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UNIFORM SPANNING TREES ON SIERPINSKI GRAPHS
MASATO SHINODA, ELMAR TEUFL, AND STEPHAN WAGNER

ABSTRACT. We study spanning trees on Sierpiniski graphs (i.e., finite approxima-
tions to the Sierpiriski gasket) that are chosen uniformly at random. We prove
existence of a limit measure and derive a number of structural results, for instance
on the degree distribution. The connection between uniform spanning trees and
loop-erased random walk is then exploited to prove convergence of the latter to
a continuous stochastic process akin to the Brownian motion or the Schramm-
Loewner evolution. Some geometric properties of this limit process, such as the
Hausdorff dimension, are investigated as well. The method is also applicable to
other self-similar graphs with a sufficient degree of symmetry.
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1. INTRODUCTION

The Sierpinski gasket is certainly one of the most famous fractals, and the Sierpin-
ski graphs, which can be seen as finite approximations of the Sierpinski gasket, are
among the most thoroughly studied self-similar graphs. The number of spanning
trees in the n-th Sierpinski graph G,, (starting with a single triangle Gy, see Figure 1)
turns out to be given by the remarkable explicit formula

3 1/4 3 n/2 .
D= — = . 54 3n /4
(@) (20) (5) )

which was obtained by different methods in several recent works: by setting up and
solving a system of recursions [7,27,28], or by electrical network theory [29]. In [20],

a proof using probabilistic results is sketched. Moreover, the Laplacian spectrum of
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G, can be described rather explicitly by means of a technique known as “spectral
decimation” , from which another proof can be derived |

ARV

FIGURE 1. Sierpinski graphs Gg, Gy, Go, and the Sierpinski gasket K.

Once the counting problem is solved, it is natural to consider uniformly random
spanning trees of G, and to study their structure. Uniform spanning trees are
known to have strong connections to other probabilistic models, such as loop-erased
random walk (Wilson’s celebrated algorithm [20,31] to construct uniform spanning
trees being a particular application), and they are also of interest in mathematical
physics. For this reason, the structure of uniformly random spanning trees in other
important families of graphs, such as square grids [5] has been studied thoroughly.

The recursive nature of Sierpinski graphs and the strong symmetry enables us to
derive a number of results on uniform spanning trees, as will be shown in this paper.
After some preliminaries, we construct limiting objects of spanning trees in G,, as
n — oo as well as a measure on these objects, which is the limit of the uniform
measures on spanning trees of (¢,,. An important tool in this context is the theory
of (a rather general kind of) Galton-Watson processes. Making use of this tool, we
also prove some structural results on random spanning trees of G,,.

Loop-erased random walk on the Sierpinski gasket was studied at length in the
recent paper of Hattori and Mizuno [16]; our results on uniform spanning trees
provide an alternative approach to this topic. The expected length of such a walk
from one corner to another was studied earlier in the physical literature by Dhar
and Dhar [0]; it grows asymptotically like (5 + 15\/W ) As it was also shown by
Hattori and Mizuno, we find that, upon renormalization, loop-erased random walk
converges to a limit process. The analogue of this process for the square lattice is the
celebrated Schramm-Loewner evolution [21,21], whose analysis is notoriously com-
plicated. However, the different geometry of the Sierpinski graphs makes it possible
to prove rather strong theorems on the shape of this limiting process comparatively
easily, including parameters such as the Hausdorff dimension. Similar results on
the limit process of the self-avoiding walk were obtained by Hattori, Hattori and
Kusuoka [13-15,17] and by Hambly, Hattori and Hattori [I 1] for the self-repelling
walk.

In Section 8, we study the metric induced by a random spanning tree on the
Sierpinski graph G,. We prove almost sure convergence to a limit metric, and
show that the resulting metric space is a so-called R-tree. In this context, we also
study the interface, which is, loosely speaking, the set where different branches of a
spanning tree “touch”, and estimate its Hausdorff dimension.

In the following list, the main results of this paper are summarised. For the sake
of simplicity, all results and their derivation are only given for the Sierpiniski gasket,
but there are other fractals to which the same approach applies, see Section 9.

e We construct limit objects of spanning trees on the Sierpinski graphs G,
as n — oo and prove that the uniform measure on spanning trees of G,
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converges to a limit measure (Section 5). As part of the construction, we
also have to consider spanning forests with the property that each of the
components contains one of the three corner vertices. We show that the
distribution of the component sizes in random spanning forests of this type
converges (upon renormalisation) to a limiting distribution—see Section 5.1.

e We prove almost sure convergence of the degree distribution (see Section 5.2):
the proportion of vertices of degree i (i € {1,2,3,4} fixed) in a random
spanning tree of (,, converges almost surely to a limit constant w(i). This
extends the work of Chang and Chen [0], who prove convergence of expected
values (for which they also give explicit formulae).

e Section 6 is concerned with loop erased random walk on Sierpinski graphs
G,,: using the connection between spanning trees and loop-erased random
walk, we recover the aforementioned result that the length of such a walk
from one corner to another grows asymptotically like (% + 5—5\/%)”, and
that the renormalised length has a limit distribution (cf. [16, Theorem 5]).
We also provide tail estimates for this limit distribution, see Lemma 6.5.

e In Section 7, we study the limit process and prove some geometric proper-
ties: specifically, we show that the limit curve is almost surely self-avoiding
(Theorem 7.6), and has Hausdorff dimension log, (4 + /205 ) ~ 1.193995
(Theorem 7.10, (5)). These results were also obtained in the aforementioned
paper of Hattori and Mizuno (see [16, Theorems 9 and 10]). Moreover, we
prove Hélder continuity with an explicit exponent (Theorem 7.10, (4)).

e The limit of the tree metric is the main topic of Section 8. It is shown
(Theorem 8.1) that we almost surely obtain a random metric on the “rational
points” (i.e., all points which are vertices in some finite approximation) of
the Sierpinski gasket whose Cauchy completion is an R-tree, i.e., a metric
space in which there is a unique arc between any two points and this arc is
geodesic (that is an isometric embedding of a real interval).

2. NOTATION AND PRELIMINARIES
A graph G is a pair (VG, EG), where VG is the vertex set and
EGC {{z,y} : 2,y e VG,x £y}

is the edge set. Two vertices z,y are adjacent if {x,y} € EG. The degree degzx
of a vertex x is the number of adjacent vertices. A walk in G is a finite or infinite
sequence (zg,x1,...) of vertices in GG, such that consecutive entries are adjacent. A
walk is called self-avoiding if its entries are mutually distinct. The edge set F(z) of
a walk = = (xg,x1,...) is the set

E(z) = {{zo, 21}, {21, 22}, ... }.

Equipped with the edge set E(x) a walk x gives rise to a subgraph of G. The length
of the walk (xq,...,x,) is equal to n, the number of edges. The distance dg(v,w)
of two vertices v, w is the least integer n such that there is a walk of length n in G
connecting v and w.

A tree is a connected graph without cycles. A spanning tree of a graph G is a
subgraph of G which is a tree and contains all vertices of G. Similarly, a forest is a
graph without cycles and a spanning forest of a graph G is a subgraph of G' which
is a forest and contains all vertices of G. Let F be a forest and v, w be two vertices
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in F'. If v,w are in the same component of F', then we write vF'w to denote the
unique self-avoiding walk in F' connecting v and w.

Next we need some ingredients from probability theory. We use multi-index no-
tation: If r € N, z = (21,...,2,), and k = (ky,...,k,), then zF = 2 ...k If
X = (Xy,...,X,) is a random vector in N, then

PGF(X,2) =E(zX) = ) P(X = k)z*

keNy

is the (multivariate) probability generating function of X.

