 10 66’ 11
Bo(l') = 1,
1
Bi(x) = =z — 2
2 1
BQ(]J) = X —JJ—FE,
3 1
B — 3 2.2 -
3(x) x 5% + 5 %
By(z) = 2% — 223 4 2% — i,
30
Bs(z) = 2° — Sa* + §x3 x
2 3 ’
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1
B — 6 _ 9,5 4 2 4 2, L
6(7) T 3 +2x T —1—42,
7 7
Bi(z) = ' - 5366—1- 5:(}5 - 6x3+ ~ T,
14 7 2 1
B — S gt 26 LA 22
By(r) = 2 — 2% 4+ 627 b 2% — ix
5 1077
5
Bio(z) = 2% —52% + — 2% — 725 + 524 x2+%7
1 55 11 5
B (r) = att — 5 210 + Eazg — 112" + 112° — Ex?’ + ga:

9. POISSON BRACKETS

In quantum mechanics, the Poisson bracket of two quantities a and b is
defined as the following expression ®:

la, b = %(ab —ba) = — [b, d. (3.209)

Denoting by ¢ and p the canonical variables and observing that p =
—(h/i)0/0q, we have

lgi, pi] = 1, (3.300)

= % (5o~ o on)

Z Ox Ox
— 7 D = .. . 2
; (8%' “T o pz> ) (3.302)

Let us cite the expressions for the Poisson brackets of some quantities:

8@ In the original manuscript, the old notation h/2m is used for the quantity we here denote
by h.
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(1) Given
Uy = 4y Pz — 4z Py, (3.303)
Uy = Gz Pz — 4z Pz, (3304)
Uy = 4z Py — qy Pz, (3305)
(3.306)
it follows that
(g, uy) = = uy, us] = s, (3.307)
[y , uz] = — [uz, uy] = g, (3.308)
(U, ug] = = [ug, uz] = uy, (3.309)
_ui, uy_ = Uy Uy + Uy Ug, (3.310)
_ug, uz_ = —Up Uy — Uy Uy, etc., (3.311)
_ny “32; = Uy Uz + Uy Uy, (3.312)
_uz, ug = —Up Uy — UyUg, etc., (3.313)
ui + ufl +u?, uy| =0, ete. (3.314)
(2) Given
gz = 1 sin 0 cos ¢, (3.315)
gy = rsin6sin ¢, (3.316)
q. = rcosdb, (3.317)
we have

[r,pa]l = I §in 6 cos 0, (3.318)

r
. p) = L& = sin6sin g, (3.319)

r
[r,p.] = L~ cos 0, (3.320)

r

in 0 60
cos 0, ] = - fde . Snfcosfeos ¢ (3.321)
0 0 i
[COS 9’ py] - _ qi;ﬁgz _ Sin CO:: Sin ¢7 (3322)
2 _ 2 in2 0

cos 0, p] = —— L& = 27 (3.323)

73 r



VOLUMETTO IIT 245

cos? 6 cos ¢

[sin 0, ps] = ————, (3.324)
[sin 0, p,| = cos” 0 sin ¢ (3.325)
y MY - ) .
r
sin 0, p,] = —w, (3.326)
cos 6 cos
0, pa] = ———— ¢, (3.327)
cos 6 sin ¢
6. p) = ——— (3.328)
0, p.] sin 0 (3.329)
y Pz = - ) .
T
sin? ¢
[cos ¢, pa] = (3.330)
cos ¢ sin ¢
[cos ¢, py] = —— (3.331)
[cos ¢, p.] = 0, (3.332)
. __ cos ¢ sin ¢
[sin ¢, pa] = —— = (3.333)
2
[sin ¢, py] = ;O;nq; (3.334)
[sin ¢, p.] = 0, (3.335)
_ sin ¢
[0, pa] = = ——7, (3.336)
cos ¢
b pl = (3.337)
[¢,p:] = 0. (3.338)

(3) Let us set, for simplicity:

X = u,, (3.339)
Y = u, (3.340)
Z = u,. (3.341)

Denoting by k the azimuthal quantum number and m (or n) the
equatorial quantum number, we have the following matrices of
degeneration in units h:

Zm,n = 5m,nma (3342)

1
X = 3 (6mtin + Omnt1) \/E(k+1) —mn, (3.343)
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For example, for k& = 2, we have
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) : (3.351)
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200 0 0
010 0 0
X,Y]=i(Xy-vyX)=[000 0 o0 | =2
000 -1 0
000 0 —2
(3.358)
01 0 0 0
1o /3 o o
v,z =i(vz-zv)=|0 3 o 3 o|=x,
0 0 50 1
00 0 1 0
(3.359)
0 i 0 0 0
-0 i/32 0 0
Z,X] =izx-x2)=| 0 —/8 0o /i o0
0 0 —iy/3 0 i
0 0 0 —i 0
(3.360)

10. ELEMENTARY PHYSICAL QUANTITIES

We give the following quantities  in absolute units '°. With a * we
indicate the experimental quantities from which all the other ones can
be derived. 1 12

9@ In the tables we report the updated value for each quantity. These slightly differ from the
ones given by the author. The values for the last 10 quantities do not appear in the original
manuscript.

10@ In particular, the author gives length in m, mass in g, time in s and electric charge in
esu. Other units are derived from these.

11@ However, nowadays, fundamental quantities, which are most precisely known, do not
coincide with the ones marked in the following tables.

12@ With reference to the 8th line of the following table, the present convention for the
atomic mass unit is '2C mass/12, rather than 60 mass/16.
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Quantity

Value

249

e (electron charge)
m (electron rest mass)
h (quantum of action)
h/2m
k = R/N (Boltzmann constant)
R (perfect gas constant)
N (Avogadro number)
My = 1/N (**0 mass/16)
e/mc
¢ (speed of light)

F = eN/c (Faraday constant)
R/c = (2n*me*)/(h%c) (Rydberg wave number)
R = (2r’me*)/h® (Rydberg frequency)
Rh = (2n®me*)/h* (Rydberg energy)
r = h?/(4n*me?) (first Bohr radius)
w = (eh)/(4mmc) (Bohr magneton)

v =e/(4mmc) (Larmor frequency for a unitary field)
e/(4mmc?) (Larmor wave number for a unitary field)
(hc?)/(10%e) (volts corresponding to 1)
(Rhc)/(10%¢) (volts corresponding to 1Rydberg)
(mc®)/(10%) (volts corresponding to m)
(10%¢)/(ck) (temperature corresponding to 1V')

(10*ch) /k (temperature corresponding to 1)

4.80320x10710 *
0.91094x 10727
6.62607x 10727
1.05457x 10727
1.38065% 10716
8.31447x107 *
6.02214x10%2
1.66054x 1024
1.75878x107 *
2.99792x 100 *
9648.29 *
109734.564  *
3.28984x 109
2.17987x107 !
0.52918x1071°
9.27378x 102!
1.39959x 108
4.66841x107°
1.23990
13.60603
511037
11604.2

14388.1
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11. “CHASING THE DOG”

Let us consider a point ) in motion on the x axis with a constant
velocity w such that its rectangular coordinates are Q(ut,0). Another
point P(x,y) is moving with constant velocity v towards Q; we have
to determine the trajectory of P. The tangent in P to such trajectory
intersects () at an arbitrary time; the envelope of the lines P(Q is, then,
the path of pursuit. Let us introduce the parameter «, signifying the
angle between P(@) and the x-axis. The coordinates of P satisfy the
equation of the straight line intersecting P and Q:

y = (ut — x) tan oy (3.361)

and, since P also belongs to the envelope of such straight lines, x and
y also satisfy the equation given by the derivative of Eq. (3.361) with
respect to time 3:

d
(ut — ) (1 + tan? a) £ + utan a = 0; (3.362)

from which we get

dt
r = ut+ u— sin «a cos a, (3.363)
da
dt
y = —ugs sin? (3.364)
and, on differentiation,
d?t da
. 2 .
T = 2ucos®a + U o g S @ cos o, (3.365)
. . d?t da . 9
Yy = —2usinacosa — U g S (3.366)
On the other hand, we have
T = wvcosa, Y = —uvsina, (3.367)

so that, comparison with Eq. (3.365) or (3.366) gives

d?t da . v
2 cos o + o q e = o (3.368)

13@ See also Eq. (3.367).
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that is,
i o ﬁ B v _ cos «
de 2 d0 = usna sin o’
dt v « .
log o = . log tan 5 2 log sin @ + const.,
Q@ U
dt (tan a/2)"/"
— = —_— 3.369
da “ sin? a0’ ( )
" 9 v/u
t = o / (Gam /277 4 ke (3.370)
sin® «

Substitution into Eqgs. (3.363) and (3.364), results in

" 9 v/u
T =uc [/ %da TR (tan a/2)"/"| + uey (3.371)
sin® « sin «

y = —uc (tan a/2)"/". (3.372)

As is natural to expect, the shape of the curves depends only on the
ratio v/u. Let us assume, for example, u = v; we have

tan a/2 1 a 1 5, « 1
d — log tan — —t - — = .
/ 2 o a+2og an2+4 an” o 1 (3.373)
and, setting
u=v=1 ¢ = -1, & =0, (3.374)
we get
1 Q 1 a 1
= —=1 - — = 2= - .
t 5 log tan 5 1 tan 5t (3.375)
t 2
e (3.376)
tan «
y = tan %. (3.377)
We use the last expression to eliminate a:
1 1 1
t = —=1 — =y 4 = 3.378
5 logy — 1yt + o (3.378)
1 1 1
= —=1 R .
x 5 log y + 1Y 1 (3.379)

Since, for t = 0, one has x = 0, y = 1, t gives the length of the arc of
the curve between the point (0,1) and the arbitrary point (x,y). From
Egs. (3.378) and (3.379), it follows that

1

12
t = S g2 3.380
T+ =5y ( )
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From Eq. (3.379) it is seen that the minimum value of z is 0 (for y = 1);
the point (0, 1), considered as the origin of the arcs, is thus the point in
which the tangent to the curve is vertical.

12. STATISTICAL POTENTIAL IN
MOLECULES

The potential between electrons in a gas satisfies, statistically, the dif-
ferential equation
ViV = —kV32, (3.381)

When the equipotential surfaces are approximately known, V' can ap-
proximately be determined in the following way. Let

flz,y,z) = p (3.382)

be the approximate expression for the equipotential surfaces as function
of a parameter p. Setting

V = V(p), (3.383)
we have qv
= — .384
vV ap Vop (3.384)
and, denoting with n the outward normal to the surface,
ov dv dp dv
T de = — L do = — 3.385
o On 7 dp /U an v (p) dp’ ( )

where y1(p) is a known function. While integrating Eq. (3.381) over the
space between two equipotential surfaces corresponding to p and p+ dp,
V3/2 can be moved outside the integral:

-1
Vivds = —kV3/2/ (gp) dpdo = —EV3/2yy(p)dp,
AS o n
(3.386)
where 1
op\~
— —_— d .
va(p) /o ( an> - (3.387)

is again a known function of p. On the other hand, from the divergence
theorem

ov

oV
V2V dS — / Y do(p+d —/ A
s iy O (p + dp) ) On (p)
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yi(p+dp) V'(p+dp) — v1(p) V'(p)
= (V" + 1 V') dp,
so that, on comparison with Eq. (3.386),
p V" + V= —k V32, (3.388)

This equation makes it possible to determine V(p) when the boundary
conditions are assigned.

Let us consider, for example, a diatomic molecule with identical nuclei
and assume that it has the following approximate equipotential surfaces

71 T2 1 1 )1
= = |— 4+ — ) 3.389
b T+ o (7‘1 T2 ( )
We then have
1 1
Vp = —p’V- = —p’V— - p’V — (3.390)
1 T2

Thus denoting by u and v two unitary vectors in the directions of in-
creasing r1 and rg, respectively,

2 2
vy = Zu+ Ly, (3.391)
1 r3
9p
o _ 392
L= v, (3:392)

from which we can calculate y; and 3. However, it is better to perform
the calculations using elliptic coordinates. Also note that

oS
= —, 3.393
Y2 ap ( )
where S is the volume enclosed by the equipotential surface p. Moreover,
y1 is the outward flux of Vp = —p?V (1/p); and, since 1/p is harmonic
with singularities of the type 1/r; and 1/ry at the nuclei, the outward
flux of V (1/p) is —8m; it thus follows that

yi(p) = 87p°. (3.394)

Let us consider a meridian cross section of the volume enclosed by the
surface p; in rectangular coordinates x and z, let the nuclei be situated
on the z axis at the points (a,0) and (—a,0). Introducing the elliptic
coordinates

u= (rm+r2)/2, v = (r1—m2)/2 (3.395)
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we have
uv
r =u-+v, ro=u-—uv, 3327
2 2\(2 2
y2=(“ “ig“ v S:ﬂ/y2dx, (3.396)

where the integral is evaluated over the boundary of the meridian semi-
cross section (y > 0). Equation (3.389), which must be satisfied on the
boundary, becomes

p= <u2—v2>/2u, (3.397)

with
v?=u? — 2up, v=4\/u2 — 2up, u=p+ \/p? + v u>0.
(3.398)

We have y = 0 at the points

u = p+ Vp*+a
u = p+ p*+ad?
u a

= a/’
o —a’

, = va? — 2ap,
u = a, v = —+/a? — 2ap.

The first two points are always real; the last two are real and distinct
only when p < a/2, while they coincide in (u, v) = (a, 0) when p = a/2.
Let us introduce the variable

S e

t = —, (3.399)

wherein v and v can be expressed in terms of rational functions of ¢:
2p 2pt

= V= o (3.400)
and, since x = uv/a, it follows that
1 2p t 2p 14 3t2
der = —-d = —d——5 = — ——dt. 3.401
v= gdw) = daTan = g (3.401)

If we evaluate the integral only over the positive values allowed for ¢, we
find

5 4777329 / < p*t a2> <a2 _ 4p? ) L3
a (1 —1¢2)2 (1—-¢2)2) (1—1¢2)3
(3.402)
where the lower limit of the integral is zero when p > a/2, while it is
va? —2ap/a when p < a/2; the upper limit is, in any case, a/(p +

VP2 + a?).
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13. THE GROUP OF PROPER UNITARY
TRANSFORMATIONS IN TWO
VARIABLES

Let us consider the group U(2) of unitary transformations in two vari-
ables £ and 7, with determinant equal to 1. If

(5 5)

is the matrix corresponding to a particular transformation, that is,

¢ =al+8n n =+, (3.403)
then the following relations must be true:
o+ B =1, &y + 0 = 0,
Yy 4+ 466 =1, ad—py = 1L (3.404)

On making the substitutions

a = a1 + iag, B = B + i,
7:714_7:’727 5:51+i523

in Eq. (3.404), the following relations between real quantities must hold:

af + a3 + Bf + 53

Mo+ 0+ =
a1y + azye + B1d1 + Pady =
arye — azy + B1d2 — fad =
a1d1 — agdy — i + P22
a1dy + azd1 — Bry2 — B

S = o o = o=

On multiplying the last four of these six equations by «ay, —ae, —f1,
— 9, respectively, and summing the resulting expressions, from the first
equation we infer

n = —ph.

Analogously, we find
Yo = P2, 01 = a1, 02 = —o.

We can thus arbitrarily choose oy, ag, (1, B2 so that they satisfy the
first of the above set of six equations and then determine the other
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unknowns from the immediately forgoing relations; the remaining five
equations, including the second one which has not explicitly been taken
into account, will then be automatically satisfied. On setting

oy = xr, a2 = )\7 ﬁl = — M ﬁ? =V,
where x, A, u, v are arbitrary real numbers that satisfy the equation
o+ N4 = (3.405)

the elements of the most general unitary matrix with determinant equal
to 1 will read

a=x+1iA [ = —u+iv,
vy=—-03F =p+iv, 6§ = =2x—i\ (3.406)

Every transformation of the group is defined by the 4 real numbers z,
A, i, v; it will accordingly simply be denoted by
(@, A, p,v).
Let us consider two transformations of the group and their product:
A (TN —ptiv B  +aN =+
T\ pt+iv o ox—iN )’ S\ i =N )
.T// _|_ ,L'A// _ M” + Z'V//

,UH + il/” xl/ _ Z')\// 9

ABz(

where, per definition,

" = xx' — AN —pp — v/,
No= N+ X! — ) + v,
W= M+ — vV, (3.407)
Vo= av — M+ pN + v
in short,
(.T, )‘7 Ky V) (.%'/, Ala Mlv V,) = (xﬂa >\”7 Mﬂa l/”)' (3408)

which coincides with the multiplication rule of quaternions.
In the space of v + 1 = 25 + 1 dimensions, let us consider the vector

with components
57’ 771)—7"

R =0,1,...,v. 3.409
7.7 (3.409)
The present group transforms this into the vector with components
Ir Jvu—r
Sl r=0,1,..,v. (3.410)

flo,r) "
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From Egs. (3.403), the components of the transformed vector can be
obtained as a linear combination of the components of the original one,
this combination being univocal, since the v + 1 monomials & n*~"
(r = 0,1,...,v) are linearly independent. We thus have a (2j + 1)-
dimensional representation D; of the group. Obviously, the same repre-
sentation holds for all transformations of the kind in Eq. (3.403), that is,
for all affine linear transformations in 2 dimensions, or for all members
of the sub-group O(2) of the linear transformations with unitary deter-
minant, our group U(2) being a sub group of it. The function f(v,r)
can be determined in such a way that the unitary transformations of
the group U(2) are represented with unitary transformations as well. To
this end, it must be true that

€1
> o) (3.411)

(we are assuming f to be real) depends only on |£|?+|n|?; that is, setting
€12 = a and |n|? = b,
a'f’ b'U—'V’

> P (3.412)

r

is a function of a + b. For this to happen, it suffices to equate the first
quantity to the v-th power of the second quantity, and thus '4:

~1/2
Flo,r) = ( ! ) = Jrl(w — D), (3.413)

or, since f(v,r) can always be multiplied by an r-independent quantity,
more simply:

flo,r) = y/ri(v—r)l (3.414)
Thus, £ and 7n define a vector in a space of 25 + 1 dimensions with
components

T v—7r
ST 04w (3.415)
rl(v—r)!
Let us consider the transformation
(x,€ea, eb, ec) . (3.416)

Once €a, €b, ec are given, x is determined apart from its sign, which we
may choose to be positive. Let us assume that e is small; thus x will

14@ The author wanted to obtain the formula for the power of a binomial.
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differ from unity by a second-order term, so that

lim (z,€ea,eb,ec) — (1,0,0,0)

e—0 €

— (0,a,b,0). (3.417)

The transformation (0, a, b, ¢), whose definition is given by Egs. (3.406),
is an infinitesimal transformation. In general, it does not belong to
U(2), but it is always a (real) multiple of a unitary transformation with
determinant equal to 1. By contrast, the transformation

(z, A p,v) = ellabot (3.418)

does belong to U(2), where t is an arbitrary real number; that is, we
necessarily have 2 + A2 4+ u?2 + v2 = 1. Given a,b, ¢, the quantities
x, A\, p, v are functions of ¢ (from Eq. (3.418)), and we have

dz dX\ dp dv
(dt’dtadtadt) - (xa/\vuay) (O,a,b,c)
= (0,a,b,¢) (z,\, p,v), (3.419)
that is,
d
d—f = —aX—bu —cy,
dA
T - ax —cp+bv = ax +cp—bv = ax, (3.420)
du b dv
— = bx, — = cu.
dt Toode
Differentiating the first equation with respect to ¢, one gets
d*x 2 2 2
@——@ + 6+ ), (3.421)
from which
r = costva® + b + 2, (3.422)
A= a sin tva? 4+ b2 + 2
va? + b? + ¢ ’
b
= sin t Va2 + b2 + 2, 3.423
H va? + b2 + ¢ ( )
v = ¢ sin tvVa? 4+ b2 + 2.