An r-type Galton-Watson process (X,)n>0 = (Xin,-- -, Xrn)n>o0 1S a stochastic
process that starts with one or more individuals, each of which has a type associated
to it. Each individual gives birth to zero or more children according to the offspring
probabilities

p(k) = (p1(k), ..., p(k))
for K = (ki1,...,k.) € N{. Here p;(k) is the probability that an individual of
type i has k; children of type j for j € {1,...,r}. The vector X, represents the
number of individuals in the n-th generation by their type (i.e., X;,, is the number of
individuals of type i in the n-th generation). It is convenient to describe the offspring
distributions by their multidimensional multivariate probability generating function
f={(f1,..., f), which is called offspring generating function and given by

flz) =) pk)*

keNG,
for z = (21,...,2,). Then
PGF(X,, z) = PGF(X,,_1, f(2)) = --- = PGF(X,, f"(2)),

where f" is the n-fold iteration of f. The mean matric M = (m;;)1<i <, is given
by m;; = (0f;/0%;)(1). The process is called

e positively reqular if M is primitive,

o singular if f(z) = Mz,

e subcritical, critical or supercritical depending on whether the largest eigen-

value of the mean matrix is less than, equal to, or greater than 1.
see for instance [22] for these notions and the theory of multi-type Galton-Watson
processes.
Let W be a subset of N (in the following W will always be {1,2,3}); elements of

W™ are written as words over the alphabet W, e.g. 12133 means (1,2,1,3,3). Let
WO = {@} consist of the empty word @ only and set

W= | W,
n>0

Concatenation of two words v, w € W* is written by juxtaposition vw. The set W*
carries a graph structure in a canonical way: two words v,w € W* are adjacent if
w = vt or v =wt for some t € W. This turns W* into a tree with root @. If w = v,
then w is called child or offspring of v and ¢ is the suffiz of w.

Let R be a finite set and fix some W C N. Consider the set of all subtrees with
an element of R associated to each vertex, i.e.,

Wrg = {(W, f) : W C W* induces a subtree, @ € W, f = (fu)wew € RV }.
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If (W, f) € Wg and w € W, then we say that the word w is the label and f,, is the
type of the pair (w, f,,). A labelled multi-type Galton-Watson tree with labels in W*
and types in R is a random element of the set Wg, whose distribution is uniquely
determined by the following:
e The type of the root (or ancestor) @ is given by a fixed distribution on R.
e The random offspring generation of a vertex (or individual) w only depends
on the type of w. It is given by a probability distribution (depending on the
type of w) on the set

{(S.9) : SCW,g=1(g).es € R°}.

The interpretation is that once a pair (5, g) is chosen, the individual w gives
birth to |S| children with labels we for ¢ € S, and type g, is assigned to child
wi.
A labelled multi-type Galton-Watson tree is denoted by (Fy, )wew € Wg. Notice that
in this notation W C W* is the random set of individuals and F,, is the random
type of an individual w € W.

To every labelled multi-type Galton-Watson tree (F,),cw with labels in W* and
types in R the (random) number of individuals of a certain type in the n-th genera-
tion yields a multi-type Galton-Watson process with r = |R| types. To this end, let
ai,...,a, be the elements of R and set

Xi,n: |{w€WﬂW" . Fw:ai}|, Xn:(Xl,nw“aXl,r)
forn>0and i€ {1,...,7}. Then (X,),>0 is an r-type Galton-Watson processes.

3. CONSTRUCTION OF SIERPINSKI GRAPHS

The Sierpinski gasket K (see [20] for its origin in mathematical literature) can be
defined formally by means of the following three similitudes:

bi(r) = 3(r —w) +u;

for i € {1,2,3}, where u; = (0,0), uz = (1,0), and uz = (1,+/3). Then K is the
unique non-empty compact set such that

K =11 (K) U (K) Uhs(K).

Its Hausdorff dimension is given by

log 3
dimy K = —22 = 1.5849625 ...
log 2
The Sierpinski graphs Gy, G4, ... are discrete approximations to K and are con-

structed inductively: The vertex set VG and edge set EGj of G are given by
VGo = {uy,us, us} and EGy = {{u1, ua}, {ug, us}, {us, ui }},
respectively. Then, for any n > 0, the sets VG171 and EG,,11 are defined as follows:
VG =01 (VGL) Ue(VG,) Us(VG,),
EGn = 01(EG,) Ua(EG,) Us(EG,).

Notice that G, is an amalgam of three scaled images of GG,,, which we denote by

wl(Gn); wg(Gn>, and ¢3(Gn), i.e.,
G = 1(Gn) Uha(Gr) U ds(Gr).
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The vertices in VGy C VG, are often called corner vertices or boundary vertices
of the graph G,,. The vertex sets are nested, i.e., VGy C VG, C VGy C -+, and
the Sierpinski gasket K is the closure of the union VG UV G UV Gy ---. Figure 1
shows the graphs Gy, GG1, G5 and the Sierpinski gasket K. The self-similar nature
and the fact that the three scaled images only intersect in the three points

%(U2+U3), %(Ug—FUl), %(U1+U2),

allows to solve many problems concerning the Sierpinski gasket and Sierpinski graphs
exactly.

As explained above, we may view (,, as an amalgam of three copies of GG,,_1. More
generally, we may consider G,, as an amalgam of 3"~* copies of G}, (0 < k < n). For
any word w = wy -+~ w, € W" (n > 1), set 1, = 1y, 0+ 01y, , and let Py be the
identity map. Then, for 0 < k£ < n,

Gn - U ww(ank)
weWk
If w € W we call 1,,(G,_) (respectively ¥, (K)) a k-part of G,, (respectively K).
Note that the k-parts are in one-to-one correspondence with the words in W*. For
any word w € W* and any subgraph H C G, the restriction m,(H) is the subgraph
of G, _j given by
7Tw<H) = d};l(H N ww<Gn*k))'

4. SPANNING TREES ON SIERPINSKI GRAPHS

For the sake of completeness we reproduce the computation of the number of
spanning trees of the Sierpiniski graphs following the approach given in [7, 27, 28].
Using a decomposition of certain spanning forests a recursion for the number of
spanning trees and two other quantities is derived. In the physical literature this
approach is often called the renormalization group. We write

e 7, to denote the set of spanning trees of G,
e S (1 € {1,2,3}) to denote the set of spanning forests in G,, with two con-
nected components, so that one component contains u; and the other contains
VGo \ {u:}, and
e R, to denote the set of spanning forests of (z,, with three connected compo-
nents, each of which contains exactly one vertex from the set VG.
By symmetry, the sets S!, 8%, and S2 all have the same cardinality. For notational
convenience, we set
Q=T ¥S WS’ WS UR,.
The crucial observation is that the restriction of a spanning forest on Q,, 1 to one
of ¥1(G,), ¥2(Gy), or ¥3(G,) can be identified with a spanning forest on Q,,. If
f € Qui1, then wi(f), m(f), m3(f) € Q,, and

f=01(mi(f)) Utha(ma(f)) U ths(ms(f)) (1)

Here and in the following we use lowercase letters for elements of Q,, and capital
letters for random elements of Q,,. Since 7 consists of the three elements /., .\, /\,
whereas [S}| = |R,| = 1 for i € {1,2,3}, the subdivision of 7, into three families of
equal size turns out to be advantageous. In the following we describe one subdivision
which is convenient and induced by symmetry. Set

O1 = {/—'}7 7?)2 = {.A}, 763 = {/\}7
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and in general, for n > 1 and i € {1,2, 3},

Ti={teT, :
Here we consider the self-avoiding walk wu;tu; as the subgraph consisting of the
vertices and the edges connecting consecutive vertices. In words, 7, is the set of

spanning trees with the property that the unique paths from u; to the other corner
vertices u;, j # i, only pass through v;(G,—1) and ¢;(G,—1) and do not “make a

uituj Q Q/JZ(Gn_l) U z/}j(Gn—1> for all ] < {1, 2, 3} \ {Z}}

detour”. Then

T,=T, T, T,

and |7,| = 3|T;| for i € {1,2,3}. Define

=T =T =T, ou=IS=ISi=1S)l,  pa=IR,l.

Lemma 4.1. Ifn > 0, then

and

Proof. The recursion satisfied by 7,, 0,,, p,, follows from the decomposition (1). For
a graphical explanation of the specific terms, see Figure 2. The initial values are
(70,00, p0) = (1,1,1), and using induction, it is easy to verify that the formulae

2
Tn+1 = 187 0,
2 2
Ont1 = 21mp0, + 97, pn,

Pl = 1402 + 367,000,

7= (3) 7" 51080/,
o, = (2)"? 5406" /4,
oy = (g)Sn/Q 5403"—D/4

stated in the lemma are indeed the explicit solution to the recursion.

» X2
Tor1 = 2-(31)%0,
» X2 £ X2 4 » X2 f » X1 T !
Opi1 = 7-(31,)02 + (372)%pn
» X6 £ X6 £ X2 S X6 T X6
Pril = 1403 + 12 (37,)0npn

FIGURE 2. All arrangements (up to symmetry) for the construction
of spanning trees and spanning forests used in the recursion for 7,,
on, and p,. Shaded area indicates connected parts.



8 MASATO SHINODA, ELMAR TEUFL, AND STEPHAN WAGNER

We define the trace Tr f € Q, of a spanning forest f € O, .1 as follows: For
f € Qy, the trace is given in Table 1.

TABLE 1. Traces of spanning forests in Q;.

M T T S ST ST R
Trffor feM /. N AN N /. .

Ifn>0and f € 9,1, then consider the 3" n-parts of G,, 1, which are isomorphic
to G1. On each of these parts f induces (up to scaling and translation) a forest on
Q. In order to obtain the trace Tr f, replace each of these small forests by their
respective trace:

Trf= | vu(Trm(f)).

weWwn
Note that Tr maps 7,7, ; onto 7., St onto S}, (i € {1,2,3}), and R, ; onto R,,. In
order to emphasize the dependence on n, we write Tr*! ¢ instead of Tr f if f € Q.4 1.
For m > n define Tr”" = Tr** ! o... o Tr™ . Then

T.={teT,  : Trgt=/7L},
T2={teT,: Trit=.\},
TP={teT,: Tryt=A}.

Tr \
—

FIGURE 3. A spanning tree t on G and the traces Trt = Trj¢ and Tr} ¢.

Figure 3 shows a spanning tree on G5 and its traces on G; and Gy. The importance
of the trace stems from the fact that (Q,,, Tr") is a projective system. Hence we can
define Q. = lim Q,, and write Tr,” to denote the canonical projection from Q.. to
Q,,. Similarly, set

Ti=lm7;, S.=lmS, R,=lmR,
for i € {1,2,3}. Then
Too = lim7, = TAWT2 6 T2
and
Q. =T WSLWS2 WS WUR...

Let w € W* be a word of length n > 0 and let f € Q.. Then 7,(f) =
(M (T f), mw(Troo g f), ... ) € Qo extends the definition of the restriction oper-
ator m, to Ty Qo — Qoo.

Next we define the type of an element of Q. (or a part of it). Set

C={L,AANAA L.
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TABLE 2. The definition of x4(f) for f € Q.

M To T2 T3 S 8L S, R
xo(f)for fEM & A A AN A A &

For f € Q. let xx(f) € C be given by Table 2. The symbol x4(f) gives a crude
indication of the shape of f.
For any non-empty word w € W* define x.,(f) by xw(f) = Xo(mw(f)). This yields

amap x: Qo — CV given by X(f) = (Xw(f))wew+: X(f) encodes the shape of f
at every level. In order to reconstruct Tr" f from x(f), let n be the map from C to

the set of subgraphs of GGy defined in the obvious way, see Table 3. Then
Tr;o f = U ¢w<7]<Xw(f)))

weWn

Hence x is one-to-one.

TABLE 3. The mappings n and v.

r & A A N A & A

nz) Lo N AN S0
viz) 1 2 3 4 5 6 7

Let v be the bijection from C to {1,...,7} given in Table 3. Define the functions
Xin(f) = Hw € W™ v(xw(f)) = i}|, which count the number of n-parts of type
ie{l,2,...,7}, and set

X:(f) = () X2 ()

for n > 0. Of course all these definitions also make sense for finite forests f € O,,
(where m is some nonnegative integer). For w € W" n < m, define y,(f) and
xn(f) in analogy to the definitions above.

Finally, we define the number of connected components c¢(z), where z is a symbol
in C, in the canonical way as follows:

1 ifae {4 A A}
C(Z‘) =42 ifxe {A\, 4L, A},

3 lf xr = A“.

For f € Qu, we set ¢(f) = c(xz(f)), which is also the number of components of
Tr>° f for any n > 0. The following simple lemma relates all our counting functions
(cf. Lemma 5.1 in [28]).

Lemma 4.2. For any f € Q. and any n > 0,
xE(f) - (1,1,1,1,1,1,1) = 37,
Xi(f)-(2,2,2,1,1,1,0)" = 3(3" + 1) — (f),
Xt(f) ’ (L 17 17 _17 _17 _17 _B)t =3- QC(f)



10 MASATO SHINODA, ELMAR TEUFL, AND STEPHAN WAGNER

Proof. The first equation is immediate. In order to prove the second, notice that
x#(f) - (2,2,2,1,1,1,0)" is the number of edges in the spanning forest Tro° f of
Gr. As this spanning forest has ¢(f) components, its number of edges is given by
VG| —c(f) = 3(3"+ 1) — ¢(f). The third equation follows from the first and the
second by elimination of 3. O

5. UNIFORM SPANNING TREES

We now come to the core part of this paper: the discussion of the structure of
uniform spanning trees of G,,. Let us write Unif X’ to denote the uniform distribution
on a finite, non-empty set X'. For i € {1,2,3} let T be a uniformly random element
in 77, If B ~ Unif{1,2,3} is independent of T?, then T/” is clearly a uniform

spanning tree of G, i.e., T? ~ Unif 7,. In the following lemma, we prove the

important fact that the trace preserves probabilities:

Lemma 5.1. Let i € {1,2,3}. If T is uniformly random on T, S’ is uniformly
random on S!, and R,, is uniformly random on R,,, then

P(TrT;,, € A) =P(T} € A),
P(TrS),, € B) =P(S, € B),
P(TrR,,, € C)=P(R, € C)
forany ACT! BCS:,, CCR,.
Proof. In order to prove the first identity, we have to show that
B(Tr T2y, = £) = B(T} = 1)
for any ¢ € 7,'. This is equivalent to

|Tr_1 t| _ Tn+1
Tn

for any ¢t € 7. Since
TFl=m=18, [Sf|=01=30, |Ry=p1=50
for k € {1,2,3}, Lemma 4.2 implies that
ITr 1 = 1N O 24X 5(0) | g0 aO+xh s (DX () | 50D — 18 . 540B3" /2,
Using Lemma 4.1, it is easy to see that

Tntl _ 1854067~ 1/2,
Tn

The same argument applies to the second and third identity, too. O

In light of Lemma 5.1 and Kolmogorov’s Extension Theorem there is a probability
measure Pri on T such that Pri({t € TL : Tri’t € -}) = P(T! € -). Let Psi and
Pg be the analogous measures on S’ and R __, respectively. Set

Q={1,23} x TL x T2 x T2 xS, x 82 xS xR,
P = Unif{1,2,3} X Pr1 X Pr2 X Pps X Psl X PS2 X Pgs X Pg.