N e
Choosing ¢t = 1, it follows that the infinitesimal transformation (0, a, b, ¢)
can be deduced from the transformation

(2, A\, p,v) = el0abe) (3.424)
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by setting

x = cosvVa?+ b + 2,

a
A = sin Va2 + b? + 2,
vaz + b2 + 2

b
= sin Va? + b + 2,
K v a2 + b2 + c2

c
v = sin Va2 + b2 + c2.
Va2 + b2 + 2

Equations (3.425) tells us that an arbitrary transformation of the group
U(2) can be cast in the form given by Eq. (3.424), where the constants
a, b, c can be univocally determined from the conditions

a,b,c >0, 0< Va2 + b + 2 < 27 (3.426)

Let us now consider an arbitrary representation of the group U(2).
We set

(3.425)

bec) — 1
lim Y2260 €b,€0) = aP, + bP + Py (3.427)

e—0 €

As a consequence,

tPrtbPdels liH(l) (1+ e(aPy + bPy + cP3))Ye
€—>
= liH(l) (U(z, ea, eb, ec)) ¢ = hII(l) U(z, ea, b, ec) /¢
€— €—

= lim U((1,0,0,0) + €(0,a,b,c)"/* = U (074}
and, from Eq. (3.424),
U(z, A\ pv) = U(e(o’a’b70)) = etitbPtels (3.428)

which has to be true together with Eq. (3.425). It is then sufficient
to know the matrices P;, P», P3 in order to have a representation of the
group U(2). However, the matrices Pj, Py, P3 cannot be chosen arbi-
trarily. This happen, first of all, because if one relaxes the constraints
(3.426) for continuity reasons, an element of U(2) can be represented
by different sets (a,b,c),(a’,V/,c),..., while for the uniqueness of the
representation we must have

’ / /
eaP1+bP2+CP3 — ea Py+b P+ Ps = ... (3429)
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Secondly, there must be a correspondence between the product of two
elements of the group and the product of the two related transformations.
Let us suppose that the first condition is satisfied; then, for t = 0, we
get

U (e(O,at,bt,ct) e(O,a’t,b’t,c’t)) — olaPi+bPytcPa)t (' PtV Pyt Po)t

(3.430)

Let us set
e(O,at,bt,ct) e(O,a’t,b’t,c’t) _ e(O,x,y,z)' (3431)

The quantities x, ¥y, z will then be functions of ¢ that can be determined
in an infinite number of ways from Eqs. (3.424) and (3.425); however
we will demand that they satisfy the continuity requirement and the
conditions x = y = z = 0 for t = 0. From Eq. (3.428), Eq. (3.430)
becomes

exP1 +yPy+2zP3 a Py +bP2+CP3)t e(a/Pl +b/P2 +C/P3)t. (3432)

:e(

Expanding Eq. (3.431) in a power series, we get

14 2P +yPy + 2P5 + % |22 P} + 2P} + 2P}

+axy (PP + PoPy) + yz (PaPs + P3P2) + zx (PLPs + P Py)]

+% [#° P} + y°P; + 2P} + 2%y (PEP, + PLP, Py + PoPY)

t+ay? (PP} + PyPLPy + PEPy) + y*2 (PEPy + PaP3 Py + P3P}
Ty2? (1321332 L PyPPy + P32P2) 122 (ngl L PP P+ Plpg)
+2%z (P3P} + PiPsPy + PIPs) + zyz (PLPyPs + P P3Py

+P — 3PP, + PLPsPy + PP P+ PsP,Py)| + ...

=1+t(aP, +bPy+cPs+d P+ P+ P3)

t2
+3 |a2PE + V2P} + P} + ab (PiPy + PyPy) + be (PyPy + PyPy)

+ca (P Py + P3Py) + a*P} +b*P} + P} + d't/ (PP, + P, Py)

+b'¢ (PyP3 + P3Py) + '/ (Py Py + P3P)) + 2aa’ P} + 2bV' Py

+2¢c P§ + 2ab' P, Py + 2bd Py P + 2ca/ P3Py

+2ac' Py P3 + 2ba' PoPy + 2¢b' P3Py + . . .. (3.433)
Since x,y, z are infinitesimals with respect to t and a,b,c,d’, V', are

arbitrary constants, by equating the terms of the same order in the two
sides of Eq. (3.433), we find the relations that P;, P», P3 must satisfy.
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Actually, we want to find the first terms in the expansion of z,y, z in t;
to this end let us expand (3.431) in series up to second-order terms. We
find

1
14 (0,at,bt,ct) + (0,a't,b't, c't) + 5(0, at, bt, ct)?
1
+§(0, a't,b't,dt)* + (0, at, bt, ct)(0,a't,b't, 't) + ...
1
= (1,0,0,0) + (0,2,4,2) + 5(0,2,5,2)* + ..

from which follows, on equating components of the quaternions corre-
sponding

P @+ +0+V)? + (c+d)]+...

2
— Lio o, 2
= 1—5(3; +y?+27) 4, (3.434)
(a4 a4+ (b b +... = z+at+..., (3.435)
(b+0)t+(ad —cd)* +... = y+at+..., (3.436)
(c+Nt+(bd —ab V2 +... = z4at+.... (3.437)

From the last three equations (the first one is an obvious consequence of
these), we can deduce the expansion to second-order of z,y, z. Substitut-
ing in Eq. (3.433), we find that, up to first-order terms, it is identically
satisfied. Equating the second-order terms, we get

(cb — b )Py + (ac — ca') Py + (ba' — ab') Ps
1
+5 [(a +d)2PE+ (b+V)2P] + (c+ )P}
+(a+ad)(b+ ) (P Py+ PoPy) + (b+ ) (c+ ) (PaPs + P3Py)
+(c+ ) (a+d)(PsPy + PiPs)]
1
=5 [+ dP?P+ 0+ VPP + (e + )P}
+a+ad) b+ )PPy + PoP) + (b+)(c+ ) (PoPs + P3P)
+(C + c’)(a + a/)(P‘g,Pl + P1P3) + (ab/ — ba,)(Pl.PQ — P2P]_)
+(b0/ — Cb,)(Png — P3P2) + (ca’ - ac’)(P3P1 - Plpg)] . (3438)
Since these relations must be true for arbitrary values of the constants
appearing in them, we get the following exchange relations:
PP — PP = 2P,
PPy — P3P, = —2P, (3.439)
P3Py — PPy = 2P,
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Let us consider the representations D; of the group U(2) composed
of transformations acting on the vector (3.415). The vector with com-
ponents

57’ 77’[)—7"
rl(v—r)!
is transformed by Ps into the vector with components

A€o (i) ] rig gt

de ri(v—r)! - v —r)!

(v—r>§T+1 nv—r—l fT 1 v i
MGCEn] \/7“1 =T

57‘—}-1 v—r—1

Vie+ Dl —r -1

so that, setting m = v/2 —r = j — r, we get the matrix Ps:

(Ps)imo1 = iV +m)(G-—m+1) = iVj(j+1) —m(m—1),
(P3)me1 = VG +m+1)(—m) =i/ +1)—m(m+1),
(3.440)

with m = —j,—j5 4+ 1,...; and all the other components are zero. The
matrix Pj is thus emisymmetric, i.e., iP3 is a Hermitian matrix. In
other words, like all the infinitesimal unitary transformations, Pj is a
pure imaginary quantity.

The same vector (3.415) is transformed by P» into the vector with
components

ld (€ —en)’ (77+6£)”"’1 _ gt

de rl(v—r)! RICEE3]
N (U_,r)gr—i-l ,,71)—7“—1 \/7"““ gr 1 U r+1
Vvri(v—r)! V(=1 v—r+1)!
§r+1 v—r—1
\/ r+1 .
\/r—i—l —r—1)!

It follows that the only non-zero components of the matrix P, are

+iy/(r+1)(v—r)

(PQ)m,mfl = _\/(]+m)(]_m+1) = _\/](]+1)_m<m_1>7
(Po)ymsr = VU+m+1)G—m) = Vi(G+1) —m(m+1).
(3.441)

The matrix P; transforms the vector (3.415) into the vector with com-
ponents

d (€ +ie) (n—ien)" "
de rl(v—r)!

e=0



VOLUMETTO IIT 263

r Z 57’ 77’0—7" (,U _ T) Z é"!’ ,’71)—7‘

rl(v—r)! rl(v—r)!

Consequently the only non-zero elements of P, are the diagonal ones,
with
(P)ym = 2mi. (3.442)

We then have the following representations:

oj:O

Pb=0, Pb=0 P3=0
oj:%

0 0 —1 0
r=(p %) m=(17%) n=(70)
oj:l

2 0 0 0 —vV2 0
P = 00 O , Py= V20 —V2 |,

0 0 —2i 0 V2 0

0 iv2 0
P; = w2 0 V2
0 W2 0
0]:%
3 0 0 0 0 —vV3 0 0
o i 0 o0 [ v3 0o -2 o0
P1_00—10’P2_020_\/§’
0 0 0 =34 0 0 V3 0
0 iv3 0 0
P = iv3 0 2 0
3 0 2 0 3|
0 0 W3 0
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oj =2
4 0 0 0 0 0 -2 0 0 0
0 20 0 0 0 2 0 —V6 0 0
P = 0 0 0 O 0 ., Pb=10+v6 0 —vV6 0
0 0 0 =22 0 0 0 V6 0o -2
0O 0 0 0 —4 0 0 0 2 0

0 2 0 0 0
20 0 W6 0 0
P = 0 iwW/6 0 V6 0
0 0 w6 0 2
0 0 0 2 0

It is easy to test that the exchange relations are satisfied by these ma-
trices. In fact, if we also include the vanishing components, the matrices
can be written in the form

(Pl)m,n = 2midmm,
(PZ)m,n = (G +1) —=mn (6mn-1 — Smn+1), (3.443)
(P = ViU +1) —mn (i6mn-1 + i0mnt1)-

It follows that

(PiPy)y,, = 2miy/j(G+1) —mn (Smu1 — Smnst)
(P2P1)m7n = 2”“/](] + 1) —mn (5m,n71 - 6m,n+1),

(PLPy — PoP1),, ., = \i(G+1) —mn (—2i6mn1 — 20 6mni1)
= —2()pn-
(PoP3)yyy = 143G +1) —m(m+1)
X (/3 +1) = (m+ 1)(m + 2) Sns2n
— 2 G — i\/§(j + 1) — m(m — 1)
(/3 +1) = (m = 1)(m — 2) 62,
(PsP2)y,, = i0Ji(i+1) —m(m+1)
(/3 +1) = (m+ 1)(m + 2) Sns2n

+ 2M i O m — i\/j(j—i-l)—m(m—l)
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X\ /3G +1) = (m = 1)(m = 2) 2.0,
= —4mibmm = —2 (P1))m,n,

= 2ni\/j(+1) —mn (i0mn-1 + i Omnt1),

)
)

(PLP3) ., = 2min/j(G+1) —mn (idmn-1 + i6mpi1),
)

- j(] + 1) —mn (— 26m,n—1 + 2(5m7n+1)
= 2 (P

14. EXCHANGE RELATIONS FOR
INFINITESIMAL TRANSFORMATIONS
IN THE REPRESENTATIONS OF
CONTINUOUS GROUPS

Let us consider a continuous group with n parameters

s = (q1,92,---,qn) - (3.444)

We choose the parameters in such a way that all the coordinates of the
unit element are zero:

1 = (0,0,...,0). (3.445)
Let us also consider a given representation of the group

U(s) = U(q1,q2,- -+ 4n) - (3.446)

An infinitesimal transformation is defined by

. Ul(ear,eag, ... eap) —1
lim
e—0 €

= a1PL + asPy + ... + a, Py, (3447)

i.e., the infinitesimal transformations can be expressed in terms of linear
combinations of n particular transformations. The matrices Py, P, ..., P,
obey algebraic relations that do not depend on the number of dimensions
and on the particular representation but only on the structure of the
given group. The exchange relations are some of these. Let us consider
the “commutator”

¢ = (x1,x2,...,2) = (,0,0,...,0)(0,5,0,...,0)
x (,0,0,...,0)71(0,8,0,...,0)7", (3.448)
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i.e., setting

s = (,0,0,...,0), t = (0,8,0,...,0), (3.449)
c = sts1tL (3.450)
we have
st = cts, (3.451)
Us)U) = Ue)Ut)U(s). (3.452)
Take the derivative of this with respect to «,
dZ/{( ) Ox; OU(s
do Z oo (37:10Z Ut Us)
di(s)
4
+ U(c)U(t) o (3.453)
and then the derivative of the outcome with respect to 3
dZ/l( 0x; OU(s)
dov Z 9008 oz, 1HUG)
;; da 03 8:L’i6xk Ut)u(s)
dz; OU(c) 82/{ Z Oz OU(c u() OU(s)
Ja  0x; op 8% Oa
82/{( ) 82/{( )
. 454
+U(c) —= 95 0a (3.454)

For vanishing « or 3, the commutator reduces to the unit element. For

a = [ =0 we then have, fori =1, 2,..., n,

U(e) = 1,
al'i . 81‘1‘ -0
oo 0
Oz ol
dad3 7
M)
0w P,
oUu(s)
Do - P17
oui)
s %

U(s) = Ul) = 1

(3.455)
(3.456)

(3.457)
(3.458)

(3.459)

(3.460)
(3.461)
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the superscripts 1 and 2 in Eq. (3.457) denote the first coordinate of
s and the second one of ¢, respectively, the other coordinates all being
zero; similar formulas hold for every pair 7, s of coordinates and the a;*
are manifestly antisymmetric in the upper indices. The formula (3.454)
then reads

PP=Y a’P + PP, (3.462)
A
that is,
PP, - PP =) a?P, (3.463)
7
or, more generally,
P.P; — PP, = > a]" P, (3.464)
7

which are the so-called exchange relations

15. EMPIRICAL RELATIONS FOR A
TWO-ELECTRON ATOM

Let us consider a two-electron atom with charge Z in its ground state.
We denote by a =<1/r; >=<1/ry> the mean value of the inverse of
the distance of each electron from the nucleus, and with b =< 1/rj2 >
the mean value of the inverse of the distance between the two electrons.
Expressing the distances in electronic units and the energy in Ry, we

have
E = —2aZ + b, (3.465)

since the energy is equal to half the mean value of the potential energy.
If we now consider an atom with atomic number Z + dZ, perturbation

theory gives
dE = —4adZ, (3.466)

and thus we have two equations in the three unknown Z functions F, a, b.
We now add another empirical relation between a and b, which is pre-
sumably a good approximation:

b = (2Z — 2a) (2a — 2Z). (3.467)

This relation can be deduced from the following considerations. For
sufficiently high values of Z, perturbation theory gives

5
E:—222+ZZ+...; (3.468)
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but, on the other hand,

b:gZJr..., (3.469)
so that, from Eq. (3.465),
)
= 7 - — 3.470
a TR (3.470)

which, in first approximation, satisfies Eq. (3.467). For very small values
of Z we can consider that the first electron is next to the nucleus, while
the other one is practically at an infinite distance; then we have a ~ Z/2,
b ~ 0, and Eq. (3.467) is again satisfied. We finally assume that it is
also a good approximation for intermediate values of Z.

Substituting Eq. (3.467) in Eq. (3.465), we find

E = —2aZ+ (2Z — 2a)(2a — 2)
—27° + 4aZ — 4d> (3.471)
On differentiating this relation, we get
dE = —47dZ + 4adZ + 4Zda — 8ada; (3.472)
and, comparing this with Eq. (3.466), we find
dZ = da, (3.473)
from which, since we know the value of a for infinite Z, we deduce
0= 7- % (3.474)
Substitution of this in (3.471), yields
5 25
E = —-227% + 2w (3.475)

This formula can be used only for Z > 5/8, since for Z = 5/8 we have
b = 0. For the helium atom (Z = 2), we find £ = —5.89, against
the experimental value of 5.807, with an error in excess of 1.13V for the
ionization potential (25.59V instead of 24.46 V). For the hydrogen atom
(Z = 1) we find instead E = —1.141, from which the ionization potential
would be 1.91 (electron affinity). ' The procedure used here is not very

15@ Note that the actual experimental values of the ionization potential for the hydrogen
atom, the (neutral) helium atom, and the once ionized helium atom are 13.5984 V, 24.5874 V,
and 54.4178 V| respectively, corresponding to ionization energies of 0.9995, 1.8072, and 3.9998
(measured in Ry, as used in the text), respectively. The electron affinity of the hydrogen (i.e.,
the difference between the ground state energies of the neutral atom and the once-ionized
atom) is 0.7542 eV.
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satisfactory, since for very small Z the quantity b would vanish faster
than a first-order term and it would become negative.
Instead of Eq. (3.467), let us now choose the approximation

b= 2Vi2r e - 2k (3.476)

8 8
where k has to be determined. Substituting in (3.465), we obtain

5 5
E = —2aZ + g\/k2+Z2 - ék; (3.477)

and, on differentiating,

5ZdZ
dE = —2adZ —-2Zda + ——. 3.478
8Vk2+ 72 ( )
Compare this with Eq. (3.466):
5ZdZ
—4adZ = —-2adZ -2Zda + —F——,
8Vk? + Z2
5ZdZ
2Zda = 2adZ + —F——,
8VEk2 + 72
d 5
R AT . (3.479)

dz Z  16VkZ+ Z%

from which, noting that for Z — oo the quantity a/Z tends to 1, we

infer that - 5 47
a =711+ / ) 3.480
( o 16Zk?+ 22 ( )

In this formula a becomes negative for sufficiently small values of Z;
in order to eliminate this drawback, it is necessary that, for small Z, b
vanishes as a term of order greater than 2.

Instead of (3.476), let us therefore choose

b = gZe*’“/Q (3.481)

so that Eq. (3.465) becomes
E = —2aZ + gZe_k/Z. (3.482)

Differentiation gives

5 5k
dE = —2adZ — 2Zda + ge_k/z dZ + 8—Ze_k/ZdZ; (3.483)
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comparing this with Eq. (3.466)

da a 5! —k/Z 5k —k/Z
= Z 4 = — 3.484
z -~z 1w6z°  TiezZt (3.484)
we get
© 5Z+5k _
=71 _ /ZdZ>. 3.485
a < + /0 1625 e ( )
Since for small Z we must have a ~ Z/2, we can choose k such that
* 5245k _i/z 1
—_ dzZ = — A4
/0 e 3 (3.486)

ie., k = 5/4. However, in this way we obtain a bad approximation.
Indeed, we would have

Z Z

o = 5+ (2 - 156) e 1 B/2, (3.487)
5 —1.25/Z

b= g7 : (3.488)

E = —2% - 727 1B/Z (3.489)

and for helium (Z = 2) we would get £ = —5.14, which is a value far
from the experimental one.