Let B, T , S’ , R, be the canonical projections from 2 to {1,2,3}, T2, S\, R..,
respectively. Set Th, = T2 and, for n > 0, T, = Tr>°T,,. Then T, is a uniform
spanning tree on G, and T,, = Tr'T,, = Tr,° T for m > n > 0. Analogous

statements hold for S! = Tr>* S’ and R, = Tr)® R...
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In the following we write P instead of P and always use {2 equipped with P as
probability space, whenever the random elements 7, T¢, S’ etc. are considered.
Let [4, &, 4] (suppressing the dependence on n) be a shorthand for the set

{0 (f)Ua(fo) Unbs(fs) + fi € T 1o fo € T, fs € Sii

and analogously for other combinations. Using Lemma 4.1 it is easy to see that

3 3 7—7%—1Un—1 1
P(T) € [, \ L)) =P(T) € [a, \A]) =+ = "——— = 5
Tn
2
w100y 1
P(S? € [ A N)=P(S>c[AAN)= = % - =,
7—2 1Pn—1 1
P(S) € [ £, &) =P(S] € [, A &) = = 2= =, (2)
P(R, € [A A A]) =P(R, € [\, A A]) = _ w1
n o, FA, == — n A\, am, am = = pn _507
1Op1pa1 1
P(R, € [, b, b)) =P(R, c[A b b)) = = %ﬂ)nl ==

where dots indicate combinations in the same “group” (group sizes are 18, 21, 9,
14, and 36, see Figure 2). Of course, analogous results also hold for T}, T2 Sl 52
Furthermore, note that

P(my(T3) € - | T? € |4, N, &4]) = Unif S}

n—1»

and analogously for other combinations and restrictions. Using this fact we obtain
the following result, which relates uniform spanning trees on Sierpinski graphs to a
multi-type Galton-Watson process:

Proposition 5.2. Let Uy, be one of T, T, S, R
sponding random object.

(1) The random tree

and let Uy be the corre-

[oop)

X(Uso) = (Xw(Uso) ) wew-

15 a labelled multi-type Galton-Watson tree with labels in W* and types in C. The
type distribution of the root depends on the specific choice for U, and is given
by Unif{xs(f) : f € Ux}. The set of individuals is deterministic and equal to
W*. FEach individual has three children with suffizes 1,2,3. For x € C set

D(x) = {0a(f) xa(£).xs(f) « f € Quxalf) =a} CC°.

Then, by Equation (2), the offspring distribution of an indwidual of type x is
given by Unif D(x), that is,

P((xw1 (Use)s Xw2(Use)s Xuw3(Usc)) € - | X (Uso) = ) = Unif D(x). (3)

(2) (X (Uso))n>0 is a multi-type Galton-Watson process with seven types, which is
non-singular, positively regular, and supercritical. The type distribution of the
root is given by the uniform distribution Unif{v(xz(f)) : f € Ux}. The off-
spring generating function is easily computed by means of Equation (3): using
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the abbreviation s = 3(z1 + 2o + 23), we have

f(z) = (

$%(25 4 26), 25°(24+ 26), 25°(24 + 25),

N[ =

ios 327 + 224(z5 + 26) + 3327),

—_

sl

“(
(

s(322 + 225(24 + 26) + 3s27),
5(328 + 226(24 + 25) + 3s27),

1 2 2 2 2 2 2
o= (2325 + 2475 + 2326 + 242G + 2226 + 252

[\
ot

+ 242526 + 68(24 + z5 + 26)27)) .

Its mean matrix M is given by

100 100 100 O 7 75 O
100 100 100 75 O 75 O
100 100 100 75 75 0 0
65 65 65 150 30 30 45
65 65 65 30 150 30 45
65 65 65 30 30 150 45
36 36 36 78 78 78 108

The dominating eigenvalue of M s equal to 3. The corresponding right and left
eigenvectors are

vp=(1,1,1,1,1,1,1)"  and v = 5=(53,53,53,38,38,38,15),

respectively. vg and vy, are normalized so that vy, - vg = 1 and ||vp]; = 1.
(3) Since || x*(Uso)|l1 = x# (Uso) - vr = 3", it follows that

lim 37"x 7 (Ux) = vy,

n—oo

~ 150

almost surely, see Theorem 1.8.3 in [27].

Remark 5.3. In order to sample a uniform spanning tree on G,,, we may simulate
the n-th generation of a labelled multi-type Galton-Watson tree as described above.
In this process, we have to choose one of &, A, A with equal probability as the
type for the ancestor @ of the tree. It is possible to postpone this choice from the
beginning to the n-th generation. To this end, collapse the three types &, A, A
into one type A. This yields again a labelled multi-type Galton-Watson tree, but
now with five types {& A\, A, & &}, In order to obtain a uniform spanning tree
on G, consider the n-th generation of this simplified labelled multi-type Galton-
Watson tree and replace each occurrence of A independently by one of &, A, A with
equal probability. This modified n-th generation describes a spanning tree on G,
whose distribution is uniform. Figure 4 shows an example of a randomly generated
spanning tree on Gs.

Remark 5.4. Suppose A is a parameter of spanning trees in GG,,, and we are interested
in the behaviour of \(T},) as n — oo. When \(T,,) is a functional of x#(T), say
MT,) = h(x#(Ty)) for some linear function h, then 37"\(T,,) — h(v.) almost
surely. Of course, this generalizes to positive homogeneous functions h. As a simple
example consider the number of n-parts with i connected components. For f € Q,
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NCWAVAI R

FIGURE 4. A randomly generated spanning tree on Gf.

i € {1,2,3}, and n > 0, let us denote this quantity by ¢/, (f) = {w € W"
e(xul/)) = i}]. Then

1110000
en(f) = (o) Bnlf).da(F) =25 (f)- {0 0 0 1 1 10
0000001

and therefore 37"cf (Us) — g5(53,38,5) almost surely as n — oo if Uy, is one of
T., T, S, R forie {1,2,3}. Note that, due to symmetry, (¢#(Us))n>0 is a
multi-type Galton-Watson process in its own right.

A straightforward calculation shows that the variance of x7# and cf is of order
3", so that Chebyshev’s inequality yields

P(lIx7; (Vo) = 3"zl > ") < 3" (4)
for any o € (1/3,3), and an analogous inequality for c.

In the following we study two quantities of a random spanning forest of z,,, which
need more work as the previous remark does not apply directly: The first quantity
are the component sizes in S} 5% S3 R . In this case it turns out that compo-
nents can be described using an augmented labelled multi-type Galton-Watson tree.
Secondly, we study the degree distribution in 7;,. Here the recursive description of
uniform spanning trees in G,, (see Figure 2 and Proposition 5.2) and the rapid decay
of tail probabilities given by (4) is used.

5.1. Component sizes. Spanning trees only have one component, but for random
spanning forests S or R,, the sizes (number of vertices or edges) of the compo-
nents are interesting random variables. Let us briefly explain how their limiting
distribution can be obtained.