Let us set 5
b= (ViF+ 25 — k). (3.490)
Equation (3.465) now becomes
E = —2az+gm—gk, (3.491)
and thus
0F = —24d7 — 27da - — 292 (3.492)

8(k3 4 ZB>2/3'
On comparing with Eq. (3.466), we get
da a 57
— = = —_ 3.493
dz Z " 16 (k3 + Z3)2/3° ( )

from which we deduce

o 5dZ
— 7(1 _2%e 494
a < +/0 16(k3+z3)2/3>’ (3.494)

where the constant k£ can be determined in a way similar to that leading
to Eq. (3.486). However, we note that relations analogous to Eq. (3.490)
are arbitrary, and there is no a priori reason to prefer one or the other.
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16. THE GROUP OF ROTATIONS O(3)

Let us consider a point on a unit sphere with coordinates (z,y, z) and
its image on the equatorial plane z = 0 through the south pole, whose
coordinates are (0,0, —1). The coordinates (z,y, z) are related to those
of the image point (2,3, 2’) by the equations

20 2/ 1— 22— 2
ro= 1+$/§+y/2’ U 1_|_x/2y+y/2’ = 1+2/2+z/2‘ (3'495)
On setting
¥+ iy = n/é, (3.496)
relations (3.495) transform into
T+ iy = 2ng” R 2n*¢ ’ L &
£6* + m §6r + §6" + m*
(3.497)

Let us now consider a unitary transformation (with determinant equal
to 1) of the group SU(2) acting on & and 7; the transformed variables
are given by

§1 = &+ AL — pn + iv,

mo= p§tivét+axn — iy
(with 22 + A2 + 2 + v2). As a consequence, the point (x,y, ) is trans-
formed into the point with coordinates (x1,y1, 21):

(zp + A +dzv — idu) (E6° — ™)

Tty = 2 " »
£& +mm
Lo (&= N = 2iaAnE” + (i 4 V2 = 2ip)
£6* +mn* ’
o iy = 2 (zp + A —dav + idu) (E6° — ™)
&+
Lo (B = N 2iN e + (=i + 02+ 2ip )’
E6 4 ’
S (% + X — p® =) (&€ — ")
§& +mn*
49 (—zxp+ A\ + iz +idp)né + (—zp + v —ixv — i p)én*
E6F 4+ ’

16@ In the original manuscript, this group is denoted by d3; however, here we use the modern
notation O(3). Note also that sometimes the author uses the same notation for a group and
for its restriction to transformations with determinant equal to 1 (which, in modern notations,
is denoted with an S preceding the name of the group; for example O(3) and SO(3)).
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that is,
x1+iyr = 2(zp+ v +izy —idp) 2
+ (2% = A% = 2iz)\) (z + iy) + (—p? + v = 2ipv) (z — iy),
x1—iy1 = 2(zp+ A —izv+ilp)z
+ (2% = X2 + 2ix)) (z — iy) + (—p® + V% + 2ipv) (x + iy),
21 = (@2 4+ N =2 =)z 4 2(—zp+ v +izv + idp)(z + i)
+ (—zp+ v —izv —idp) (z — iy),
or
r1 = (@ =N -2 +0%)z + 2@\ — w)y + 2(zp+ )z,
y1 = —2@A+ )z + (2 = N4 p? = vy + 2y - )z,
21 = 2—zp+ )z + 2(—zv — Ay + (22 + 2% — p? —1?)z.

(3.498)

This represents a rotation (the most general one) in three-dimensional
space; for each rotation we can choose the constants z, A, u, v in two
ways, related by a sign change in the components of the quaternion.
Note that Eqgs. (3.498) correspond to the representation D; of the group
SU(2). By inverting these relations (and losing, however, the unique-
ness), we can consider D; as representations of O(3); the ones with
non-integer j are twofold, while the ones with integer j are unique, since
in these representations two equal and opposite quaternions correspond
to the same transformation. In the representations D; with non-integer
J (for example D, ), derived from the inversion of (3.498), to each ro-
tation in the three-dimensional space there correspond two equal and
opposite matrices.

An infinitesimal rotation (through an angle €) about the z axis corre-

sponds to the quaternion
1
1,—=¢,0,0
( ) 267 9 )

(out of two possible ones, we have chosen the quaternion nearest to
unity). Analogously, an infinitesimal rotation about the x axis corre-

sponds to the quaternion
1
]-7 07 07 -5 9
( 26)

while an infinitesimal rotation about the y-axis corresponds to the quater-

nion )
<1,0, 56, 0) .
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It then follows that the infinitesimal rotations along the x,y,z axes can
be expressed through the fundamental infinitesimal transformations P,
P,, and P3 by the simple relations:

1
2
and this holds for an arbitrary representation of U(2), as long as it is
considered as a (unique or twofold) representation of O(3). From Egs.
(3.439), the exchange relations

R,R,— RyR, = R,

R,R.—R.R, = R, (3.500)

R.R, — R:R. = Ry

1 1
R.=—_P, Ry=- P, R,=_ P, (3.499)

then follow. Moreover, from Eqs. (3.443) we deduce the following ex-
pressions for the matrices R;, Ry, R, in the D; representations (changing
the sign of m and n, i.e., setting m = j —r) :

<RZ> = mam,na
v S mmn

R, vy
(z) = —% JG+1) —mn (dmtin + Om—1,), (3.501)

R T ,
(%) = ViGT D=0 G — Oo1a),

We then have the following matrices:

0]:0

oj:%

- ‘ =
N
|
VR
O o=
| ()
N~
~__—
@.‘ =
8
I
/N
= O
O I
DN~
~—
N.‘ =
<
I
VS
N|=. O
|
ol
~—

0]:1

P 10 0 R 0 -2 0

=100 0 ), == 0o -2/,
00 —1 0 -2
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17. THE LORENTZ GROUP

This group is composed of the orthogonal transformations of the vari-
ables

Ty
Cta Ty T

i
Restricting our study to the orthogonal transformations with determi-
nant equal to 1 (excluding, then, those with determinant equal to —1),
we have the proper group of (real or complex) rotations SO(4) in a
four-dimensional space.

Let us consider the variables x1, z9, 3, x4 in a four-dimensional space
and let &1, &9, &3,&4 be the variables of the dual space, which transform
in the contragradient way. Thus, if the z variables linearly transform
into the variables z/, x5, 2%, 2, the variables ¢ transform in such a way
that the following relation must hold:

x1& +wolo + w3ls + 248y = 21 + a5 & + w38 + 2y &) (3.502)

If
xp = Y ik, (3.503)
k

by substituting in Eq. (3.502), we get

Z & = Z ag &l = Z Ty Z ai &l (3.504)

)

Since this relation must hold for arbitrary values of the x and £ variables,
we conclude

&= 2 (3.505)

which expresses the contragradient variation law for the £ variables. A
transformation acting only on some of the = variables, say x; and xo,
will act in the dual space only on the corresponding £ variables (in the
present case, &1 and &3) and vice-versa. This directly follows from Egs.
(3.503) and (3.505).

Consider a transformation 012 belonging to the group SL(2,C) '7 of
the homogenous linear transformations in two variables with determi-
nant equal to 1 that acts on the variables x1 and z5. Let also a trans-
formation o34 of the same group act on the variables x3 and x4. The
transformations

o = (o012, 034), (3.506)

17@In the original manuscript, this group is denoted by ca; however, here we use the modern
notation SL(2,C).
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acting on the 4 variables 1,9, x3, x4, constitute a representation of
the abstract group (SL(2,C))? whose elements are pairs (o,7) of the
elements of SL(2,C) and satisfy the composition rule

(o, 7) (0, 7') = (00, 7). (3.507)
Let us consider the expressions
21 = 1183, 22 = 1283, 23 = w184, 24 = 328, (3.508)
which reduce the quadratic form
2124 — 2273 (3.509)

to zero. Under a transformation o, the x and £ variables transform as
follows:

¥y = axi+ Bag, xh = qx1+ dx9, (3.510)
3 = oxz+ firy, Ty = M3+ 0124, '
with ad — By = @161 — B1y1 = 1, and
£ = 6& — &, £ = —p& + ab, (3.511)
& = 0 —mé, & = A&+ .
On substituting in Eqgs. (3.508), we get
2y = adiz1 + Boize + ayizs — Bz,
2y = 70121+ 00122 — Y123 — 0124, (3.512)
2 = —afiz — BBz + aonzz + fo 2y, '
zy = —yPiz1 — 0f122 + yaizz + daq 24,
from which we deduce
22y — 2h2h = 2124 — 2923, (3.513)

i.e., the quadratic form (3.509) is invariant under the transformation
(3.512). The matrix of the transformation (3.512) comes from the (com-
muting) product of matrices:

a B 0 0 55 0 -y 0
vy 6 0 0| 0 01 0 —m
0 0 « ,3 —51 0 (&3] 0 ’ (3'514)
00 v 6 0 -/ 0 o

and its determinant is equal to 1, so that Egs. (3.512) constitute a
representation of (SL(2,C))2.
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Every homogeneous transformation, with determinant equal to 1, that
preserves the quadratic form (3.509) can be cast in the form (3.512) in
two ways (the sign of the 8 constants «, 3,7, d, a1, 51,71, 01 is arbitrary).
The quantities

2= x4, 2= —wa&y, 2 = —w3&, 2 = w36 (3.515)

transform as z; since, from the unimodularity of o192 and o34, the vari-
ables 1 and xo transform as & and —&;, while &3 and &4 transform as x4
and —z3. Moreover, each linear combination of the vectors z and 2’ will
transform in the same way; in particular this holds for the combination
with components
2=+ 2, 2 =+ 2, 2 =23+ 2k, 2] = 2+ 2
(3.516)

Let us introduce the quantities ct, x/i, y/i, z/i and consider their trans-
formation law as defined by

c ~ 2tz o~ 2+ 2
y/i o~  z3 — 2z o~ 2 — 2b, :
zfi ~ (2 —z)fi ~ (3 = 2/
Then, we have
AP —x? — P = 22~ A — ) (3.518)

and since the r.h.s. is invariant, it follows that the transformation o
represents a Lorentz transformation of the space time variables x, y, z, t.
Relations (3.517) can be written as

e~ &z + Sry + Grr + L,

xfi ~ i&ixg + ilows — €310 — €471, (3.519)
y/i ~  §ixy — §axz — 310 + {41, '

z[i ~ i&x3 — i€owy — i€3w1 + €470,

and the expressions on the right are of the form

Yo vkbiak, a=1,2,34. (3.520)
ik
The matrices 7, are Hermitian and satisfy the relation
1
5 (178 +76%) = dap- (3.521)

Furthermore, if o is a matrix defined by Egs. (3.512), the transformed
matrices 0~ 1y,0 corresponding to ct’, /i, v’ /i, 2'/i are linear combi-
nations of those corresponding to ct, z/i, y/i, z/i; see the next section.
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18. DIRAC MATRICES AND THE LORENTZ
GROUP

In an n-dimensional space, we have to construct the p Hermitian oper-
ators
a1, g, ..., Qp (3.522)

obeying the relations

o + oo

= §.1. .52

For arbitrary n and p, the problem might have no solutions or have
only one fundamental solution (i.e., to which all the other possible sets
of matrices a1, az,...,qp; o, ah,...,ap; ... are related by means of a
unitary transformation) or, even, have several different solutions that
cannot be related by unitary transformations.
Let us consider the case p = 1. The only condition to be satisfied
then is
o =1, (3.524)

so that all the eigenvalues of « are either 1 or —1. Thus, the space R,
is divided into the sum of two subspaces R, + R!'_ ; the first one being
r-dimensional (0 < r < n), corresponds to the positive eigenvalue +1
(which is degenerate r — 1 times), while the second one corresponds to
the negative eigenvalue —1 (which is n — r — 1 times degenerate). If we
assume that the first r fundamental vectors are r arbitrary unitary and
orthogonal vectors of R/ and that the last n — r fundamental vectors
are n — r arbitrary unitary and orthogonal vectors of R!!_ | then the ay
matrix is diagonal, with the first r diagonal elements equal to 1 and the
last n — r ones equal to —1. Allowing r to assume values from n to 0,
we then obtain the n + 1 fundamental solutions to the problem in the
special case considered here.

Let us consider the case p = 2. The conditions to be satisfied now are

o2 =1, o3 =1, ajas + aa; = 0. (3.525)

Let R/ be the subspace corresponding to the eigenvalue +1 of oy, and
R _, that corresponding to the eigenvalue —1. With a denoting a vector
of R!; from the last equation of (3.525) we then have

(a1ag + azag) a = 0, (3.526)

or

(1 + 1) aga = 0. (3.527)
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/!

" _r, and since the determinant of ap is

It follows that asa belongs to R
different from zero,

n—r>r (3.528)
obtains. Now, let b be a vector of R!!_; from the last equation of (3.525),

we get (ag — 1) awb = 0, i.e., aob belongs to R]. and then r > n —r. By
combining this relation with Eq. (3.528) we get

r = n/2. (3.529)

It follows that in the case p = 2 solutions exist only if n is even. As-
suming n = 2r with integer r, we can choose r arbitrary unitary and
orthogonal vectors of R]. as the first r fundamental vectors. On the other
hand, the last r fundamental vectors can be chosen to be the transformed
vectors 1® with ap <1, as <2, ..., ag < r. These obviously are orthog-
onal to the first r fundamental vectors because they belong to R/ (which
is orthogonal to R..), but they are also unitary and mutually orthogonal
since ag is Hermitian and coincides with its inverse. The matrices oy
and «as then, have the forms

1 0 ... 0O 0O 0 ... 0

0 1 0 0 O 0

0 O 1 0 O 0

a1 = )

0 0 0 -1 0 0

0 O 0 0 -1 0

0 O 0 0 O -1

(3.530)
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 O 1
Qo =

1 0 0 0 O 0
0 1 0 0 0 0
0o 0 .. 1 0O 0 .. 0

Thus, for p = 2 and even n, the problem has only one fundamental
solution, while for odd n there is no solution at all.

18@ That is, the vectors asa.
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Let us now consider the case p > 2. We have the p matrices
ai, o, az, ..., Qp. (3.531)

As above, we choose the first » = n/2 fundamental vectors in the space
R]. corresponding to the positive eigenvalue +1 and the last n—r vectors
in the space R/ obtained by applying the matrix as to the first ones. The
only difference with the previous case is that we don’t choose arbitrarily
the first r fundamental vectors in the space R.., but we choose them from

a specific representation of a3, ay,..., op. To this end, we set
agaz = if, az = iagf,
Oz.2.0f4 = ify, ay = il (3.532)
y
a0y = iﬂpf% Qp = ZlO‘Zﬂpr'
The operators (1,32, .., Bp—2 transform vectors of R]. into vectors of
R!., and vectors of R/ into vectors of R/. Then, given
_( 0 iy
Qit2 = ( 5. 0 > , (3.533)
their matrix form is seen to have the structure
0 O .
Gi = (0 %), 1=1,2,...,p—2, (3.534)

where 7; and §; are matrices of dimension n/2. Moreover, from

Qi42Qk+2 + Q20442

: — i (3.535)
we deduce, with the help of Eqgs. (3.532), that
%(04261'0425k + a2fBa2fi) = —ik; (3.536)
and, since
ifraz = oaip2e = g (Qip20)
= —o (a20it2) = —qiye = —iazf;,
it follows that
Biaa = —aefi, [Bras = —azf. (3.537)
Thus, the relation (3.536) becomes
aofiaefy + aofrasfi = —az (Bias) By + a2 (Braz2) Bi

= az(f;) By + ao(a2b)Bi = BB + BrBi = 20, (3.538)
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so that the matrices [ satisfy relations analogous to Egs. (3.523). How-
ever, we still have not used some of the relations in Eq. (3.523); in
particular, we have not used the relations involving the matrices as and
airo (1 4+ 1,2,...,p — 2) or, from Egs. (3.532), relation (3.537) from
which relations (3.538) derive their validity. Now, given the form in
Eq. (3.530) for ag, Eq. (3.537) implies that the sub-matrices ~;, d; of
dimensions n/2 satisfy the relation

v = 6 (3.539)
so that Eq. (3.538) is satisfied when

Note that, by assuming the matrices v; to be Hermitian, the matrices
;42 are automatically Hermitian; thus, our problem is fully analogous
to the one with n’ = n/2 and p’ = p — 2. If again p’ > 2, we revert to
one of the cases studied earlier: if n is odd, we have n + 1 fundamental
solutions when p = 1, otherwise there is no solution.If instead p’ < 2, we
return to one of the two cases studied early in this section.

We have solved the problem and obtained a procedure by which we
can construct all the possible fundamental solutions.

Let us set p in the form p = 2k or p = 2k + 1; the problem has
solutions only if n can be divided by 2¥; more precisely, there is only
one solution if p is even, while there are (n/2¥) + 1 solutions if p is odd.
As particular cases we have the solutions for p = 1 and p = 2 discussed
above.

We can also consider the special case in which p takes the maximum
allowed value for fixed n. Decomposing n in first factors and denoting
with ¢ the exponent of the number 2 in such decomposition, we have
Pmax = 2t+1 and the number of fundamental solutions is (n/2t)+1 > 2,
where the equal sign applies only when n is an integer power of 2.

Non-Hermitian operators. Let us now relax the assumption that the
a1, @2, ..., ap are Hermitian operators. In this case, all the solutions that
are related via an arbitrary coordinate transformation can be regarded
as the same fundamental solution. This means that, if «; is a solution,
then o} = Sa;S~! is also a solution if S is an arbitrary operator with
determinant different from zero. For the representation of o; we choose
a non-normal coordinate system and proceed exactly as in the previous
case, replacing the orthonormality condition with the condition of lin-
ear independence of the fundamental vectors. Thus we arrive exactly
at the same Hermitian matrices obtained above but, since the coordi-
nate system is non-normal, in general they will not represent Hermitian
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operators. Going back to normal coordinates, the matrices represent-
ing the Hermitian operators can be obtained from the fundamental ones
by means of a unitary transformation, while the matrices representing
non-Hermitian operators can be obtained from the same fundamental
matrices by means of a non-unitary transformation; in general, these
matrices will be non-Hermitian.