First, we need some notation. For a non-empty subset B of VG, let f be an
element of Q.,, and assume that B is the vertex set of the union of some connected
components of Trg” f. Write C,(f, B) to denote the union of those components
of Tr?® f having non-empty intersection with B. For example, if f € S. . then
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Co(f,{u1}) is the component of Tr)° f that contains ui, C,,(f, {ug, ug}) is the com-
ponent that contains us and ug, and C,(f, {u1,us, us}) is the entire spanning forest
T f.

We are interested in the size of C,(f, B), which unfortunately is not a linear
functional of x7(f). However, it is possible to define a subtree of the Galton-Watson-
tree x(f) that encodes f and to add extra information to the types C that records
the evolution of the components in C,(f, B). If f is randomly chosen, the resulting
subtree with augmented types describes another labelled multi-type Galton-Watson
tree, as will be shown in the following. For n > 0, let

Wa(f, B) = {w e W" : Cy(f, B) N u(Go) # 2}

be the set of those words w € W™ for which the corresponding n-part 1,,(Go) of the
Sierpinski gasket has non-empty intersection with C,,(f, B). Their union

W(f,B) = JWalf. B)

n>0

induces a subtree of W*, and each word in W( f, B) has one, two or three children.
For w € W(f, B), write &y (f, B) to denote the vertex set V (m, (1w (Go) NCy(f, B)))
(in words: the vertices of the n-part ¢,,(Go) that are in common components with

vertices of B, projected back to Gy). To each w € Wn(f, B), we assign one of the
following nineteen types

Cm{ A A NN NA L /A A A LSS S b N A)

encoding two pieces of information: y,,(f) (structure of the restriction of f to the
respective n-part) and &, (f, B) (indicating which of the corner vertices are in com-
mon components with elements of B). We denote this assignment by y.,(f, B), see
Table 4 for a precise definition of x,,(f, B) in terms of x,,(f) and &, (f, B).

TABLE 4. The type Y (f, B), given x,(f) and &, (f, B).

Xu (/)
fol(f,B) & A A N A A A
{ul, Ua, Ug} A A AN L LA
{UQ,U?,} A fa
{ulau?)} / “
{Ul,UQ} am  aa

{Ul} A a
{uz} A a
{U3} A .

Finally set x(f, B) = (Xw(/f, B))weW(f,B)' It is easy to see that it is possible to
reconstruct the graph C,(f, B) from x(f, B): formally,

Cu(f,B)= |J  vu(i(Ru(f B))),
weWn(f,B)

where 7) is given in Table 5.
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TABLE 5. The mappings 7 and ¢.

r A& A A N A N A L h A 4 A
nz) o N AN N N 0/ 0L
¢zy 11 1 2 4 5 2 4 5 2 4 5
x A“ “ A‘ T Y S a s

() .

¢z 3 6 6 6 T T T

Now let us define é(z) for = € C as in Table 5. For i € {1,...,7} and n > 0 set
¢u(f,B) = fw e W(f, B) : é(Xw(f, B)) = i}| and

e(f.B) = (4n(f. B),.... & ,.(f. B)).

The vector ¢#(f, B) counts the number of words in W(f, B) of given type up to
symmetry. Note that the number of edges in C,,(f, B) can be determined from
¢?(f, B): it is given by

|EC,.(f,B)| = ¢é*(f,B)-(2,1,0,1,0,0,0)",
and the number of vertices in C,(f, B) satisfies

the precise value of the difference depending on the type of f and the set B. Now let
Usx beoneof T, T, S' R (i € {1,2,3}), and choose B C VG so that B is the
vertex set of the union of some components of Try” Us. Then x(Us, B) is a labelled
multi-type Galton-Watson tree with types in C, and (é#(Use, B))n>0 is a multi-type
Galton-Watson process with seven types. The offspring generating function f (z) of
the process is given by

_ (.2 7 2 3.2 7.3, 18
f(z) = <2122, 107172 T 197173, 3572 T 5212273,
2 4 1.2 3.2
10717425 + 15212224 + 1524 + 1571 %6;
2 4 1,.24, 3
107475 T 17575 T 157125 t 1677
3.2 2 1 2 1.2 6 3
%2224 + %222425 + %2425 + 2—525 + %ZIZZZG + 2—52527
3 3 3
+ 35212324 + 552426 T+ 55212526,

6 1 2 2 1 .2 6 3 3 3
%25 + %2224 + %2425 + %2425 + %27 + %212426 + %212’527 + %Z4Z7>,

and the mean matrix is given by

0050 0 0 0 0 0
65 70 15 0 0 0 0
o, |36 36 0 0 0 0
M=—.|60 20 0 40 10 15 0
015 0 0 10 40 0 15
24 28 6 24 24 24 6

122 0 24 24

D
)
=~
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Hence the multi-type Galton-Watson process is non-singular, but not positively
regular, as the mean matrix is reducible. The dominating eigenvalue is 3, which
belongs to the 3 x 3 block of M in the upper left corner. It has multiplicity 1, and
the corresponding right and left eigenvectors are

o= (111,252 9, =21 (53385,0,0,0,0),

respectively. ¥ and ¥y, are normalized so that ©,-0r = 1 and |v.||; = 1. Intuitively,
the fact that only the first three entries in v, are nonzero (and that M is dominated
by the upper left 3 x 3-block) can be explained by the fact that n-parts of types
such as A, &, ete. (some vertices belong to C,,(f, B), others do not) can only occur
at the “borders” between the components of the forest Tr,° f, which only make up
a very small part of the entire graph G,,.

For every choice of the boundary vertices B, there is a non-negative random
variable §(U,, B) such that

37¢# (U, B) = 010(Uso, B)

holds almost surely as n — oo, see Theorem 2.4.1 in [22]. By symmetry, eight groups
of these limit variables have the same distribution, namely

{0(To, {ur,uz, uz}) },
(0(TL, {ur, uz, uz}), 0(T2, {ur, uz, uz}), 0(T2, {ur, uz, uz}) },
{0(SL, {ur, uz, uz}), 0(S%, {ur, us, uz}), 0(S2., {ur, us, us})},
{0(R., {ur, us,uz}) },
{é(S;o,{ug,ug}) 0(S2, {ur,us}), OS2, {ur, uz}) },
{05k, {ur}), (5%, {u2}),0(S%, {us})},
{0(R,., {uz, us}), é(Roo’{u17u3}> O(R., {ur,u2})},
{0(R, {u1}),0(R., {u2}),0( Ry, {us}) }.

Let us write 6; (i € {0,...,7}) for a random variable having the same distribution

as a random variable of the respective group above. Of course, bo, - .. ,ég (the cases
when B = {uy, us, uz}) are almost surely constant, i.e.

g =0, =0, =05 =1
almost surely. The remaining variables é4, e ,é7 have continuous densities, and
E(Ql) = Ui,R

for i € {4,...,7}. Note also that 1 — 0, and 95 have the same distribution, and the

same holds for 1 — é6 and é7. The limits of the renormalised component sizes can
be expressed in terms of these random variables. To be precise,

lim 37|V C,(Us, B)| = lim 37"|EC,,(Uws, B)| = $0(Uw, B)
n—oo n—oo

almost surely. In particular, the component C,,(SL | {us,u3}) is on average approx-
imately five times larger than the complementary component C,(SL  {u;}), since

Ugr =3 2 = 505 .
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5.2. Degree distribution. The distribution of the vertex degrees in a random
spanning tree of the Sierpinski graph G,, was studied at length by Chang and Chen
in their recent paper [06]. In particular, they determined the precise probability
distribution of the degree of a given vertex, and determined the average proportion
of the number of vertices of given degree as n — oco. Here we provide a somewhat
different approach to this problem with the advantage that it also allows us to prove
almost sure convergence of this proportion to a limit.

The number of vertices with a certain degree in a random spanning tree 7T, is
again not a simple functional of the types. In fact, the degree distribution of a
vertex v € VG,, depends not only on n, but also on the level of the vertex v itself:
by the level of a vertex, we mean the smallest k such that v € VGy. Let us first
consider the degree distribution of the corner vertices. By symmetry, it is obviously
sufficient to consider one of them. Let d,(h) be the vector of the probabilities that
the degree deg;; w; of the lower-left corner vertex u; in a random spanning forest
U, is equal to h € {0,1,2} for U, € {T},T? 13,5} 52 S3 R,}. The entries are
denoted by d,,(&, ), d,, (A, h), etc. Thus d,, (&, h) = P(degs u; = h), and the other

entries are defined analogously. Then it is obvious that
dy(0) = (0,0,0,1,0,0,1)",
do(1) = (0,1,1,0,1,1,0)",
dy(2) = (1,0,0,0,0,0,0)".

Moreover, we deduce from the recursive structure (Figure 2) that d,,(h) = Dd,,_1(h),
where D is the matrix

50 50 50 0 0 0 0

2% 25 25 0 0 75 0
22525 0 5 0 0
—— |5 5 5 60 15 15 45
150 130 30 30 0 45 15 0
30 30 30 0 15 45 0

12 12 12 36 21 21 36

: : . 31 1 1 .
This matrix has eigenvalues 1, ¢, £, 1z, 55, 0,0, and we easily find that

d,(0)=14.(2)"-(0,0,0,3,0,0,2)" = & - (£)" - (0,0,0,5,0,0,—6)",

28

d,(1)=1.(1,1,1,1,1,1,1)" = 2-(2)" - (0,0,0,3,0,0,2)"

+ L (£)" - (-25,10,10,-4,3,3,3)" + & - (£)" - (0,0,0,5,0,0, —6)",

d,(2)==<-(1,1,1,1,1,1,1)" = 2 - (2)" - (0,0,0,3,0,0,2)"

— L ()" (-25,10,10,-4,3,3,3)" — & - (%)" - (0,0,0,5,0,0, —6)t( |
5
for n > 1. In particular, we see that the degree of a corner vertex is 1 in a ran-

dom spanning tree of (3, with probability tending to 1, and the degree is 2 with

147
probability tending to %.

If now v € VG, is a vertex of level k > 0, then there is a unique copy H of G,,_r11
in G,, such that v is the midpoint of one of its sides. The degree distribution of v in
a random spanning tree T;, now only depends on k and the type of the restriction
of T,, to H. For example, if v is the midpoint of the horizontal side of H, and the
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restriction is of type 4, then the probability that v has degree h in T, is

h
1
EZ ot (hay ) + 1 (A 0) + dpy i (A 0)) i (A 7 — 0)
=0
1 h
+ ; (dr.(da, ) + dpp (A, 0) + dri (A, 0))

X (dy_(&as b = £) + dp_1 (A, h =€) + dy (A B — 1)),

where we set d,(-,h) = 0 if h > 2. It follows immediately that for any fixed & > 0
(or even more generally, if n — k — 00), the probabilities of the possible degrees
1,2, 3,4 of a level-k vertex converge to

0 121 33 9
T1967 987 196’
respectively. Intuitively, this means that leaves typically only occur at high levels.

Let now W, (h) denote the number of vertices of degree h in a random spanning
tree T,,. We prove that 37"W,,(h) — w(h) almost surely, where

w(l) = 10957 w(2) 6626035 w(3) 2943139 w(4) = 124895
26976’ 9090912’ 9090912’ 3030304 °

Fix some a € (v/3,3). For any r > 0, the number of copies of G,,; occurring
in G, is 3"""1. By (4), the number of such copies which have type &, A or A is
3.3" 714+ 0(a" 1) with probability 1 —O((3/a?)""1). The same is true for the
types A, 4, & and type a4, with the constant % replaced by and = 56> Tespectively.
Now the distribution of the degrees of the midpoints in each of the copies of G,41
only depends on the type, and the different copies are pairwise independent. Let
m, (4, h) be the expectation of the random variable that counts how many of the

three “midpoints”
%(UQ—FU;),), %(Ug‘l"lh), %(Ul—l-UQ)

have degree h in a random spanning forest of type & in G,, and define m,.(A,h),
etc. analogously. By symmetry,

m,.(&a,h) = m,. (A h) =m,. (A h),
m,. (A, h) = m,. (4, h) =m,. (& h).
By independence and another application of Chebyshev’s inequality, we find that

the total number of vertices of degree h among all level-(n — r) vertices in a random
spanning tree 7, is

3n7r71 (%mrﬂ(l., h) + %mrﬂ (A\, h) + %mT+1 (A“, h)) + O(Oéniril)

for any 7 > 0 with probability 1 — O((3/a?)""~1). Since there are only O(3"/?)
vertices at levels < n/2, we can safely ignore them, and we obtain that the total
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number of vertices of degree h in a random spanning tree T}, is

[n/2]
Z 3" (B, (A h) 4+ B (N R) + 2meg (&, h)) +O0(an)

= 3" Z 37 (B, (&, h) + B, (N R) + Sm,i (&, R)) + O(a™)

with probability 1 —O((3/a?)"/?), from which almost sure convergence of 3~"W,, (h)
follows immediately. It remains to find the values of the constants. Let us for
instance determine m,. 1 (4, 1):

Myi1(da, 1) = 2(d, (&, 1) + d, (A, 1) + d. (A, 1)) (d.(&,0) + d, (A, 0) + d.(A,0))
+ 5 (d, (&, 1) + dp (A, 1) + d (A, 1)) (dr (N, 0) + d, (4, 0))
+ 1(d,(4,0) + d,(A,0) + d.(A,0)) (d-(\, 1) + d,(4a, 1))

by the same argument that was used earlier to determine the probabilities of the
different degrees. Using (5) we find

myy1(ka, 1) = 5 - 37577+ (33 - 15" — 5)?,
and thus
i 49595
37 (& 1) = .
; mri (b 1) = Jeeoms

All other sums are obtained similarly. It follows that the proportion of vertices of
degree 1,2, 3,4 in a random spanning tree 7,, converges almost surely to

10957 6626035
——— ~0.2 4 ——— =~ 04
40464 0270784, 13636368 0.483909,
2943139 124895
———— =~ 0.21 ~ 0.0274
13636368 0213830, 4545456 00274769,
respectively. These constants were already determined in [6] as the limits of the

mean values, but our arguments show that we even have almost sure convergence.

6. LOOP-ERASED RANDOM WALK ON SIERPINSKI GRAPHS

This section is devoted to the analysis of loop-erased random walks on Sierpinski
graphs and their limit process. Let us first recall some definitions, see for instance
[20]. Let G be a finite and connected graph. The (chronological) loop erasure of a
walk = (x¢,...,z,) in G yields a new walk LE(x) which is defined as follows:

e Set ¢(0) =max{j <n : x; =z}
o If 1(k) < n, then set «(k + 1) = max{j < n : z; = T,(x)41}, otherwise set
Wk +1)=n.
o If K =min{k : «(k) = n}, then LE(x) = (2,0), - - - Tu(k))-
It is clear from the definition that LE(x) is self-avoiding.

The simple random walk (X,,)n>0 on a finite and connected graph G is a Markov
chain with state space VG and transition probabilities p(z, y) from vertex x to vertex
y given by

degx

L if x and y are adjacent,
p(z,y) = .
0 otherwise.
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For any B C V@G, the hitting time h(B) is given by
h(B) = inf{n : X,, € B}.