Examples. Let us now give some examples of fundamental matrices,
when n = 2% and p = 2t + 1 takes their maximum allowed values. We
always have two fundamental solutions which differ only in the sign of

the last matrix.

en=1p=1

Oéi::tl

10 0 O 0010
ap = 01 0 O ay = 0 0 01
00 -1 0 ’ 1.0 0 0}
00 0 -1 0100
0 0 ¢ O 0 0 0 ¢
oy — 0 00 -1 ) ay = 0 0 ¢ O
-5 00 0o | 0 — 0 0 |’
0 2 0 O - 0 0 0
0 0 0 -1
as = ( 0 01 0
0 1.0 O
-1 0 0 O
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0
0
0
0
-1
0
0
0

1 0 00
0100

0 010

0 001

0000
0000
0000
0000

-1

0
0

)

000 01O0O0O0

00 00O0O1O00O0

000 0O0O0T1PO0

000 0O0O0TO0T1

1000 0O0O0O
01 00O0O0O0O
001 0O0O0O0TO O
0001 0O0O0O

a3

0
0

—1

0

i

0 0 0 4

0
0
0
0
—1

0

0 00O
0 00 0O

0

—14

0 00 0O0 O

0
0
0
0

0 00 0O0 O

—14
0
0

0000 O

1

0

000 O

1

00 O

a3

)

v 0
?
0 00

0 00

0
0

0 00O

0

1

0 00 0O

—1

0 00O
0 00 0O
0 00 0O

0 —i

0
0
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0 00 0 0 0 -120
0 00 0 0 0 0 1
0 00 0 1 0 0 O
as — 0 00 0 0 -1 0 O
0o 01 0 0 0 0 0|
0 00 -10 0 0 O
-1 00 0 O O O O
0 10 0 0 O O O
0 0 00O0O0 O -1
0 0 00O0O0 -1 0
0 0 o00O0O1 0 O
ag — 0 0 0010 0 O
0 0 0100 O O ’
0 0 1000 O O
0 -1 0000 0 O
-1 0 00O0O0 0 O
0 0 0 0 0 00 —1
0 0 0 0 0 0 ¢ O
0 0 0 0 0 ¢ 0 O
ar = 0 0 0 0 — 00 O
0 0 0 ¢« 0 0O O
0 0 -0 0 0O0 O
0O - 0 0 0 00 O
t 0 0 0 0 O0O0 O

Interpretation according to group theory. Let us consider the
operators
a1, a2, ..., O, (3.541)

obeying the usual relations
oo + apoy = 20, (3.542)

and the compound operators obtained by multiplying an arbitrary set
of as in arbitrary order. From the relations (3.542) it follows that they
can always be cast in the form

g: Fai'ay ... aqp, (3.543)

and that they form a finite group. In the expression above, ¢; take
the values 0 and 1. Operators (3.543) can be viewed as elements of
a group containing 2Pt! elements. In order to have a representation
of this group, it is sufficient to find p matrices that obey Eq. (3.542);
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they correspond to p fundamental elements of the group (3.543), which
are the operators a themselves and that can be obtained from group
(3.543) by taking the + sign and setting all the € but one equal to
zero. All the other elements of the group can be obtained by taking
the product of these fundamental matrices. The problem of finding p
matrices obeying relations (3.542) has already been solved for all the
values of n, so that it can be solved in any possible way for a given n.
We then have a corresponding number of representations for the group
g. However, these are not all the possible representations. In fact, the
composition rule for the elements of the group has been derived from Eq.
(3.542), even though these cannot really be derived from the composition
rule, except when opposite matrices correspond to elements of the group
marked with the same ¢ but with opposite sign. Consider, in particular,
irreducible representations. The element

-afa) ... a) (3.544)
commutes with all the elements of the group; and, since its square is the
identity, in the irreducible representations it will correspond to the unit
matrix or to its opposite. Note that only in this second case the fun-
damental matrices satisfy the relations (3.542), and this happens for an
arbitrary representation only when it can be decomposed into irreducible
representations corresponding to the second case. Irreducible represen-
tations corresponding to the first case are, necessarily, one-dimensional
ones since they are shortened representations of g, i.e., representations
of the Abelian group ¢’ that can be obtained from Eq. (3.543) by iden-
tifying with a unique element the ones with opposite signs. Group g is
composed of equivalent elements with respect to the invariant subgroup
formed with the unit element and the element in Eq. (3.544). Since the
group ¢’ contains 2P elements, the one-dimensional irreducible represen-
tations, corresponding to the first case, are exactly 2P. The irreducible

elements obviously are

ny e’ . Mgt (3.545)
Furthermore, let us assume that there exist s irreducible representations
corresponding to the second case. For the “completeness” theorem we
must have

ni4ns+... +n? =20t 0P — 9 (3.546)

s

Let us suppose that n; are ordered in a non-decreasing way; in this case
n1 is the smallest value of n for which it is possible to find p matrices
obeying Eq. (3.542). If p = 2k is even, we know that such minimum
value is n = 28 = 2P/2; then it follows from Eq. (3.546) that only one
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irreducible representation corresponding to the second case exists, with
n = 2% =2k p= 2k (3.547)

Instead, if p = 2k + 1 is odd, we again have n; = 2¥, but a second irre-
ducible representation of the same dimension must exist. Then, for odd
p, we have two irreducible representations corresponding to the second
case with B

ngo=mng =27 =2 p=2k+1 (3.548)
Since a representation in which relations (3.542) are satisfied can be
decomposed in irreducible representations corresponding to the second
case, it is now easy to understand the theorem (see the paragraph Non-
Hermitian operators), i.e., the problem of finding p matrices of dimen-
sion n obeying Eq. (3.542) can be solved only if n can be divided by
2k Moreover, we also understand that such solution is unique (apart
from transformations) if p is even, since in this case the possible decom-
position into irreducible matrices is unique. If p is odd, then there are
n/2% 4+ 1 fundamental solutions, since in the decomposition of the repre-
sentation of dimension n into irreducible representations of the second
kind, with the last one having the same dimension 2¥, one of them can
fit an integer number of times between 0 and n/2*.
When n is a multiple of 2%, we can adapt the coordinates to the de-
composition into irreducible representations; we then obtain for the «
matrices a form which is simpler than the one obtained in the direct
way, since they are formed of partial matrices of dimension 2* which,
with a convenient choice of the coordinates, can be deduced from the
ones already considered for the case n = 2F. 19

19. THE SPINNING ELECTRON

Let us consider the Dirac equations in the form

aq

Hy = {z (mc—l— % + iqﬁ) + a9 (pg; + iAm>

+as (py + iAy) + ay (pz + (ZAZ) + mc] Y = 0, (3.549)

1

19@ This section ends with: For the connection between the Dirac matrices and the Lorentz
group, see the section “Invariance of the Dirac equations.” However, in the five Volumetti
there is no section that deals with this subject.
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where the o matrices are the ones displayed in Sec. 3.18 with n = 4,
p = 5. Let Hj be the operator obtained from H by changing its last
term mc/i into —mc/i, and consider the quantity 11y 20:

W 2 2
—(mc+ 2y 6¢) + (px 4 eAa;)
C C C

+ (py + CAy) + (pz: + CAg) + m-c

eh eh eh
+ a1 ?Ex + ajas ?Ey + ajay ?EZ

h h h
—e—,agagHz — e—.agqux — e,a4a2Hy} ¥ = 0. (3.550)
ci ci ci

The first five terms give the relativistic Hamiltonian for an electron with-
out spin, while the others represent the corrections induced by spin.
By noting that the square of the matrices ajas, ajas, ajay, asas,
azay, agqag is —1, so that their eigenvalues are +¢, and that the clas-
sical Hamiltonian, in first approximation, is H1H/2m, we deduce that
the electron has a magnetic moment eh/2mc and an imaginary electric
moment eh/2mei.

Let us consider the equivalent, but more convenient, expressions for
Egs. (3.549):

[— <mc + g + i(ﬁ) + a;me + as (px + iAx>
+ag (py + 2Ay> + 4o <pz + 2Az)] ¢ =0, (3.551)
which can be cast in the form
Mo = (o= 1) me = S0+ ave(p + S4,)
+ agc <py + 2Ay> + agc (pz + 2Az>} = Wi (3.552)

Let us assume that the magnetic field is constant, with intensity H, and
that it is directed along the z axis. We then have

1 1
Ao = —gyH, Ay = 5zH, A, =0, (3.553)

20@ In the original manuscript, the old notation h/2m is used, while we here denote the
same quantity with h. Note also that ¢ and A are the scalar and vector electromagnetic
potentials, respectively, while in the following E and H denote the electric and magnetic
fields, respectively.
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so that Egs. (3.552) become

Mo = (= ) me — S0+ ave(pe — 5ol

e
+ agc<py + 2cxH> + ay cpz] = W.  (3.554)

Let us denote with v, the scalar solutions of the Schrédinger equation

2
—EV%” — e — Wpy" =0 (3.555)

2m
and with
Tnn's Ynn's Znn’ (3556)
the polarization matrices. Then, Eqgs. (3.554) have the explicit forms
—eown + ¢ (p — 5yl ) b+ ci(p, + 5o vy
c 2c
+cip: s = Wi, (3.557)

—eQPy + C<px - ;yH> Yy — ci <py + ;xH> Yy

+cipzipz = Wi, (3.558)
e

~2met s eoun + ¢ (pe — 5yl )

. € .

—c (Py + 2cxH> U1 — cipahr = Wihs, (3.559)
€

~2me iy = eon + (b — Syl ) v

+ei <py + ;$H> Yo — cipzpr = Wiy (3.560)

Here we neglect the solutions corresponding to the positive electron
(positron), i.e., in first approximation, the ones with large 13 and 4
and small ¥ and 9. Thus, in first approximation, the Dirac equations
are solved by the double system of vector functions ¥™ and 1"™? whose
components are the following:

1%t comp. 2" comp. 3' comp. 4% comp.
™ P 0 (2me) L (py — ipy) " —(2me) " Lip, g™
Y2 0 P —(2me)"tip, ™ (2me) " (ps + ipy )"

(3.561)
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These functions are mutually orthogonal and, in first approximation,
normalized. To determine the eigenvalues in second approximation (i.e.,
when taking into account in first approximation relativistic, spin and
magnetic field effects), we substitute Eqgs. (3.557)-(3.560) into Eq. (3.555).
For ™! and "2, we obtain, respectively:

(a) For ™ (3.562)
e . e
—eh + c(px - yH) s + ci <py + xH> s
2c 2c
+Cipz¢4 - Wn¢1 = (6H 7vb)l
eH n 1eH "
= e (xpy — ypz) Y™ + Te (xps + ypy) V™

~eovs ¢ (pa — gy ) i - ci(p, — 3ot v

2 2c

+cipaps — Wipthe = (0H 9),

eH . n
= ~ dme (x —iy) p-Y",

2 e
—2mc s — edpihs + c(px - 20yH> P
_ci <py + ;xﬂ) B = cipaths — Wty = (FH ),

1 e H
= o Wa 4 €0) (b — ipy) 0" = 5= (& — iy) ¥,

—2mc2w4 —epiy + C(px — ;;yH> o

+ci (py + ;$H> VYo — cipzr — Woty = (6H ),

1: n
= o (Wa + €6) py"

(b) For "2 : (3.563)

e

~cow+c(p — 5yl ) b+ cip, +
+Cipz'¢4 - anl = (5H 77/})1
eH

— ; n

e

2c xH) ¥s
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e . e
—epips + C<p:r - ZyH> Py — ci <py - afH> )y
c 2c
+Cipz¢3 - anZ = (5H ¢)2
eH n ieH n
= Ime (xpy — ypz) " — Tmo (xps + ypy) ",

—2mc? s — edihg + c(px — ;yH) (0

—ci (py + 2€(sz> Y1 — cipPr — Wyths = (FH )

7

= e (Wn+e¢)pz¢ )
£

~2met = eovn + ¢ (p - 5

yH) o +s

+ci <py + 213&]) Yo — cip: 1 — Wity = (6H 9),

1 eH
=~ (Wt e6) (b + ipy) 0" + S (0 + iy) 0",

Assume that W, has degeneracy ¢ and let
yh o3 oy (3.564)

be the orthonormalized Schrodinger eigenfunctions associated with the
eigenvalue W,,. Note that, because of the spin, we instead have 2¢g vector
eigenfunctions with eigenvalue next to W,,. In first approximation, these
will be obtained as linear combinations of the 2¢ approximate eigen-
functions y't, y?t, ... y?, y'2 4?2 ... y? given by Egs. (3.561), with
Y™ replaced by y',y?, ..., y4, respectively. (We have set, generically,
y™ = " y"2 = y"2) The corrections to the eigenvalues will then
be given, in first approximation, by the eigenvalues of the matrix dH.
We calculate this quantity in first approximation (a better knowledge is
illusory) by setting

4
My = 3 / v (smy™) dr (3.565)
y=1

(i,k=1,2and r,s = 1,2,...,q). Note that the approximation consists
in the fact that we use 3! (or y°*) as given by Eq. (3.561), which are
normalized only in first approximation. We can divide the perturba-
tion matrix 0H,; ¢, into the sum of two quantities, the first one being
independent of the magnetic field and the second one proportional to it:

OHyiske = Arvisk + H By sk (3.566)
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We start the discussion with a particular case; let us assume that
the magnetic field is zero and that W, is a simple (non-degenerate)
eigenvalue of the Schrodinger equation. 2! Since ¢ = 1, there are only
two basic functions, y'' and y'2. Neglecting the indices r and s, which
are automatically equal to 1, and taking into account the expressions for
(Hy'), and (§Hy?), (v = 1,2,3,4) in Egs. (3.562) and (3.563), from
Eq. (3.565) we have

1

- [ * .k 1% . 1
OHi1 = — Im22 / (par; +Zpy) Yy (Wi +ed) (pr —ipy) y dr

+ /pz Fe(Wnted) pay' dT]

1 [ " . ;
- Am2¢c2 / yl (Pa +Zpy) (Wn +e¢) (pe — Zpy) yl dr

+ / y*p. (W, +ed) p.y' dT]

1 *
= _7/y1 (W, + eg) (p§+p§> ytdr

4m2c2

__ 1 de 4 (99 08N L
4m2c2/ omi ¥ <a Hay)(px ipy) Y d

4m yr /yl* (W +e¢) pZy'd

_ 1 / de 4, 8¢ g
4m2c? omi 9 PP
On setting V' = —e¢ and noting that, from the Schrodinger equation,
(2 + 02+ 02) 4t = 2m (W — V) o/, (3.567)
we get
_ 1 1x 2 1
0Hi1 = o2 /y Wy =V) y dr
4m?2c? y y a7 )
ih? L [OV oyt OV oyt
53 N — | A (3.569
4m?2c2 / Y (6:13 Ay Oy Ox T )

Using the assumption of no degeneracy, we obtain that y! is real, so
that it coincides with y'*; then the second integral in Eq. (3.568) can

21@ Note that the author considers degeneracy coming only from non-spinning properties; as
discussed below (see discussion leading to Eq. (3.574)), the spin makes all the energy levels
two-fold degenerate.
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be simplified via an integration by parts, while the third one vanishes,
so that we simply get

2
_znle /(Wn—V) (yH)2dr + 8h2 - /(y1)2V2VdT.
(3.570)

Obviously we understand that when V' has a singularity like —k/r, in
an infinitesimal region A7 around the singularity Py we find

OH11 =

/A W2 V2V dr = drk(y")2(Ry).

The expression for Haa can be obtained from Eq. (3.568) by changing
1 into —¢ in the third term; but, since the third integral is zero, it then
coincides with the expression for 6H;; in Eq. (3.570).

Now calculate 6H12. We have

i * UL *
e = g |[ (4 9) v V) eyt an

= [ o W= V) (o tip) ' dr

7 . ]
= 4m2c2 {/ yl (pr + Zpy) (Wn - V) Dz yl dr

- / yl*pz (Wn - V) (pm +ipy) yl dr
iR / (av+ av> oyt
= a2 )Y 0 dy) 0z
aV ([ oy oyt
5 <8x +1 By )] dr. (3.571)

0Ho1 can be obtained from §Hio by changing ¢ into —¢ only in the
expression under the integral sign, so that we obviously get

§Hao = 6Ho. (3.572)

In the case considered, since y! is real, we get §Hio = dHo1 = 0. We
thus see that the eigenvalues of the perturbation matrix are all the same,
and we simply have

W, = 0H1 = 6Hao. (3.573)

Thus spin doesn’t break the degeneracy of the energy level; however,
the two degenerate levels are shifted by the magnetic field. Note that
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without a magnetic field all the energy levels are at least two-fold de-
generate, and this holds not only in first approximation but is an exact
property. Indeed from a solution of Egs. (3.557)-(3.560) we can obtain
another solution by setting

o= —s vy = U, Wy = g, W = - (3.574)

Since W, is equal to §H11, in absence of magnetic field and degeneracy,
its expression given by Eq. (3.570) is made up of two terms: the first
one represents the relativistic correction, while the second one gives the
correction coming from the spin.

As an example, let us calculate the corrections (in second approxima-
tion) to the energy of the ground state of an atom with atomic number
Z but with only one electron; we have

422
W, = —Z2Rh = —%, (3.575)
y' = ce I = (Fmz/B) VamZ e A (3.576)
5 W2 W2 1 W?
W, = —o—n polin o - n. 3.577
2 mc? me? 2 mc? ( )

the first term in the sum for W, is the relativistic correction, while the
second one is the correction for the spin. Note that relativistic effects
are reduced by a factor 5 due to spin. We can deduce Eq. (3.577) from
the known fine-structure formula
2 72 —1/2
LA , aZ ] ~1, (3.578)
me (n—7—1/2+ /(G +1/2)2 - a222)2

where n is the principal quantum number and o = e?/hc the fine struc-
ture constant. Expanding this formula up to second-order terms and
denoting with W,, = —R hZ?/n? the Balmer term, we find

2n 3\ W2
W =Ww, — - =) —=. 3.579
" (] +1/2 2) mc2 ( )
Since in the case under consideration we have n = 1, j = 1/2, Eq.

(3.577) immediately follows. Note that the (false) relativistic correction
without a spin correction term could be obtained from Eq. (3.578) or
from Eq. (3.579) by replacing j by the azimuthal quantum number k.
In the case that we are considering we would have £ = 0 and then, in

first approximation, 6W,, = —(5/2)W,,/mc?, as already found. Writing
down the Balmer term explicitly, Eq. (3.579) can be cast in the form
R hzZ*  Z%a? 1 3
. - -~ 2)Rh .
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Consider now the case of a central field and let W,, be degenerate only
for the presence of spin, i.e., with a 2k + 1 degeneracy, k > 0 being
the azimuthal quantum number. In first approximation, the degenerate
eigenfunctions will be

gt y(zkﬂ)l, g2y y(QkH)Q,
or, introducing the equatorial quantum number m,
g™,y with m=kk—1,...,—k+1,—k. (3.581)

The perturbation matrix is the sum of two terms, the first of which,
containing only the diagonal elements

_ 2;02 / (Wi — V)2 b5 dr

2
h /<1dv + ldQV)Q/)@ZJ*dT, (3.582)

57_{;711,77’11 - 6Hl

m2,m2 —

4m2c2 r dr 2 dr?

depends on m and is an absolute constant to be added to the eigenvalues
of the second matrix §H”. The elements of this second matrix are

h 1dV
1" v - *
d mlnl — Am2c2 Uz mn / , 7d7‘ ¢¢ dT, (3583)

where u, is the orbital (angular) momentum along the z axis. Analo-
gously,

Hypa = # (—Uy mn + Ug mn) %%@w* dr (3.584)
— # (=15 + 105 ) %%ww*dr = My s
Hpo 1 = ﬁ (—y mn — Uz mn) / %%ww*oﬁ (3.585)
_ # (=45 s = 0% ) [ %%w*dr = 6 o
SH g my = —#uz mn %i—‘:ww* dr. (3.586)

We can assume that the (2k + 1)-dimensional matrices u.,us,u, are
given, up to a factor h, by the matrices R, /i, R, /i, R, /i in Egs. (3.501),
where j is replaced by k. However, to avoid imaginary quantities, we set

R

Uy = hiz = hTZa
7
R
up = —h=Y = -7, (3.587)
R

uy = hT”“ = hT.
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We also write

2
Hoprms = LLTZ—QCQ Qmrins / %%‘; Pop*dr, (3.588)
where the (4k + 2)-dimensional matrix () has the form
Q= ( —TQCTJZr iT, _Tiz_;lTy ) : (3.589)
or explicitly, from Egs. (3.501),
Qmint = Mmn, (3.590)
Qm2n2 = —mmn, (3.591)
Qminz = VEk(k+1)—mnémiin = Qnami, (3.592)
Qmant = Vk(k+1)—mném_1, = Qnime (3.593)

It follows that the matrix @ is built from the 2k + 1 partial matrices
composed of the following rows and columns:
k,1; k—1,1; and k,2; k—2,1; and k-—1,2; ...;
k—nr1; and k—7r+1,2; ...; (3.594)
—k,1; and —-k+1,2; —k,2.