Since G is finite and connected, the hitting time h(B) is almost surely finite. Fix a
vertex x € VG and some set B C VG with x ¢ B and consider a simple random
walk (X,)n>0 starting at x. The random self-avoiding walk LE((X)o<n<n(p)) is
called loop-erased random walk from x to B. Figure 5 shows instances of loop-
erased random walks from one corner vertex to another on G5 and Gjg, respectively.
The aim of this and the following section is to study some of the properties of
loop-erased walk on G,, and its limit process.

N

FIGURE 5. Instances of loop-erased random walk on G (left) and Gy
(right).

Uniform spanning trees and loop-erased random walk are strongly connected con-
cepts. A particular application of this connection is Wilson’s algorithm [31], which
is an efficient method for sampling uniform spanning trees of a graph G. Fix some
ordering of the vertex set VG, and let {(X7),>0 : © € VG} be a family of indepen-
dent simple random walks on G, where (Xn)nZO starts at x. We define a sequence
Ty, Ty, ... of random subtrees of G as follows:

e Tj consists of the least vertex (according to the selected ordering) in G only.
e If T}, does not contain all vertices of G, let x be the least vertex in VG \ VT
and define
T = T U LE((X)o<n<n(vy)) -
If T} is already spanning, then set Ty, = Tk.
By construction there is a minimal (random) index K (at most |V G|) such that
Tx = Tk.1. Then Tk is a uniform spanning tree of G. This idea can be reversed:
suppose that T is a uniform spanning tree of G, and fix two vertices x,y € VG. The
random self-avoiding walk Ty turns out to have precisely the same distribution as
a loop-erased random walk from x to y: this is easy to see from Wilson’s algorithm
if we assume that  and y are the least and second-least vertices in our ordering.

In the following we use this connection to study loop-erased random walk on
Sierpinski graphs G,, in more detail: For example, if T"is a uniformly chosen span-
ning tree on G,, then u,T,us is a loop-erased random walk in G,, from wu; to us.
The description of T, as a labelled multi-type Galton-Watson tree can be extended
to describe the evolution of loop-erased random walks w1 Tyus, u1Tius, ... by a la-
belled multi-type Galton-Watson tree with twelve types, which capture not only the
structure of the spanning tree, but also the unique path between two corner vertices.
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The set C = {&, 4, L, AN A A A A N/, L} encodes the twelve possible
types (in a rather obvious way). Fix k € {1,2,3} and let v,v" be the two vertices
in VG, different from u;. Let f be an element in Q, so that v,v" are in the same
component of the spanning forest Trg” f. Then v,v" are in the same component of
Tr>° f for any n > 0. For n > 0 consider those n-parts of G,, which contain at least
one edge of the self-avoiding walk v(Tr;° f)v’, and let

Wo(f, k) ={we W™ : E(u(Tre f)v') Niw(EGy) # @}

be the addresses of these n-parts. Notice that W, (f, k) is naturally ordered by the
fact that v(Tr>° f)v" walks along the n-parts v, (Go) with w € W, (f, k). Further-
more,
W, k) = | Walf, k)
n>0

induces a subtree of W* where each word in W(f, k) has two or three children.
Of course, xu(f) € {&, A AN A A} for any word w € W(f, k) (the walk has
to enter and leave an n-part at a corner, which is only possible if at least two of
the corners are connected). Moreover, for any w € W, (f, k), the restriction of
E(v(Try? f)v') to 1, (EGy) consists of one edge e = {z,2'} or two incident edges
e = {z,y} and ¢ = {y,2'} for some z,2',y € ¥,(VGy). Define &, (f, k) to be the
unique ¢ € {1, 2,3} such that ¥,,(u;) # z,2’. We encode the two bits of information
given by Y. (f) and K, (f, k) by one of the twelve types in C in a natural way. Write
Xw(f, k) to denote this type of the n-part 1,,(Go) induced by f and k, and set

X([, k) = (Xuw(f, k) wew (f.5)-

For example, Y, (f, k) = & if x,(f) = & and R, (f, k) = 1. Other types are assigned
accordingly, see Table 6.

TABLE 6. The type X.(f, k), given x,(f) and &y (f, k).

Xuw(f)
Fo(fk) &4 A A N A A
1 L A A A
9 L A/ /
3 L A A A

In order to reconstruct the self-avoiding walk v(Tr;® f)v" from x(f, k), let 7 be
the map from C to the set of subgraphs of Gy defined in Table 7. Then

v(@E ) = U du(i(Xul(f,R).
weWn (f,k)
It is noteworthy that in general x(f, k) contains more information than all the self-
avoiding walks v(Tr)" f)v" for n > 0 (since it also contains additional structural
information on the underlying spanning tree).
Last but not least, let 7 be the bijection from C to {1, ...,12} given by Table 7. In
analogy to the previous section, we define the type-counting functions )fon( f k)=

{w e W(f) : v(Xu(f, k) = i}| and
er(fa k) = (Xin(f? k)a te 7)2?2,71(.]07 k))
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TABLE 7. The mappings 7 and v.

A\ AL AL AL DNANL L
nz) NN/ /L NA NS
v 1 2 3 4 5 6 7 8 9 10 11 12

forie {1,...,12} and n > 0.

Proposition 6.1. Let Uy, be one of T.,, TL, or 8t for i € {1,2,3}, and let Uy,
be the corresponding random object. Let k € {1,2,3}, and assume that Try U
connects the two vertices in VGq \ {ug}.

(1) The random tree
X(Uo@v k) = (Yw(Uooa k))weW(Uoo,k)

is a labelled multi-type Galton- Watson tree with labels in W* and types in C. The
type distribution of the root is given by the uniform distribution Unif{xs(f, k) :
f €Ux}. Its offspring generation is given in Table 8.

(2) (X#(Uso, k))n>0 is a multi-type Galton-Watson process with twelve types, which
1s non-singular, positively regular, and supercritical. Using the abbreviations
5] = %(zl + 204 27), 89 = %(z;), + 24+ 23), and s3 = %(z5 + 26+ 29), the offspring
generating function is given by

flz)= (%81(31 + 210), %81(81 + 210),

52(82 + 211), %32(82 + 211),

N[

D=

(
53(83 + 212), %83(53 + 212),
(

1 1
s1(83211 + 82212), 552(83210 + 81212), 553(82210 + S1211),

N =

L

2
0 381 =+ 481210 + 210(2’10 + 83211 + S2212 s

—_

sl

( )
(355 4 4s2211 + 211 (83210 + 211 + 51212)),
( )

2
3s5 + 4s3z12 + 212(82210 + S1211 + 212 >

sl

Its mean matrix M 1is

1515 0 0 0 0 15 0 0 15 0 0
51 0 0 0 0 15 0 0 15 0 O
0 0 1515 0 0 0 15 0 0 15 O
0 0 1515 0 0 0 15 0 0 15 O
0o 0 0 0 1515 0 0 15 0 0 15
M—i 0 0 0 0 1515 0 0 15 0 0 15
30110 10 5 5 5 5 10 5 5 0 15 15|°
5 5 10 10 5 5 5 10 5 15 0 15
5 5 5 5 10 10 5 5 10 15 15 O
10 1 1 1 1 10 1 1 24 3 3
1 1 1010 1 1 1 10 1 3 24 3
1 11 1 1010 1 1 10 3 3 24
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whose dominating eigenvalue & s % + %\/ﬁ ~ 2.287855. The corresponding
right and left eigenvectors are