The first and the last partial matrices have only one element, and their

eigenvalue is k. The 2k intermediate matrices (r = 1,2,...,2k) have the
form
k—r VE(k+1) = (k—r)(k—r+1)
VE(k+1)— (k—7r)(k—7r+1) —k+r—1 ’
(3.595)

and their eigenvalues are k and —(k + 1). We then have 2k + 2 eigen-
functions corresponding to the eigenvalue k of ) and 2k eigenfunctions
corresponding to the eigenvalue —(k + 1) of Q). The first group of eigen-
functions is represented by the internal quantum number j = k + 1/2
and the second group by the internal quantum number j = k — 1/2.
The spin thus splits the energy level in two parts, but the degeneracy
remains for both levels since, even in the best case for which & = 1, the
highest energy level has degeneracy 4 while the lowest has degeneracy
2. This is consistent with Eqs. (3.574): All the energy levels are at least
two-fold degenerate in the absence of a magnetic field.
If in Eq. (3.595) we set

1
(=k+g-m (3.596)
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then the matrix takes the form

€—1/2 \/(k+1/2)2_£2
( (k+1/2)% —¢2 —(t41/2) > . (3.597)

The quantity ¢ represents the total (angular) momentum along the z axis,
which is common to the two solutions corresponding to Eq. (3.597).
The eigenfunctions corresponding to j = k + 1/2 are given, in first
approximation by

Wt = 2k+ (,/k+£+ 1/2 ¢V — k—t 4+ 1/2 y€+1/2’2).

(3.598)
On varying ¢ between j (= k+1/2) and —j (= —k — 1/2), we obtain
not only the solutions deriving from matrix (3.595) but also the ones
with | = £(k 4 1/2) deriving from the first and the last matrices in
Eq. (3.594). These extreme solutions, corresponding to an (angular)
momentum along the z axis equal to +(k+1/2), are not included in the
solutions with jo = k — 1/2. These 2jo + 1 = 2k solutions are, instead,
given in first approximation by

w//f — 2k:+ ( /k £+1/2 yf 1/21 /k+£+ 1/2 y£+1/2,2)’

(3.599)
where £ is an integer varying from js to —jo. Notwithstanding the appar-
ent symmetry between Egs. (3.598) and (3.599), we have 2k+2 solutions
of the first kind and 2k of the second. Since y*! and 3°? are defined only
for |s| < k, note that, if we set £ = £(k+1/2) in Eq. (3.599), these rela-
tions do not make sense any more; this does not happen for Eq. (3.598)
because in these relations the Schrodinger eigenfunctions are multiplied
by 0.

From Egs. (3.582) and (3.588), the corrections to the eigenvalue due
to relativistic effects and to the spin are given, in first approximation,
by:

For j =k+1/2:

sW! = — 27;62 /(Wn—V)2 b dr
Forj=k—1/2:

SW 2wlw2 / (W — V)2 oo dr
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2 2
h /(‘kdv N 1dv)¢¢*d7. (3.601)

4m2c? rodr 2 dr?
The splitting of the energy level is, in first approximation:

2k+1)R? r1dv

r dr
or, in terms of the wave number,

k+1Dh [1dV
Tamio / F o v (3.603)

SW! — sW! =

on =

20. CHARACTERS OF D; AND REDUCTION
OF Dj XD; 22

The representations D; of O(3), both unique and double, can be viewed
as (unique) irreducible representations of the group SU(2) of unitary
transformations in two dimensions with determinant equal to 1. In par-
ticular, O(3) itself, considered as equivalent to Dj, is an irreducible
representation of SU(2). The law of this representation is expressed in
Egs. (3.498).

Every element of SU(2) can be reduced, by a unitary transformation,

to diagonal form
e O
( - ) (3.604)

with |e| = 1. The matrix in Eq. (3.604) is an element of SU(2), and since
we can always require the unitary transformation to have determinant
equal to 1, so that it belongs to SU(2), the considered element of our
group is conjugate to the main element (3.604). Now, all the elements
conjugate to the form (3.604) form a class; more precisely, they form
the most general class of conjugate elements with € varying under the
constraint |¢| = 1. Each class is thus characterized by the eigenvalues
e and 1/e of an arbitrary element belonging to it; the order of these
eigenvalues is not determined. The angle w in

e =%, I = W, (3.605)

22@ In modern terminology, the word “character” usually corresponds to “trace.”
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defined apart for its sign, defines a class.

Since the character is a function of the class, we can limit our discus-
sion to the characters of the main elements in the form (3.604).

In the representation D; (with dimension 2j+1 = v+1 of SU(2)) the
matrix associated with the element (3.604) transforms the vector with
components

gTTlU—T‘
ST =9 r=0,1,...,0, (3.606)
ri(v—r)!

into the vectors with components

glr ,'7/1)—7’ B gr nv—r S

V(v —r)! B \/7"!(1)—7“)!6 ’

This matrix is thus diagonal, with elements

r=20,1,...,v. (3.607)

&, r=vv-1,...,0 (3.608)
that is ‘ A A
I (3.609)
The character is then given by
2+l _ —(25+1)

Xi = €7+ 24+ eH =

.61
p—— (3.610)
Let us consider an abstract group and two representations G and G’
of it, the first one of dimension n and the second of dimension n’. To
each element o of the group, there corresponds a matrix S in G acting

on the variables x:

ZL‘; = Z Szkz T, Zak = 1727 ceey N, (3611)
k

and a matrix S’ in G’ acting on the variables y:
Y = > Spems, rms=12,...7. (3.612)
S
The matrices Sx.S” with dimension nn’ are defined as the matrices which
transform the products z;y, into the products x}y... They obviously form

a representation, denoted by SxS’, of the same abstract group. From
Egs. (3.611) and (3.612), we have

iy =Y Sik She Tk s, (3.613)
k,s



300 ETTORE MAJORANA: NOTES ON THEORETICAL PHYSICS

from which we get the explicit definition of the matrices Sx.S’:

(SxS") = Sik Sy (3.614)

ir,ks
On setting k = i and s = r, we obtain the diagonal elements of SxS":

(SxS'). . = SuS.., i=12,n r=12...,n/ (3.615)

irar
from which follows that

X(SxS) = XS XS (3.616)

Let us consider the representations D; XD;- of the group SU(2), the
character of which is given by x;x;. Decomposing D; XD;- into irre-
ducible representations D., we find

XiXj = D Xr- (3.617)

From Eq. (3.610), on multiplying by ¢ — ¢!
(62j + 72 4 4 e—2j) (€2j’+1 _ 6—(2j’+1))

= 3 (@t - ey, (3.618)

23

, we get

Since the first term in Eq. (3.618) can be rewritten as
A2 (25 42)) 1424252 (142§ +25-2)
e At (3.619)

it follows that Eq. (3.618) can be identically satisfied only if the values
of 7 are univocally (i.e., each value can be realized only once) given by

./ Y . . . e el .
g+ +i-1 =g i >,
RO R N 1 P (3.620)

(The second part of rules (3.620) can be derived from obvious symmetry
arguments, since, in Eq. (3.618) and in Eq. (3.619), j and j’ can be
exchanged.)

Note that the main element (3.604) represents a rotation in ordinary
space. On setting

r =cosw, A =shw, p=v=20 (3.621)

23@ Equation (3.619) can be obtained from Eq. (3.618) by multiplying the first term in the
first bracket by the first term in the second bracket and the last one in the first bracket by
the second one in the second bracket, and so on.
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in Eqgs. (3.498), we see that such a rotation is given by

¥ = xcos2w + ysin 2w,
y = —uxsin2w + y cos 2w, (3.622)
Z = 2z,

i.e., we have a rotation along the z axis through an angle —2w.

21. INTENSITY AND SELECTION RULES
FOR A CENTRAL FIELD

Consider an energy level with internal quantum number j, so that it
has spin degeneracy 2j + 1, and let us assume that it has no further
degeneracy. Let us furthermore suppose that a perturbation which is
symmetric along the z axis is acting on the system. Introducing the
magnetic quantum number m (= j,j — 1,...,—j) to label the 2j +
1 independent quantum states, the perturbation matrix W(m,m') is
necessarily diagonal, since the Hermitian form

Z W (m,m')z}, z! ., (3.623)

has to be invariant under rotations around the z-axis (see the previous
section), that is, when we change x,, into

2m g, (3.624)

Ym =
It follows that, in general, this perturbation breaks the degenerate level
into 25 + 1 adjacent levels labeled by the magnetic quantum number.
There also exists another level, with internal quantum number j’, which
is broken by the perturbation into 25’ + 1 levels labeled by the magnetic
quantum number m/. Let ¢ be the electric moment of the atom with
components ¢z, gy, qz:

Gz = —e(x1 + 22+ ...), etc (3.625)

The intensity of the spectral line jm — j'm’ is proportional to the square
of the element (m,m’) of the part of the q matrix

q(m,m’) (3.626)

that corresponds to the transformation R; — Rj. Let us consider a
rotation s acting on the system; a transformation corresponding to s in
the representation D; XD;- acts on the Hermitian form

Z q(m,m’)xk, xl . (3.627)
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On the other hand, under the action of such transformation, the compo-
nents ¢, gy, ¢, from (3.627) must transform as z,y, z under the action
of s; this follows from Eq. (3.625) and expresses the fact that ¢ is a
vector. The quantity in (3.627) is said to be a vector quantity in the
representative space of D; xD} and of D;jxDj; (since the D; represen-
tations are defined except for a (unitary) transformation, D and D; are
equivalent (in a narrow sense)). In turn, the transformation s acting on
Qz, Qy; ¢ is equivalent to D;. The problem of determining the maximum
number of linear independent combinations of such vector quantities can
be answered in terms of a general rule. Let d be a vector quantity, i.e.,
defined by r components:

di = anx + a2 + ... + apx,,
d2 - a21I1 + CLQZ:L‘Q + LI + a2r-73rv (3 628)
dr = anm1 + arx2 + ..+ Ay,

which are linear combinations of m (> r) variables z; and let us consider
two representations of a group g, the first one A being r-dimensional and
irreducible and the second one H being n-dimensional. To each element
o of the group there correspond the matrices

sinh and SinH. (3.629)

If the transformation S acts on the x;, and the d; given by Eq. (3.628)
transform exactly as they do under the action of s, then the vector quan-
tity d is said to be h-covariant. Consider the problem of determining
the maximum number of such covariant quantities that are linearly in-
dependent. To solve this problem, let us adapt the coordinates in the
representative space of H to the decomposition into irreducible repre-
sentations of y and let the irreducible representation h be present k
times. A part (k) of the new variables forms a basis for the irreducible
representations of h:

xt, wd, oo xk 2?23 L 2% L aboak :L‘ff (3.630)
and, eventually, other variables remain on which the remaining irre-
ducible representations act. The components y of a covariant quantity
can be expressed by the formula

y = Alal + A%% + .+ AFdF 4 4 AR (3.631)

where Al, A%, A* are square matrices of dimension k", while the AF*
are matrices with r rows and p; columns, p; being the number of z**!
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variables (xlfH, a:é”, . ,a:’;l“). On these variables an arbitrary inequiv-

alent irreducible representation of h, present in the decomposition of H,
acts. From the definition of a h-covariant quantity, we must have

Alsz! + A%s2® + ...+ AFsal + 4 A 4 = gy
= sAlal + sA%22 + ..+ sAFaF 4 4 AFHlsem L (3.632)

from which, since the z; are arbitrary,

sAY = Als; sA? = A%s; ..., sAF = Aksy L
sARFTL = AR+l (3.633)

From the fundamental theorem on irreducible representations, 24 assum-
ing that s and s’ are inequivalent irreducible representations of the group

g, we deduce that

Al A2 AR are multiples of the unit matrix,

AkFL are zero. (3.634)

It follows that all the h-covariant quantities are linear combinations, k
of which are independent; indeed, since

d; = alx} + CLQ.CL‘? + apz® (3.635)

)

(with constant a), we have

d = ard + oad + ... +a,d", (3.636)
where d¥ (y =1,2,...,k) are the components
dl =z}, y=12,...k i=12,...,r (3.637)

so that they are linearly independent. The number of d7’s is equal to
the number of times the irreducible representation h is contained in H,
and this evidently solves the posed problem.

Going back to the quantity (3.627), which is Dj-covariant in the space
of the representation D;jxDj of the group SU(2), the problem of de-
termining the maximum number of such covariant quantities that are
linearly independent is translated into the problem of determining how

24@ In the original manuscript, there appears a reference: see W. page 124. Most probably
the author refers to p. 124 of Gruppentheorie und Quantenmechanik by H. Weyl (Hirzel,
Leipzig, 1928). For the English version, see p.153 of H. Weyl, The Theory of Groups and
Quantum Mechanics (translation from the 2nd revised German edition) (Dover, New York,
1931).
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many times D; is contained in D;xDj. According to the rule estab-
lished previously, we have a non-vanishing value for quantities such as
those appearing in Eq. (3.627) only in the following three cases:

i=j-1 4 =43#0 4 =j+1, (3.638)
which expresses the selection rules for the internal quantum number.
Note that, when conditions (3.638) are met, the form (3.627) is deter-
mined, except for a constant factor, by arguments based on group the-
ory.2> The selection rules for the magnetic quantum number is simple as
well. The component ¢, has to remain unchanged when a rotation along
the z axis is performed, so that ¢.(m,m’) must be diagonal. On the
other hand, the quantity ¢, + ig, acquires a factor ¢~2 when a rotation
is performed, while g, — ig, acquires a factor €2. In turn, the product
x), ), acquires a factor e~2(m"=m) ynder a rotation, so that the allowed
transitions are (for the convention on the sign of m, see its definition in
terms of j in Sec. 3.16):

for q., m — m,
for g, + igy, m — m + 1, (3.639)
for ¢, — iqy, m — m — 1.

Let us now determine 2% the vector form (3.627), except for a constant
factor, when it is different from zero (according to form (3.627)). To this
end, let us consider the expression

1
Lee (3.610)

which is invariant if a unitary transformation of the group SU(2) acts
on &n and &',n. From Eqgs. (3.497), it follows that = + iy, = — iy and z
transform as né*, n*€, and £€* — nn*, respectively. On the other hand,
a transformation of the group SU(2) can be written as

& =al+pn, m = -0"E+an, (3.641)

from which

§ ="+ 5 m o= =B + an’ (3.642)

25@ In the original manuscript, there is here a reference: see W. page 158. Most probably
the author refers again to Weyl’s book, p.158 (in German) or p.199 (in the Dover edn.).

26@ In the original manuscript, there is here a reference: see W. p. 154. Most probably the
author refers again to Weyl’s book, p.154 ( in German ) or p.197 et seq. (in the Dover edn.)
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or
mo=an +pB(=§), —& = - +a (=€), (3643

so that (&,7n) transform as (n*, —£*). On changing the sign in the first
one of Egs. (3.641), we get

m o= a'n+ (=8, —& = —Bn+a(=9, (3.644)
so that, inversely, from Eqs. (3.642), (£*,n*) transform as (n, —¢). It fol-
lows that (z+1iy, x —iy, 2) transform as (n?, —£2,&n) or (—&*2,n*2, & n*):

T4y ~ 0, x—iy ~ —E2 z ~ &n, (3.645)

iy ~ =% @ —iy ~ =y oz~ Cpt (3.646)
Allowing (¢,7) to transform as (£,7), we also have

T +iy ~ 208 oz —dy ~ 28n*, 2 ~ & —n'nt, (3.647)

r+iy ~ 12 x—iy~ —&% 2~ (3.648)

On multiplying the invariant (3.630) by the right-hand sides of Egs.

(3.646), (3.647), or (3.648), we always obtain the components of a vector

quantity, which transform as x + iy, z — iy, z.
Let us first consider in Eqs. (3.640) the case where k = 25 — 2 = 25/,

corresponding to the first case in (3.638). Let us multiply the invariant
by Egs. (3.646); we then obtain the Hermitian forms

(4z + iqy) (m,m") x5, 2,0,
(Qx - iQy) (ma m/) xin $;71’7 (3649)

q-(m,m’), x} xl
where
gi—mytm
T = m=gj—1,...,—j, (3.650)

VG =m)lG+m)l
/ ‘flj/_m/n/jl+m/ / ro /
Ty = , m=3,3—1,...,—3, (3.651
N T[T M Sy
so that the monomials %,z , transform according to D; xD;,. It follows
that the expressions in Eq. (3.649) are, except for a constant factor, the
components of the vector in Eq. (3.627) for the transition j — j' = j—1.
The product of Eq. (3.640) with the r.h.s.s of Egs. (3.646) yields the
polarization matrices for the transition j — j' = j — 1:

(Qx + Z‘qy) (m7m,) = \/(.7 - m)(] - m/) 5m+1,m’7
(s — iqy) (mom) = /(G +m)G+m) Gnorp,  (3.652)

qz(m,m’) = \/(J +m)(j —m) Om,m? -
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For the second transition in Eq. (3.638), on multiplying Eq. (3.640),
with &k = 25 — 1 = 25/ — 1, by the r.h.s. of (3.647), we obtain, for
=i =i #0,

(gr +igy) (mom) = /(G —m)(+m) Gpprmr
(g5 — iqy) (mym') = \JG+m)G— 1) Sy
QZ(m,m/) = —m 6m,m"

These relations coincide with the ones in Eq. (3.501) for the elementary
rotations —(R;+1Ry)/i, —(Ry—iRy)/i, —R./i in the representation D;.
This is not surprising, since such elementary rotations can be viewed as
corresponding to a vector-type quantity in the space of representations
fj X Dj .

For the last transition in Eq. (3.638), we have to multiply the ex-
pression (3.640) with k = 25 = 25’ — 2 by the right-hand sides of Egs.
(3.648); we find, for j — j' = j + 1

(QCL’ + iQy) (m7 m/) = \/(] +m+ 1)(] +m’ 4 1) 5m+1,m’7
(@ = i) (mm) = =G =m+ DG —m 1) b
mm’) = \JGEmE DG —m+1) S

We notice that the selection rules (3.639) for the magnetic quantum
number are satisfied. Extending SO(3) to O(3) with the inclusion of the
improper rotations, we have two kinds of irreducible representations, D;-r

and Dj_. A polar vector, such as the electric moment, is Dj_—covariant
and, in its matrix, the components corresponding to the intersection of
two irreducible spaces, Rj and Rj/ or R; and R;, are missing. We thus
have the selection rule for the signature: Only the transitions j — —j
and +j are allowed. The scalar wave theory applied to the electron
gives only the unique irreducible representations (with integer j) for the
group O(3) and, from symmetry properties of the spherical functions,
the signature is +1 for even j and —1 for odd j; then the selection rule
for the signature excludes the transition j — j’ = j. However, in the
presence of spin this restriction is relaxed; to be precise, this restriction
remains (although it is an approximation) but it applies to the orbital
(angular) momentum k rather than to the internal quantum number.
Thus the (approximate) selection rules to be added to Eq. (3.638) are
the following:

E— KEk+1, k — KE-1 (3.653)
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22.  THE ANOMALOUS ZEEMAN EFFECT
(ACCORDING TO THE DIRAC
THEORY) '

Let us turn to the Dirac equations (3.557)-(3.560) and their approxi-
mate solutions for a given eigenvalue of the Schrodinger equation (3.562),
(3.563). We again consider the case of a central field and furthermore
assume a constant magnetic field along the z axis. With reference to Eq.
(3.566), we calculated only the field-independent part of the perturba-
tion matrix, which is the sum of the constant diagonal term éH’ in Eq.
(3.582) and of the matrix

h? av
5 " _ / —-1>" *
T 4m2c? @fr dr vy dr,
where @ is given by Egs. (3.590)-(3.593). Let us evaluate the matrix

By si in Eq. (3.566); we find

Brs1 = Ime (r + 1) ops, (3.654)
eh

Broso = Ime (r — 1) oy, (3.655)

Brl,sZ = Br2,sl = 0. (3656)

The problem is then to diagonalize §H” + H B or, setting
2emcH

€ = , (3.657)
h / r=H(dV/dr) pap* dr
eh
B = T .
2 L (3.658)
so that, from Eqs. (3.654)-(3.656),
Trl,sl = (T + 1) 67”57
Trose = (r — 1) ops, (3.659)
Trl,s? = Tr?,sl = 0,
to diagonalize the matrix
h? 1dv |,

27See Sec. 3.19.
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or, simply,
Q+eT =8 (3.661)

From Eq. (3.590)-(3.593) and (3.659) we get

Sm17m11 = (m +em + 6) 577177’7/7 (3662)
Sm2,m’2 = (_ m+ em — E) 5mm’a (3663)
Smim2 = \/k(k +1) —mm/ dm1, (3.664)
Sm2,m’1 = \/k(k + 1) —mm/ 5m71,m/- (3665)

The matrix S can be decomposed into 2k + 2 submatrices, the first and
the last of which consist of only one element, while the other matrices
are 2x2 matrices, precisely as the matrix @ in Eq. (3.594). In fact,
the term €T" does not alter the decomposition property of @, since it is
diagonal with a suitable choice of the coordinates. The first sub-matrix,
possessing only the k1, k1 element, has the eigenvalue

1
klLkl: k+e(k+1), €:k+§. (3.666)
The last sub-matrix, with the single element —k2, —k2, has the eigen-

value

1
—k2,—-k2: k—e(k+1), Zz—k—i. (3.667)
The other 2k square sub-matrices can be labeled, as done for @ (see
Eqgs. (3.596) and (3.597)), by the total (angular) momentum ¢ along the
z-axis ({ =k —1/2,k—3/2,...,—k +1/2). They have the form

C—1/24+€(l+1/2) V(kE+1/2)2 - 72
( V(k+1/2)? - 2 —(€+1/2)+e(5_1/2)>' (3.668)

The eigenvalues of Eq. (3.668) are

e <k:+1)2+ (v le (3.669)
9 € B € 46. .

Taking the factor of @ + €I’ = S in Eq. (3.660) as the energy unit,
and the corresponding frequency as defined by the Einstein law 28 as
the frequency unit, the separation of the doublet (which is present when

28This is more widely known as the Planck law E = hv.
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the field is turned off) is 2k + 1 and the Larmor frequency is e. Then,
for € << 2k + 1, the formulae for the weak-field limit apply, while for
e >> 2k + 1 we have the strong-field limit (Paschen-Back effect). Let
us assume that e is small and expand the eigenvalues to first-order in
e. The eigenvalues given by Eqs. (3.666) and (3.667) are already (and
exactly) of the first-order in e; for the eigenvalues (3.669) we instead
have, depending on the sign in front of the square root,

%h+2 L 242
k+6£2k+1 = k+egt g = %1 (3.670)

2k " 7 2k
—k — = = . 671
k 1+6£2k+1 k+eg't, ST (3.671)

The eigenvalue of the first kind, as well as the eigenvalues (3.666) and
(3.667), correspond to the internal quantum number j = k + 1/2 for
H — 0. In fact, the eigenvalues (3.666) and (3.667) can be cast in the
form (3.670) with £ = k+1/2 and £ = —k — 1/2 (with the same value of
g'), respectively. We can thus write the following general formulae for
the weak-field limit:

j =k+ %
eigenvalues: k + eg' /¢ (3.672)
1 1 1
(€ - k+§, k_§7 ey —k_2)7
]::k—%
eigenvalues: — k — 1+ eg”? (3.673)
1 3 1
(Ezk—Q,h—T.“,—k+2)

The separation constants g’ and ¢” given in Egs. (3.670) and (3.671)
can then be expressed by the single formula
241

_ 674
9= oky1 (3.674)

and we always have

/

Jg >1 ¢ <1, ¢ + 4" =2 (3.675)
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For example, for k = 1 we get ¢’ = 4/3, ¢” = 2/3. We also have a general
expression for ¢’ and ¢” holding for an arbitrary number of electrons:

j(j+1)+5(5+1)—k(k+1).

g =1+ 250 1) (3.676)
In fact, from (3.676),
oy, (R 2(k43/2) +3/4 k(k+1)
g = 2k + 1)(k + 3/2)
2%k + 2
= (3.677)
vy, (B 12)(E+1/2) +3/4— k(k+1)
gz 2k —1/2)(k +1/2)
2k
= (3.678)

which coincide with the expressions in Eqgs. (3.670) and (3.671).

Let us now consider the other limiting case ¢ — oco. The eigenvalues
of S are infinities of the first-order; we will expand them up to terms
which do not depend on e. Even now the two eigenvalues (3.666) and
(3.667) are exactly expressed by their expansion up to the second term.
For the eigenvalues in Eq. (3.669), we have, depending on the sign in
front of the square root:

(E 4 ) et 01 (3.679)

(e (04 }) o

The eigenvalue (3.666) belongs to the class of Eq. (3.679), while the one
in Eq. (3.667) belongs to that of Eq. (3.680), so that, summing up, we
have two sets of eigenvalues, each with 2k + 1 elements:

1 1
- - = .681
(z+2)e+e - (3.681)
(for 0=k+1/2, k—1/2, ..., —k+1/2),
1 1
(E - 2) € — (E + 2) (3.682)
(for { =k—1/2, k—3/2, ..., —k—1/2). In the limiting case we have

approximately no transition between different eigenvalues, since the first
kind of eigenvalue corresponds to the electron “spin” oriented along the
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field, while the second kind correspond to the “spin” oriented along the
opposite direction of the field. From this, the Zeeman effect (Paschen-
Back effect) follows. Since for large e the second term in Eq. (3.661) is
the largest one and 7T is diagonal as well as (although approximately)
the orbital (angular) momentum along the z-axis, it follows that in first
approximation both ¢ and the orbital (angular) momentum m are con-
stant. Labelling the eigenvalues according to m, in place of Eqgs. (3.681)
and (3.682) we now have:

m+1)e+m, m==%k k-1, ..., —k;  (3.683)
(m—-—1)e—-—m, m==%k k-1, ..., —k. (3.684)

The sum of the eigenvalues is equal to the sum of the diagonal terms of
S, so that this quantity is always vanishing.

In Fig. 3.2 we show the transition from the anomalous Zeeman effect
to the Paschen-Back effect for k = 1. 2° In the limiting case, for strong
fields, the distance between the energy levels corresponding to the first
kind of eigenvalues is € + 1, € being the Larmor frequency in units such
that 2k + 1 is the separation of the doublet, while the distance between
the energy levels of the second kind is € — 1.

23. COMPLETE SETS OF FIRST-ORDER
DIFFERENTIAL EQUATIONS?°

Let Ay, As,..., Aj,..., A, be linear homogeneous differential operators
of 2n variables:
2n 8
Aj = h 3.685
J kgl a; Oz, ( )
where af are functions of x1,x9,...,292,. The problem is to find the

common solutions of the following set of equations:

Ajy =0, j=12,...,r (3.686)

29@ Figure 3.2 reproduces qualitatively the scheme reported in the original manuscript. We
remark the fact that the analysis made in the text apply only to the weak field limit (e < 1)
and to the strong field limit (e > 1). The intermediate region has to be studied by solving
the Dirac equation without approximations (which can only be done numerically). It is
interesting that the author also reports the spectra for the intermediate region in the figure.
30@ In the original manuscript, there is here a reference: see Franck, Physikal. 15, April
1929. Most probably the author refers to the following paper (in German): Philipp Franck,
Phys. Z. 30 (8), 209 (15 April 1929).
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€=1.0

e=15

€=20

£€=3.0

€=4.0

Fig. 3.2. Transition from the anomalous Zeeman effect to the Paschen-Back effect

for k = 1; note that for ¢ = 3 we have ¢ = 2k + 1.
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Let us assume that Aj; are linearly independent (but, in general, the
coefficients of the linear combinations are z-dependent), so that we nec-
essarily have r < 2n. From Eq. (3.686), we can deduce other linear
homogeneous differential equations that y must obey:

Let us first apply the operator A; and then the operator A; to y and
vice-versa; from Eq. (3.686) we obtain:

(Aj Aj/ - Aj/ A]) Yy = 0. (3687)

On setting
Bjj’ = Aj Aj/ — Aj/ A]'; Bjj’y = 0, (3688)

from Eq. (3.685) we get

By = (Z aj m) (Z aj axk,>

k=1 E=1
2n
g 0 )
> aj > q
3’ J
(k/ 1 axk’) (kl Oz,
2 k
_ Z ak akl, a k: 8%/ a
3 Y J
k! 8mk8xk/ k! oxy, 83;;4
2 k
B ST 7 P P
Y 70 Oz Oxy, e a5 Oz Oxy
, Oa, , Oa¥ o
= Z af 2 gk ) 2
m T Oz 7 Qx| Oxy,

(4jaf — 40 )66— Zﬂa (3.689)

where
b, = Ajab — Ay dl. (3.690)
It follows that Eq. (3.687) can be cast in the form
¥,
Bjpy = > bk, ¥ = O (3.691)
k

which is again an equation of the kind (3.686), that y must obey. By
using the same procedure for each pair of operators A; and Aj; and
then for each pair of operators A, B and B, B’, we obtain new linear
differential equations that y must obey. However, taking into account
only the linearly independent equations, the number of which must be
< 2n, we see that there comes a point where the procedure does not
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give new equations anymore. The set of linear differential equations thus
obtained is then said to be complete.

Let us assume, for simplicity, that the set (3.686) is already complete;
the conditions for this to happen are

AjAj — ApAj = dia A, (3.692)

where ¢ are z-dependent functions. There is a theorem 3! according to

which the complete set (3.686) has exactly 2n —r independent solutions.
All the possible solutions are thus arbitrary functions of the above 2n—1r
Poisson brackets. Let us divide the independent variables x1, zs, ... into
two groups denoted by

q1, 492, ..., 4n, P1, P2, ---, Pn- (3693)

Let F' and G be two arbitrary functions of ¢ and p; we then define the
Poisson bracket of F' and G to be the expression

" (OF 0G oF 0G
F. = —_— - — . .694
£ ¢ ; (3%‘ opi  Opi 3%’) (3.694)
The following properties hold:
[F, Gl = — [G, F], |[F, F] =0, (3.695)

From Egs. (3.696) it follows that Eq. (3.694) can be also written as
o(F,G)

F = —— T sl .
P.6) = ¥ s b o (3.697
where
rr =4q, T2 =42, ..., ITpn = (gn, (3 698)
Ip+1 = P1, .-, I2n = Pn- '

In Eq. (3.697) the sum can be extended over each pair of indices for
which s < r, since the result is the same; the important thing is, evi-
dently, that each pair of variables x, and xs; appears only once in the
sum, albeit with an arbitrary order. Let us assume that G is given; then
[F,G] can be regarded as the result of an operation performed on F'.

31@ In the original manuscript, there is here a reference: see for example Goursat, Vorlesun-
gen tber die Integration.... However, it is not clear to what paper the author refers.
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This operation has some properties similar to those of the derivation; in
fact, if F'is a function of f, then the following rule holds:

dF

F = — ; .

[F, G] i [f,Gl; (3.699)
and, more generally, if I’ is a function of a functions fi, fa,..., f4, the
rule

2 dF
[F.G] = def, [fi, G (3.700)
i=1 71

obtains, which is the analog of the derivation rule for the composite
functions.

Equation (3.697) has several generalizations, one of which leads to Eq.
(3.700) as a particular case. Let us assume that F' and G are functions
of b functions depending on the coordinates g¢i1,go,...,g95. From Eq.
(3.694) it follows that

[F,G] = Z; m [9r, 9s], (3.701)

from which Egs. (3.697) and (3.700) can be deduced as particular cases.
For example, to obtain Eq. (3.700), it is sufficient to set b = a + 1,
fi=g1,f2=92, s fa=Ga, FF = F(91,92,---,9a), G = fo.

Given three functions F, G, H depending on the coordinates, the fol-
lowing Jacobi identity holds:

[F,[G, H]] + [G,[H, F]] + [H,[F,G]] = 0. (3.702)
We also note the following rule that stems from Eq. (3.700):
[ab,F] = a [b,F] + b [a, F]. (3.703)

Two functions f and g are said to be “involute” if [f,g] = 0; more in
general, several functions are called involute when each pair of functions
is involute. From this definition, it then follows that the ¢ coordinates
are involuted between them, and the same applies to the p coordinates.
By contrast, f and g are “conjugate” if [f, g] = 1; thus, in particular, g;
and p; are conjugate.

Let F1, F5, ..., F,. be r functions that depend on the coordinates; the
problem is to find the functions that are involuted with all the given F'.
Let g be a solution (if it exists) of our problem; the following equations
then hold:

9, 1] = [9,F] = ... = |9, F5] = 0. (3.704)
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In the particular case »r = 1 and Fy; = H, our problem reduces to the
general problem of classical mechanics, consisting of the search of the
integrals of motion for a mechanical system described by the Hamiltonian
H. In fact, the relation [g, H] = 0 expresses exactly the fact that g is
a constant of motion when the Hamilton equations are satisfied. In this
particular case, we have 2n functions (¢ and p) of time that satisfy 2n
ordinary first-order differential equations, and thus there are 2n arbitrary
constants to fix the initial values of the ¢ and the p coordinates; then
there will be 2n independent functions satisfying the relation [g, H] = 0.
Let us return to the general case (3.704). The jth equation in Eq.
(3.704) is
O0F; Og OF; Og o oa
21-: Ipi 0g; XZ: 9q; Op; 49 =0, (3.705)

where A; is a first-order homogeneous linear differential operator. By
varying j from 1 to r, we obtain a set of r equations. The question
is: What conditions must F satisfy for the set to be complete? It is
sufficient to substitute the expression for A; in Eq. (3.692). From Egs.
(3.688) and (3.689) it follows that

6(?93 [F5, Fye] = XT: i Zﬁ:’
(3.706)
Bl = =Y G
or, written as a single vector equation:
V [Fj,Fp] = =)y VF,. (3.707)
T

Since ¢, are arbitrary functions of the coordinates, from Eq. (3.707)
it follows that, considering a subspace with 2n — r dimensions in which
all the functions F' are constants, all the Poisson brackets [Fj, F}] are
constant as well, so that they are functions of F' themselves:

[Fj,Fy] = fiy (F\, Fa,... Fy). (3.708)

The set of differential equations (3.704) is then complete if Eq. (3.708)
are satisfied. It then has exactly 2n — r independent solutions. Then,
the r functions Fi, Fs,..., F,, satisfying Eq. (3.708), form a basis in
the group of all the functions of F. From Egs. (3.701) and (3.708)
it follows that the Poisson brackets of two functions belonging to this
group belongs itself to the group.
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Note that also the 2n — r solutions of Egs. (3.704) with (3.708) form
a group, that is they satisfy equations similar to Eqs. (3.708). As a
particular case, we then have the known theorem according to which,
for a given mechanical problem, the Poisson bracket of two integrals of
motion is itself an integral of motion.
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1. CONNECTION BETWEEN THE
SUSCEPTIBILITY AND THE ELECTRIC
MOMENT OF AN ATOM IN ITS GROUND
STATE

Let us consider an atom with n electrons in the ground state, which we
will assume is an s level described by the eigenfunction g corresponding
to the eigenvalue Ey. The component of the electric moment along the
z axis is given by

M= —-ezn1+2+ ...+ z,) = —ez, (4.1)

with z = z1+22+. . .4+ 2,. An electric field of intensity F acting along the
z axis induces a perturbation of the atom that depends on the potential
EM = H. Assuming that the ground state is not degenerate or, more
precisely, that no p levels correspond to the eigenvalue Fy, the element
Moo of the perturbation matrix certainly vanishes. Consequently, for
weak fields the variation of the eigenvalue is given by the second-order
formula

0By = i IMol® i 2 1l (4.2)
T Eo — Ej T Ey — By’
where
2’1/}0 = Z Zk wk (4.3)

k
However, if « is the atomic electric susceptibility, the variation of the
energy is given, to first approximation, by

1
SEy = — §E2a, (4.4)
from which, on comparison with Eq. (4.2),

2
2 Clal®
a = 2e Z B, By’ (4.5)

319
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Moreover, from (4.3), we deduce
S Jaf? = /zzwng 3 (4.6)

The number of dispersion electrons f = n (from a known theorem) is
given by !

= > ( (2m/h?)(E) — Ep) |2 (4.7)
1

Let us consider the expressions

h?
A = Ex — Eo) a2 = 22
; (Ex — Eo) |2k] sy
B = YluP =2, (48)
k
% Ek—EO 262' .

We necessarily have
B < VAC (4.10)
(the equality sign holding only in the not realistic case in which zj is

different from zero only for one given value of Ej — Ep), that is,

nah? naag
4me? 2

(4.11)

where ag = h?/me? is the Bohr radius of the ground state orbit of the
hydrogen atom. As long as we assume that the differences £y, — Ey in
the most relevant terms of the expressions A, B, C' take nearly the same
value (as happens for H- and He-like atoms but not for Li-like atoms),
the relation (4.11) can be cast in the form

2 <Y ”20‘“0. (4.12)

N

For hydrogen, we have n = 1; from the Stark effect we deduce that « is
approximately given by 4.5a3, so that

22 < 1.06a3 (4.13)

1@ In the original manuscript, the old notation h/2m instead of % is used..
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(however, a direct calculation gives 22 = a2).
For helium, we have n = 2 and « ~ 1.44a} (this can be deduced from
the value of the dielectric constant), so that

22 < 0.85a2. (4.14)

Since the ground state of the helium atom is known with a good accuracy,
we could evaluate 22 directly. Here we shall only make a rough estimate
of this quantity from the known eigenfunction

27 21 + 2o
¢ exp 16 o .

This corresponds to the independent motion of the two electrons, so
that 22 = 27 + 23, while we would have 22 < z{ + 23; however, this
eigenfunction also gives values for z? and z? that certainly are lower
that the true values; so, since the two errors of approximation go in
opposite directions, we can presume a good accuracy in our estimation

of z2. We find

o) 16\ , 2
22 =2 37 ) @ = 0.70 ag, (4.15)

confirming (4.12). Obviously, this approximation is not as accurate as
it is for the hydrogen atom.
Finally, let us consider an He-like atom with infinite z. We have

o = 2-45a3/7% = 9a3/7*
(the value a = 1.44a} for helium follows from this formula if we put
Z* =1.58) and, from (4.12),

22 < =22 =1.06-2 (4.16)

while the direct calculation gives 22 = 2a2/Z2.
The error of (4.12) for helium thus turns out to be equal to that for
hydrogen.?

2@ In the original manuscript, this paragraph ends with the following remark: “A more
accurate estimate of z2 would probably reduce the error for helium which, however, must
be appreciably greater than the one for the limiting case z = co. This happens because in
helium the two electrons must jump jointly from one level to another due to their independent
motions; this makes the range of values for Ey — Eg wider.” This note is followed by a question
mark, reflecting the unclear meaning of his assertion.
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2. IONIZATION PROBABILITY FOR A
HYDROGEN ATOM IN AN ELECTRIC
FIELD

Let us consider a hydrogen-like atom of charge Z. Using electronic units
(i.e. e =1, h = 1, first Bohr radius ap = 1; and energy unit €?/ag =
2Ry), the electron eigenfunction satisfies the differential equation

Vi + 2<E + f) Y = 0. (4.17)

On introducing an electric field F' in the direction of the x axis, Eq.
(4.17) becomes

Z
V2¢+2(E+Fx>¢:o. (4.18)
r
Let us adopt the parabolic coordinates

E=r+z, n=r—x tang = —

(4.19)
1
r= le-m). v = VEncoso, == VEysino.
We find
2, - Wy 0 o 8w
VI = eV G Vi R
81& 81/1
+ 5ez Vef? + Vnl* + (%2 \V¢| (4.20)
&y s s |
+2 D€ VE-Vn +28§8¢V€ V¢5+288¢V77-V¢,
and, since
2, _ 3 2 3 2,
V 5 - 2’ V n = 27 V d) - 0,
2 2§ 2 _ 21 2 _ 1
‘Vf‘ - 7'7 ’Vn’ - 7’7 ‘V¢‘ - 7,2_3;27

VE-Vn =0, VEVe =0, V-Vo =

we get

by L 2[00 00 P P 9%
V‘”—r<a£++fa§2 Tor T apE—amyagr ) 7Y
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On setting .
Y = eMPy(En) (4.22)
and substituting in Eq. (4.17), we find

0%y Y 0%y Oy m?
56752+87§+n72 %—@(E+U)y+§(§+n)Ey
+Zy—z(§2—n)y = 0. (4.23)

If we then use the separation of variables

y = P()Qn), (4.24)
we obtain 3
1
§P”+P’——P+2§EP+ (Z+)\)P——§2P_0
/! g 1 1 E .
nQ" + Q - Q+277 Q+ 3 (Z—/\)Q+477Q—0-
(4.25)
Equations (4.25) are self-adjoint; they can be written in the simple form:
1 m? 1 Z4+\ F
P// 7P, 0 - == _ - P _
TP et g 2 ¢ 0,
1 21 Z-\ F (4.26)
7 / m -
- - E+2 242 = 0.
Q"+ @+ |-t 3E+ +4n>Q

The ground state is characterized by m = 0 and by the absence of nodal
points in P and @. On setting

F = 2¢ (4.27)

for weak fields (e denotes a small quantity), we thus have

1 Z
Lo 1 72 (4.28)
Q" + — Q—i— E+ —+en)Q =0
n n
Let us put:
P = ue V7ER2E = ye VTE/2N (4.29)

3@ Note that X is an arbitrary parameter.
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The first equation in (4.28) becomes

|E
" ;1 E ZHA-2 2 €
uwAtu |- =2 | +u ——55 = 0, (4.30)

§ 2 26

while an analogous equation, derived from the second relation in Eq.
(4.28), is obtained by replacing u and & with v and 7, respectively, and
by changing the signs of A and €. In the following we will focus only
on the above equation; similar considerations will be true if we perform
the mentioned replacements. For the ground state, if we switch off the
field (e = 0), we have A = 0, E = —Z2/2, and v = 1 (except for a
normalization factor). When the field is non-zero, we set

w=1+a1é&+ aé® + a3 + ...; (4.31)

and, from (4.30), the coefficients will be determined from the relation

0 = # (20~ V)VTIE — (Z4X)] a4 gg s (432)
However, we can no longer require that uw be a finite polynomial; in the
presence of an electric field, strictly stationary discrete states do not
exist. Thus, we have to use a method of iterative approximations in
which u is a finite polynomial except for terms that go to zero with €
more rapidly than ¢”. This means that we neglect quantities that become
appreciable at larger distances from the nucleus as long as € decreases.
We then set

an = a® + eal) + 2a? + S 4., (4.33)
and the order at which each series ¢ for the constants ag) terminates,
depends on n. Thus for the constants a(?) we have

al =1, o¥ =) = .. =40 =0, (4.34)
We also put
A= e+ EXFEN+ (4.35)
—2E = Z 4 €ki + Eky + ks + ... (4.36)
Note that, since ag = a(()o) =1, for r > 1 we would have

al’ =0, r>1. (4.37)
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By substituting the above relations in (4.32) for the e-independent part,
we find

n—1
W = ——Zay, (4.38)

which satisfies Eq. (4.34). Furthermore, keeping first-order terms, we
get the relation

o -k — Mla®, +—a9, (439
n—1 n—3

-1
a$}) _ 3 Zag_)l-l-

n 2n2 2n2

Requiring that the series of constant aM) terminates at a certain point,

we deduce that agl) = 0; we then obtain identically agler = 0. On the

other hand, we have

al’) = o0, 4.40)
af = %(lﬁ—h), (4.41)
af! = é(kl—)\l)Z, (4.42)
al’) = %22 % -0, (4.43)
from which we get
ki — M +2/2% = 0. (4.44)

In order to deduce the analogous relations for the function v in (4.29),
A and e have to change sign (as discussed above), while /—2F stays
constant. This means that we have to change the sign of k; (or ay) if
1 is odd while we have to preserve its sign if ¢ is even; furthermore, we
have to change the sign of \; if ¢ is even while preserving it if ¢ is odd.
In addition to (4.44), we then have the relation

2
—k =Mt =0, (4.45)

from which we infer that

K1 = 0, )\1 = —=5 aq = — =5 Qo = — —. (4.46)
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Thus, to first approximation, we find

1 1
= 1 - — Sy
U 6(22§+4Z§),

_ P
v o= 1—6<Z2£+4Z£), 47

—2F = Z + ¢€-0,

A = F=2e¢

725
Note that the third equation (4.47) expresses the fact that, to first-
order, there is no Stark effect for the ground state. Let us now consider
second-order terms; by equating the terms with €2 in Eq. (4.32), we get

n—1 1
a = Zd?, + 5 [2n=1) k1 — ] al))  (4.48)
0 I @
+g3 (20 =1) k2 = Ao ), + 572 apls.  (4.49)

For the series a(?) to be finite, it is simple to show that we must have

a?) = 0, from which it follows that aé%zr = 0. From Eqgs. (4.34), (4.37),
and (4.47), we have

a? = o0, (4.50)
af? = %(7@—/\2), (4.51)
agQ) _ kz;)\z 7 4 4;47 (4.52)
oo, L L

— ""23_6& z? + % (4.53)
o’ = leg;Q Z 4 641Z2 - 32122

— ’”1;;2 z3 — 64%, (4.54)
= et ez o

_ g 3 (4.55)

1200 4002
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from which 9
— - — = 0. 4.
R R e (4.56)

However, a relation similar to (4.56), in which the sign of ks is preserved
and that of Ay is reversed, holds:

ka + Ao — 9/25 = 0, (4.57)
so that
Ao = 0, ko = 9/25, (4.58)
and
@ _ 9 2 _ 11 2 _ 1 2 _ 1
al = ﬁ, CLQ = 8?, a3 - @, al - 32Z2 (459)

The results obtained to second-order can then be summarized in the
following equations:

1 1,

9 11
2 2
T (8255 + 32Z4§ +

1 1
= 14+ F(—p+ —n?
v + <2Z?’7+82")

1 3 1 4
7S szt )

+Fe <892577 * 321;4 T 12123 U 12522 774) » (4.60)
—2F = Z 4 F? %,
E = —%ZZ — %F%
A= % F + 0F>.
From Egs. (4.24) and (4.29), to second order, the complete eigenfunction
is
v=ew{-(2+ 55 7) S g vl (4.61)

where v and v are given by Egs. (4.60). Using rectangular coordinates
and neglecting third-order terms in F', we have

9 1 1
= expli— (2 + 2 F? 1 - F (= il
(G ep{ < + 175 >7’} [ < 2x—|— 5 mc)

L 92
+ wrm)} (4.62)
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It is useful, also, to expand % in spherical functions. Denoting by 6

the angle between the position vector r and the x axis, we find (see the
next section)

P = exp{— (Z + 4925F2> r}

1+ F? 9T+3T2+T‘3+T4
475 474 473 2472

r 72
—-F <Z2 + 22) P (cos 0)

2 3 4
+F2<5T LA )PQ(COS 9)1, (4.63)

X

874 1273 1222

or, neglecting third-order terms,

3r2 r3 r4
1+ F?
+ <4Z4 + 473 + 24772

r 72
“FlL 4+ )p
(ZQ+2Z> 1 (cos 0)

5T2 5r3 T4
+ 2 <8Z4 + 273 + 1222> Py(cos 9)1 (4.64)

w — e—Zr

It is also simple (see the next section) to obtain an expression for 12 to

second-order in F":
14 F? <11r2 5r3 rt )

2 —27r
Vo= e 62¢ T 623 T 622

2r r?
-F <Z2 + Z) Py (cos 0)

2 3 4
+ F? <23T 5 r 2) Ps(cos 0)] . (4.65)

1224 + 273 * 3Z



VOLUMETTO IV

3. EXPANSION OF LEGENDRE
POLYNOMIALS IN THE INTERVAL
—1<z<14

8 4 1
— P - P - P,
35 4+7 2+5 0,

> 2" (2n—4da+ 1)

2a<n

(n —a)ln!

al(2n —2a+1)!

4. MULTIPLICATION RULES FOR
LEGENDRE POLYNOMIALS

We have °

4See Sec. 1.42.

Pn_ga (37)
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5@ In the original manuscript, the explicit form of the products PaP3, PoPsy, P3Py, P3Py,
P3P3, P3Py, PyP1, PyP>, PyP3, P1P, are not reported. They are

PP, = PPy = 2p 4+ ip 1 10p
2173 - 32735 1 15 3 21 59
PP, = PPy= 2P+ p 4+ Sp
214 = 42772 774 11 65
P3Py = PP,

1 4 18 100
P3Py = —Po4 —Py+ —Py+ — Pg,
3173 7o—i—21 2+77 4+2316

4 2 20 175

P3Py = PPy = — P+ —Py+ —p;=2p,.
3 Py 1 P3 21 1+11 3+91 5429 7

1 100 162 20 490
P4Py = —-Py+-—FP Py 4+ = Ps + —— Ps.
4 9 0T 6oz 2 T g5 4 T 9" 6 T 125778
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Po Py P Ps Py
P | P P Py Ps Py
1 2 2 3 3 4 4 5
P P, - P, - P - P - P =P - P — P — P,
1 1 30 + 32 50 + 515 72 + 7 3 + i
2 3 1 2 18
P | Py SP+°P; P+ 2P+ ——P PP, PP,
2 2 5h + RERERL + 72 + 3574 23 2 4
P | P P3Py P3P P3P P3Py
Py | Py PP PyP PyPs3 PyPy

5. GREEN FUNCTIONS FOR THE
DIFFERENTIAL EQUATION

y' +(2/x—1)y+o(x) =0

The differential equation

2
v+ (5 -1)y = -6 (4.66)
with boundary conditions
y(0) = y(o0) =0, (4.67)

has solutions in the interval [0,00) only if —¢(x) is orthogonal to the
solution y of the homogeneous equation

2
X”+<—1>X=0,
x

with boundary conditions analogous to (4.67). A non-vanishing (nor-
malized) solution of (4.68) is

X = 2ze " (4.69)

(4.68)

Then it follows that, if ¢(z) is an arbitrary continuous function, the
differential equation

2 o)
y" + ( - 1) y = —o(x) + 4me_x/ d(x)ze dz  (4.70)
x 0
has solutions satisfying the boundary conditions (4.67). We can set

y@) = [ G966 de (4.71)
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Both y and G(z,&) (viewed as functions of z for each value of &) are
defined apart from a function proportional to x. We resolve this ambi-
guity by choosing G (and then y) to be orthogonal to x. In this way, the
Green function G(z,€) is necessarily symmetric in z and £. If we define

d2 2
L = — — —1 4.72
5 (m ) (4.72)

the Green function is seen to satisfy the differential equation
LG(z,8) = 4ve ®fe™S, (4.73)

and its first derivative must have a singularity for x = £ in such a way
that

d d
[dx G(z,€) o — [d:c G(a:,{)L:gO = —1. (4.74)
Let us set
G(z,8) = 4¢e™*p(z,¢) (4.75)

and consider, for the moment, p as a function of z for constant £. From
Eq. (4.73), we have
Lp = ze™™. (4.76)

The general solution of Eq. (4.76) is obtained by adding a particu-
lar solution of it to the general solution of the associated homogeneous
equation

Lp = 0. (4.77)

On the other hand, the general solution of Eq. (4.76) is a linear com-
bination of two independent solutions, one of which is y defined in Eq.
(4.69); the other is, as well known,

d 2x
X1 = X —f = —e" + 2xe " / Y dr (4.78)
X x

or, since we can arbitrarily fix the lower limit of the integral,

T 2T 1
X1 = 2xe_’”/ ° dz + 2zxe ¥ log x — e”. (4.79)
0 x

A particular solution of Eq. (4.76), the one that vanishes for x = 0 along
with its first derivative, is

1 T g2z _ q 1 1 1 1
Po = §xe_z/0 ¢ dr — -e* + <4 + 535‘ - 2562) e ". (4.80)
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It follows from Eq. (4.75) that the Green function can be cast in the
form

G(x,6) = 4€e  po(z) + ai() x(x) + bi(&)xi(x), (4.81)

where the index i takes the value 1 for z < £ and the value 2 for x > &, so
that the problem is reduced to determining the quantities a; (&), b1(&),
az(§), b2(€) which are constant with respect to x. These are deter-
mined by the boundary conditions G = 0 for x = 0 and x = oo, by the
discontinuity condition (4.74) for x = £, and by the orthogonality condi-
tion between the Green function and the solution y of the homogeneous
equation satisfying the boundary conditions. The condition G(0,&) =0
implies that

by = 0. (4.82)

The condition G(o0, &) = 0 is satisfied when
by = —Ee b, (4.83)

From the condition (4.74), it follows that

(a1 — a2) X'(§) + (b1 — b2) X1(§) = 1, (4.84)
that is, taking into account Eqs. (4.82) and (4.83),
_exi(§) 1
as = a1 + &e € — ; 4.85
GG (4:59)
and, performing the calculation, we get
€ 2 _1q 3
az = a1 + {e_g/ ¢ ¢ dé + e Clog € — %. (4.86)
0

In terms of the function a; - yet to be determined - we have the follow-
ing expressions for the Green function for z < £ and = > £, respectively:

G(z,§) = ¢et lQCEe_Z /J»‘ ehm_lda: — e
0
+ (1 + 2x — 23)2) e_ﬂ
+ 2a1(§we™, < f; (4.87)

(fzge—f / dg — e5>

+ £t (1 + 2x — 2:132) +26eCze® (log &€ — log )
+ 2a1(§)ze”™™, x> ¢ (4.88)

o
8
[
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We can now determine a; through the orthogonality condition

/X(:):) G(z,&)dx = 0.
We find

ar = (; + 26 - 52) et — Ctet — getlog2t,  (4.89)

where C' is the Euler constant. We find the final expressions for the
Green function by substitution in Eqgs. (4.87) and (4.88):

G(z,&) = e fe@ (§+x+(7—2C)§x—2§2$—2§x2)

T a2T _
+ 26e¢ xe*x/ ¢ 1 dz
0 T
— e te” — 2eze T log 28, T <& (4.90)
G(z,6) = e %e™® (f + x4+ (71-20)¢x — 26%2 — 25962)
€ o2 _ 1
+ 26e ¢ xe*x/ ¢ d¢
o £
—ze et — 2e e log 2z, z < E&. (4.91)

Note that, as we expected, G(z,&) is symmetric in = and &, since Eq.
(4.91) can be obtained from Eq.(4.90) by the interchange z < &.

6. ON THE SERIES EXPANSION OF THE
INTEGRAL LOGARITHM FUNCTION

The integral logarithm function is defined by the relation
Ei(—z) = — A(z), (4.92)

where 6

%) e*ﬁ
Alz) = / o de. (4.93)

For € > x we can expand the term 1/¢ in a power series using the
methods of finite difference calculus, by requiring that the first n terms

6This function is also known as the incomplete gamma function T'(0, z).
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of the expansion give the exact result for 1/£, where { = z,z+1,...,z+
n — 1. On setting
£ =z+y, (4.94)
we find the formula
I y yly—1)
- = - - + — ., 4.95
13 x x(x+1) z(x+1)(z + 2) (4.95)
and Eq. (4.93) becomes
—z / ye Vdy / yly—1e¥dy
Az) = S |10 + 0 -
x r+1 (x+1)(x+2)
4 In - (4.96)
(x+D(x+2)(x+n) |’ '
where
I, :/ y(y—1)-(y—n+1)e¥dy. (4.97)
0
We find

Is = 38, I = 216, I3 = 600,.... (4.98)

On substituting in Eq. (4.96), we get

oo ¢ e ” 1 1
/z i (1 it T @@+

2 4
T @t D@ )@ +3) | @D+ @) (et d)

14 38
_(x+1)(:c+2)"'(a:+5) + (z+1)(z+2)---(z+6)

216 600
_(95+1)($+2)-~(:1:+7) + (z+1D)(z+2)---(z+38) - "‘)'(4'99)

From this we can deduce the expansion of log (1 + y):

2 3 2 4 3 2
y 2y° — 3y Yy  —4y° + 4y
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More generally, from Eq. (4.94), we obtain
2 3 2
Y Y Y 2y° — 3y
1 1+ = =
°8 ( +a:> z  2x(z+1) * 6z(x+1)(z+2)
y4 o 4y3 + 4y2

Cdx(z+1D)(z+2)(x +3) o (410

Let us put ¢t = y/x and consider only n terms in the expansion (4.101)
by setting y = n — 1, so that x = (n — 1)/t except for the case n = 1, for
which we keep y arbitrary. We thus obtain the following formulae for
log (1 + t) with a decreasing degree of approximation:

n=1: log (1+1t) = t, (4.102)
t2
t2 t3
= 3: log(1+t) =1t — 4.104
n=3 og (1 +1) o T aeroerwy 1O
3t2 3t3
" og (1+1) 2341 2B+ 0B +20)
- 3t (4.105)
434+ t)(3+2t)(3+3t)’ '

For example, the above expressions give for log 2 (¢ = 1) and log 10
(t =9), respectively:

n log 2 log 10
1 1.0000 9.00
2 0.7500 4.95
3 0.6944 2.74
4 0.6937 2.56

7. FUNDAMENTAL CHARACTERS OF THE
GROUP OF PERMUTATIONS OF F
OBJECTS

We have’

7@ In the following,P.N. denotes the number of “Partitio Numerorum”, that is, the number
of ways one can collect f objects. In the tables, the given “partitio” is stated in the first row
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f=1(PN. =1)

n Partitio — 1
k Class |
1+ (1) 1

f=2(PN. =2)

Partitio — 1+
Nk Class | 2 1
1+ (1)(2) 1 1
1-  (12) 1 -1

1+
Partitio — 2+ 1+
ny  Class | 3 1 1
1+  (1)(2)(3) 1 2 1
3—  (12)(3) 1 0 -1
24+ (123) 1 -1 1
f=4 (P.N.=5)
1+
2+ 1+
Partitio — 34+ 2+ 1+ 1+
Nk Class | 4 1 2 1 1
1+ (1) ... 1 2 3 1
6— (12) .. 1 1 0 -1 -1
3+ (12)(34) 1 -1 2 -1 1
8+ (123) ... 1 0 -1 0 1
6— (1234) 1 -1 0 1 -1

from the third column onwards. Instead, in the second column the classes of the cycles of
permutations of f objects are stated. Finally, in the first column the number of cycles of the
considered class are indicated. In each table, the characters corresponding to a given class
and “partitio” are shown from the third column on and from the second row downwards.
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1+
24+ 1+
3+ 24+ 14+ 1+
Partitio — 4+ 3+ 1+ 2+ 1+ 1+
Nk Class | 5 1 2 1 1 1 1
i+ (1. 1 4 6 5 4 1
10— (12). 12 1 0 -1 -2 -1
15+ (12)(34) 10 1 2 1 0 1
204+ (123) ... 11 -1 0o -1 1 1
20— (123)45) 1 -1 1 0 -1 1 -1
30— (1234) .. 10 -1 0 1 0 -1
244 (12345) 1 -1 0 1 0 -1 1
f=6 (PN. = 11)
1+
2+ 1+
3+ 2+ 14+ 1+
4+ 3+ 14+ 2+ 24+ 14+ 1+
Partitio — 5+ 44+ 1+ 3+ 2+ 14+ 24+ 1+ 1+ 1+
Nk Class | 6 1 2 1 3 1 1 2 1 1 1
o+ .. 1 5 9 10 5 16 10 5 9 5 1
15— (12) ... 1 3 3 2 1 0 -2 -1 -3 -3 -1
45+ (12)34)... 1 1 1 2 1 0 -2 1 1 1 1
15—  (12B4G6) 1 -1 3 -2 3 0 2 3 -3 1 -1
40+ (123) ... 1 2 0 1 -1 -2 1 -1 0 2 1
120- (123)45)... 1. 0 O -1 1 0 1 -1 0O 0 -1
40+ (123)456) 1 -1 0 1 2 2 1 2 0 -1 1
90— (1234) ... 1 1 -1 0 -1 0 0 1 1 -1 -1
90+ (1234)6) 1 -1 1 0 -1 0 0 -1 1 -1 1
144+ (12345) 1 0 -1 0 0 1 0 0 -1 0 1
120—  (123456) 1 -1 0 1 0 0 -1 0 0 1 -1

Degrees of the irreducible representations and re-
ciprocal systems: 8

f=2

2 141
I+1 2
1 1

8@ In the following tables the first row lists the irreducible representation considered, the
second row states the corresponding reciprocal system while the third one lists the degree of
the considered representation.
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f=3

3 2+1 14141
14141 241 3

1 2 1
f=14
4 3+1 242 24141 1414141
1+1+14+1 24141 242 3+1 4
1 3 2 3 1
f=5
5 4+1 3+2 3+1+41
14+1+14+141 2414141 24241 34141
1 4 5 6

2+2+1  241+1+1  14+1+1+1+41

3+2 4+1 5
5 4 1
f=6
6 5+1 4+2 4+1+1 343 3+2+1
1+1+1+14+1+1  241+14+1+1  242+14+1  3+1+1+1 24242 3+2+1
1 5 9 10 5 16

3+1+1+1 24242 2424141 241414141 I4HI14+14+14+1+41

4+1+1 3+3 4+2 5+1 6
10 5 9 5 1
ft=7
7 6+1 5+2 5+1+1

14+1+14+14+1+14+1 24141414141 242414141 34+1+14141
1 6 14 15
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4+3 4+2+1 4414141 3+3+1 34242 3424141
24241 34+2+141 4414141 34242 34341 4+2+1
14 35 20 21 21 35

3+1+14+1+1  2+4242+1  24241+1+1
5+141 4+3 5+2
15 14 14

24+14+1+14+14+1  14+14+14+14+1+141
6+1 7
6 1

8. EXPANSION OF A PLANE WAVE IN
SPHERICAL HARMONICS

The plane wave

u = eikz — eikTCOSQ (4106)

satisfies the differential equation
V2u + ku = 0. (4.107)

Each solution of Eq. (4.107) can be expressed in terms of linear combi-
nations of particular solutions

;ﬁ Los1a(p) £4(0.6) (4.108)

(p=kr;n=0,12,..;54=-n,—n+1,...,n), where I, 1/, denote
the Bessel functions of order n + 1/2 and !, a generic surface spherical
function of order n. The function u in Eq. (4.106) is symmetric along

the z axis, and only terms that depend on p and cos 6 will appear in its
expansion:

u = ethz = gipcost _ Z a—nInH/Q(p) P, (cos 0), (4.109)
n=0 \/ﬁ

where P, are the Legendre polynomials. In order to determine the con-
stants a,, we can multiply each side of Eq. (4.109) by P, (cos #) and
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integrate over a sphere of radius r = p/k; dividing the result by 27r? we
get

1 . 2 a
wtp,(t)dt = iy : 4.110
[1 e (1) I+ 1 p n+1/2(P) ( )
We consider p to be a small quantity and expand the above expression
in powers of p. The first non-vanishing term on the Lh.s. is (see Sec.
4.3)

inp" [t "9 3 n 2
P, = .
n! _1t n(t) dt n! 35 2m—12n+1
ntlpl
= - " 4.111
R (4.111)

while on the r.h.s. we obtain

2 a1 <p)n+1/2_ 2 \/? an n
2n+1 p (n+1/2)! \r T ot Va3 @nrn)’
) 2n+1n!
S \/7 p". (4.112)
2n+1 V71 (2n+1)!

Comparison with the previous expression gives

an = (2n—|—1)\/§z’”. (4.113)

On substituting this result into Eq. (4.110), we obtain the following
remarkable relation:

1 .
Li2(p) = %(—i)” /_1 Pt P, (¢) dt. (4.114)

2

Lijplp) = \/Wip sin p, (4.115)
2 1 .

I35(p) = ap cos p + p sin p | . (4.116)

On substituting Eq. (4.113) in Eq.(4.109), we find the expansion of the
plane wave:

; 2n+1
eikz — Z Yl 2" L1 /5(p) Plcos 6). (4.117)

n=0 p

Examples:
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Let us write Eq. (4.114) in a form which is similar to that of Eq.

(4.110):
1 .
[ dtpar = [ 0) (4.118)
-1 P

and expand in powers of p. It is simple to see that only the terms with
P2 (a0 =0,1,2,...) are different from zero. Equating the coefficients
of p"*+2% on both sides, we find

in+2a ! n+2a _ \/ﬁzn (_1)(1
——— [ R () dt = s (4119)
(n+2a)! Jo1 al(n+a+1/2)!2
Simplifying this expression
1 1 NG
—— [ " p(t)dt = 4.120
(n + 2a)! /4 n(t) ol (n 4 a4 1/2)127+2 ( )
and noting that
1 JT 35 1
Z) = X ... _
<n+a+2>. 5 92 <+a+2)
Jro 1
= e 35T (2n 4 20 4 1)
2 2 1)!
_ vV (@n A2+ D (4.121)
2 (n+ «a)!22nt2e
we get
! (n+a)! (n+2a)!
"2 p,(t)dt = 2"t : 4.122
/_1 () al(2n+2a +1)! ( )
Replacing n by n — 2« in Eq. (4.122), we obtain
1 (n—a)ln!
t" Ppoq(t)dt = 272+t 4.123
/,1 n-2a(t) ol (2n — 20+ 1)! (4.123)

(with 2« < n); and, using the normalization condition for the Legendre

polynomials,
2

1
PXt)dt = ———
/4 n () 2n+1’

we deduce the expansion of t" (n —1 <t < 1) in terms of the Legendre
polynomials:

(n—a)ln!
al(2n —2a+1)

t" = Z "2 (2n — 4o+ 1)

Pusa(t). (4.124)
2a<n :
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9. THE RUTHERFORD FORMULA
DEDUCED FROM CLASSICAL
MECHANICS

Let us consider a uniform beam of particles with charge Z’'e and mass
m moving along the z axis with a speed v. Let i,/v be the number of
particles per unit volume, so that i, is the flux per unit surface (normal
to the z axis) and per unit time. Moreover, let us consider a scattering
body of charge Ze placed at the origin of the coordinate system; the
problem is to determine the number of scattered particles at the angle
0 per unit time and solid angle. This number can be written as f(6) i,,
where f(0) has the dimension of a surface (cross section). To solve the
problem, let us note that each particle moves in a plane containing the
z axis. Using polar coordinates in this plane, we have
Z7'e*

.. 2
popt =5 K m (4.125)

k c?
p ==+ —=. (4.126)
p? PP
Introducing the new variable y = 1/p, we find
! (4.127)
p = - .
Y
. I dy o, dy
= - =-——p0=—c— 4.128
p L 0" 39’ ( )
.. dzy ; 2,2 d2y
On substituting into Eq. (4.126), we obtain the equation
d?y k
-7 - = 4.1
102 +y + 2 0, (4.130)
whose general solution is
1 k .
- =y =——5tacost + bsinb. (4.131)
p c

The arbitrary constants will be determined by the initial conditions. For
0 = m we have p = o0, since we consider the case in which the particles
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come from —oo along the z axis. This implies the condition
a = —k/c (4.132)

Moreover, according to the previous hypothesis, for 8 = m we will also
have p = —v and, since from Eq. (4.128) we have p = —cdy/d0, it
follows that

cb = —v or b= —v/e (4.133)
so that Eq. (4.131) becomes
1 k k v
g = —C—Q—C—QCOSG—Esm& (4.134)

This is the equation of an hyperbole with asymptotes along the directions
01 = m and 0y = —2arctan (k/vc). We still have to determine the
geometric meaning of ¢, which can be deduced from the second equation
(4.125); however, we prefer to start from Eq. (4.134) and introduce the
rectangular coordinates z = p cos 6 and & = p sin 6 in the orbital plane,
so that Eq. (4.134) becomes

k k
1-5V2+8+ 52+ 2¢6=0. (4.135)
From this we find
9 9 ve c? 2
¢+ & = z+?§—|—? , (4.136)
that is,
v\ ve 2 ved ct

from which we get the equation of the first asymptote:
& = —c/v. (4.138)

The absolute value of £ equals the initial value of the distance of the
particle from the z axis (along which the particle moves). If we choose
the direction of the £ axis in such a way that ¢ is initially positive (and
thus, assuming ZZ’ > 0, during the entire motion), we have

c = —vé. (4.139)

From the above remark on the direction of the second asymptote, the
angular deflection of the particle will be

6 = 2 arctan(k/v? ). (4.140)



344 ETTORE MAJORANA: NOTES ON THEORETICAL PHYSICS

The scattering angle 6 increases with decreasing d, and the particles
scattered at angles greater than 6 are those coming, for high negative
values of z, from a circle of radius d normal to the z axis. The number
of such particles per unit time is

n = m6%i,, (4.141)
or, after substituting ¢ from (4.140),

k%4,
= —¥——. 4.142
T tan? 0/2 ( )

The number of particles scattered per unit solid angle will be

dn dn

dw =~ —27 sin #df

and, since dn/dw = f(#)1i,, differentiations of Eq. (4.142) and division
by —2mi, sin 8d0, give
Z2 Z/2 64 ZQ Z12 64

f) = = 4.143
1) 4m?2 v sin* /2 16W2 sin* 0/2’ ( )

where W is the kinetic energy of the free particle. On setting
27 e?
l )
[ being a length (positive or negative according to the sign of ZZ'), and

substituting in Eq. (4.143), we obtain the following remarkable formula
for the cross section:

W = (4.144)

l2
) = ———.
1) 16 sin* 6/2
We can also define a different cross section as the ratio between the

number n of particles scattered at angles greater than # in unit time and
io. From Eq. (4.142), we have

(4.145)

w2272 e, w2272 et i, w12,
— cl _ 22 Sl _ o (4.146)
m2v* tan? 0/2 4W?2 tan? 0/2 4tan®6/2

from which it follows that

72

FO) = 4tan?6/2

(4.147)

The relation between the two cross sections is obviously the following:

F'() = —2n sin 0 £(6). (4.148)
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Table 4.1. The scattering angle 6 as a function of the parameter € (see text).

0

0

arctan 4/3

/2

m — arctan 12/5
m — arctan 4/3
7w — arctan 21/20

U W N~ Ol

The relation between 6 and ¢ expressed by Eq. (4.140) can be cast in
the form

0 €
tan - = — 4.14
an = ¢ (1.149)
where € = /0.

10. THE RUTHERFORD FORMULA
DEDUCED AS A FIRST
APPROXIMATION TO THE BORN
METHOD

Let us consider the plane wave 9

W = etZ, (4.150)

representing a uniform flux of particles along the direction of the z axis.
Denoting with m their mass, each particle has the kinetic energy
h2
W = —92 4.151
o 7 (4.151)

Let us consider the scattering center of charge Ze at the origin of the
coordinate system, and let Z’e be the charge of the scattered particles.
If the energy has the form given in Eq.(4.151), the wavefunction obeys
the differential equation

2m? k A
V2¢+<,Yz_ m >¢_07 = 229 (4.152)

h2r m

9@ In the original manuscript, the fundamental commutation relation pg—qp = h/i is written
near Eq.(4.150). As already stated, here and in the following we prefer to use the modern
notation % in place of h/2m.
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If one assumes that the scattering potential is small, one can consider
(4.150) as the unperturbed eigenfunction and set

¥ = o + 11, (4.153)

11 being a small correction term. On substituting into Eq. (4.152) and
neglecting second-order terms, to first approximation we get
2m? k

V24 + A2 = o 7, (4.154)

In order to make the solution of Eq. (4.154) unique, we have to re-
quire: (1) that 1; vanishes at infinity, i.e., ¥ must coincide with the
unperturbed 1y for large distances from the scattering center; (2) for
its phenomenological meaning, 17, must represent a diverging spherical
wave. The desired solution can be obtained through the Green method,
using - e /47r as characteristic function. However, in such a way, con-
vergence problems arise. In order to avoid these, we will assume that the
scattering force acts only for distances less than R, and let R — oo at
the end of calculations. Then, Eq. (4.154) must be rewritten as follows:

v? U1 + 72 Yn

2m? 11\
mTk' ( — ) eI* forr < R,
heAr R (4.155)

V2 + 4% = 0, forr > R.

Let us write (4.155) in a slightly different form using the velocity of

the free particles
h

= v —. 4.156
V= ( )
We then have
2+2 1 1\
V2 + A2y = 72k ( — ) 1% forr < R,
v T R

(4.157)
Vi, + 4% = 0, forr > R;

and, by using the Green method,

1 2v2k (1 1 I _
(P = — Z_ = Y(lr1 r[—i—z)d
vi(P1) 47 /S v? (r R) lr1 — 1| ¢ "
(4.158)

where the integral has to be calculated inside a sphere of radius R. (Let
r1, 01, ¢1 be the coordinates of P; and r, 6, ¢ those of an arbitrary point
of the integration domain.) Let us assume that 71 > R and neglect in
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1 terms of order 1/r%; in this way we can approximate the quantity
1/|r1 —r| by 1/r; and Eq. (4.158) becomes

2k 1\ _
i(Py) = 27r7v2m /S <T - R> (rr—rl+2) 40 (4.150)

Note that we can neglect terms of order 1/r inside the integral; thus we
can set

ri —r| ~ 1 — 7 (cosfy cosf + sinby sinf cos(p1 — ¢)) (4.160)

and, since z = r cos, the integral appearing in (4.159) becomes
QT / (1 _ 1) o8vr (1 — cos01) cos 0 — sin b sin 6 cos(d1 — ¢)) 4,

r R
(4.161)
We can set ¢ = 0 without restrictions, but the integral is not really
simplified. It is useful to choose a different system of polar coordinates,
using the outward bisector of the angle between r and r; as the polar
axis. The plane containing the z axis and the point P; is the meridian
plane (® = 0); the polar coordinates in this plane will be

7
= - — = & = 4.162
1, @1 9 97 1 07 ( 6 )
and, moreover,
cosf) = — sin(61/2) cos©® + cos(#1/2) cos P sin O, (4.163)
so that
z = —rsin(f;/2) cosO + r cos(01/2) cosP sin O, (4.164)
r1 —r| ~ 1 — r (sin(61/2) cos© + cos(#1/2) cos P sinO), (4.165)
z4|r1—r| ~ r; — 2sin(61/2)r cos O. (4.166)
Substitution into the integral in Eq. (4.159) gives
Rila! / (1 _ 1) o—2iyrsin(01/2) cosb 5. (4.167)
s \r R

Using dr = r2dr d cos © d® and integrating over ®, we get

o o8V /R 2 <1 _ 1) dr /1 o—2iyrsin(01/2) cos 0 g .00
0

r R 1
27Tei7rl R 1 1 ‘ ‘
= 7D b r(5 - g) @ s @
_ 2w 1  sin (29 R sin(6/2))
~ ysin(6:1/2) {278111(01/2) < 2+ R sin(0;/2) )] (4.168)
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On taking the limit R — oo, the term with R in the denominator van-
ishes (assuming 6; # 0); substituting in Eq. (4.159) and replacing 6,
with 6, we then have

k ei’}/Tl
20271 sin?(0/2)’

P1(P1) = (4.169)

The relevant quantity is the ratio

iv |

o |ol?
between the scattered wave and the incident wave. Using the expression

(4.150) for 1y and introducing the energy of the particle instead of its
speed, we find

Z2 7% ety
i1 = . 4.170
LT 16W2e? sin®(0/2) (4.170)
This formula coincides with that in Eq. (4.143), considering that the
cross section introduced in the previous section by definition is

f6) = 22 (4.171)
10

11. THE LAPLACE EQUATION
Let us consider the differential equation
7 01 / €1
u+50+7 u + 60+7 u =0 (4.172)
and apply the Lapl