’DR == (al, ay,a,aq,ay,ay,as, as,as,ds, as, a3)t,

Oy, = (ag, A4, A4, Ay, s, g, A4, Ay, Ay, G5, A5, O35),
where

11 17 1, 13
a; = 3 + 533 533 205, a2 = 5% + 1066 1066 205, az = 5+ 155V 205,

26
ag = V205 — 32, a5 =3 — V205

The vectors vy and vy are normalized so that vy, - v = 1 and ||[vL| = 1.
(3) There is a non-negative random variable (U, k) such that

a "x* (U, k) — 0,0(Us, k)

almost surely. The distribution of 0(Us, k) has a continuous density function,
which s strictly positive on the set of positive reals and zero elsewhere. In
particular, 0(Us, k) is almost surely positive. By symmetry, four groups of these
limit variables have the same distribution, namely

{0(T2,1),0(T,2),0(Te, 3)},
{0(7%.,2),0(T%. 3), 9(T2 1),0(T%,3),0(T5,,1),0(T%,, 2)},
{9( J1),0(T%,2),0(T%,3)},
{0(5%,1),0(5%,2),0(5%.3)}.
We write 0y, 601, 05,05 for random variables having the same distribution as a
random vamable m the respective group (ordered as above). Their expected values

are E(6y) = 2a1 + 1as, E(Ql) = ay, E(fy) = ay and E(f3) = as, respectively.
Moreover, IP90 =2 ]P)gl +1 5 Py,

Proof. The first part of this result follows from Proposition 5.2. The second is a
consequence of the first: the details are not difficult to verify. For the last part, see
Theorem 1.8.2 and Theorem 1.9.1 in [22]. O

Remark 6.2. Similar to Remark 5.3, we can collapse three groups of types into new

types:

o L, A\, A become A,

e /., N, A become A,

e L A A become A.
Fix again some k € {1,2,3}, and let f € Q. be such that the vertices in VG \ {uy}
are in the same component of f. Now for w € W(f, k), set

\ if Y (f, k) € {&, A A},

/ lfxw(f7k>€{/737/}7

-_ if X'U)(f?k> e {_7_7/\}7

Xw(f, k) otherwise,

and X(f, k) = (Xw(f+ k))wew(sx). If Uss is now one of T, T, Sk for i € {1,2,3},
so that the vertices in VG \ {ux} are in the same component of Trg® Uy, then the

random tree X (U, k) is a labelled multi-type Galton-Watson tree with types in
{\7/7_7 \7/7_}'

Xw(fv k) =
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TABLE 8. Offspring generation of x (U, k) for three types. The re-
maining types are obtained by symmetry taking suffixes into account.

Type Offspring types Probability
with suffixes (1,2) or (1,2, 3)

(£,2), (2,5), (A 5) ;

L (&4),(£2) (&7,
(2,4), (2,2), (2, A), 5
(A.L), (A2), (AA)
(4, L L), (1o, L, 2), (4a, & A),
(£, N L), (4o, A\ A), (40, A\ A),

A (£a, N L), (£, \JA), (4, AL A), 1
(£ay N\ L), (£, \ Q) (L, 0\ A), 18
(A, AN L), (AN L), (A ANA),
(AN L), (AN L), (AN A)
(/ ’ \7_)7 (A7 \7 )’ </ ’ \7_)7
(/ 7L7_)7 (/ ) \7 )7 (/ ? \7_)7
(&£,L), (£,2), (& A), ey
(2,4), (2,2), (2 A),

= (AL, (AL, (AN
(—7—>’ ( )7 (A7 )7 1
(= 4), (=2), (=A) 1o
(==) 1

In order to sample a loop-erased random walk in Gz,, from u; to us, we can simulate
the n-th generation of x(7,3). At first we have to choose one of 4, A A with
equal probability as the type of the ancestor @. As in Remark 5.3 we may postpone
this choice to the n-th generation. To do so, consider the n-th generation of the
simplified tree X (T, 3). Independently replace each occurrence of

e A by one of &, A\, A

e A by one of 4., D, A,

e A by one of &, A A,
always with equal probabilities. Then the modified n-th generation of x (7., 3)
describes a loop-erased random walk in G,, from u; to us.

Remark 6.3. We set
1 ifae {AA LA L A,
clz) =<2 ifze{ DA}
3 ifxe{N\ L}
and once again, we introduce type counters: for i € {1,2,3} and n > 0, define
Cin(fo k) = [{w € Wi(f. k) : e(Xw(f)) = i} and
1K) = (Tl ) + ol ). (. )
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Then € (f, k) and ¢7(f, k) count the occurrences of types up to symmetry in the
n-th generation of x(f, k) and x(f, k), respectively.

For a random object U, (one of T, T, S ) and suitable k, (¢#(Us, k))n>0 and
(€#(Uso, k))n>0 are multi-type Galton-Watson processes with offspring generating
functions

g(z1, 29, 23) = (%s(s + 23), %23, 1%52 + %323(2 + z3) + liozg), (6)
where s = %zl + %22, and

9(21,2) = (32(a1+ 22+ 212), 527 + 12122+ 22) + 1573, (7)
respectively. If we set

(21,2, 23) = (PGF(XG (T k), 2), PGF(XG (k. k), 2)) = (321 + 522.23),  (8)

then X o g = g o X. Note also that ¢ (U, k) and ¢ (Uw, k) depend linearly on
X#(Us, k), hence Proposition 6.1 implies
@_néZ&(Tm, k’) — (6(14, 3@4, 3a5)§(Too’ k’), @_"éjf(Sfo, k’) — (6&4, 3@4, 361,5)9_(8507 k?),

a "t (T, k) — (9aq,3a5)0(T,,, k), a et (Sk k) — (9ay4,3as5)0(Sk k)
almost surely.

Remark 6.4. Using the previous remark, it is possible to describe the distribution

of §0,91,§2,93. Let
P(2) = (E(e) BE™),EE™)  and () = (B(e™),E(™))

be the moment generating functions of (0y,0s,03) and (y, f3), respectively. These
two functions exists at least for z € C with Re(z) < 0. Furthermore, it is well known
that
p(az) =g(p(z)) and  @(az) =g(p(2)).

holds whenever both sides are finite, see for instance Theorem 1.8.1 of [22]. Since
g and g are both polynomials, the moment generating functions ¢ and ¢ exist for
all z € C and are entire functions, see [23]. Furthermore, by iterating the offspring
generating function it is possible to approximate the densities of 8y, 0;, 0,03, see
Figure 6.

In the following lemma, we prove some estimates for the moment generating

functions of 6, ...,0;, which lead to estimates for the tails of the distributions.
Let us remark that there exist general results concerning tail probabilities (see for
instance Jones [18]), but our situation does not satisfy the necessary conditions
of these results. Thus we follow the arguments in [2, Proposition 3.1] and [19,
Proposition 4.2]. Let the constants 7, and 7, be defined by
5= 082 0837524 amd A, = 1283 130744,
log & log &

Thus —7%,/(1 —7,) ~ 5.154759 and 7, /(1 —4,) ~ 4.053954. These constants play an
important role in the following lemma:

Lemma 6.5. There are constants Cy 4, Cap > 0 such that
e~ Cel2 < E(ezéz') < e~ Ca.elz (i € {0,1,3}),

ge—cl’dz"\/f S E(ezeg) S 6—02,[|z‘72
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251 95 1
2 | 9 1
15 1 15 1
14 11
05 | 05 1
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0 05 1 15 2 25 3 0 05 1 15 2 25 3
(A) density of (B) density of 6,
25 | 25}
2 1 9 |
15 | 151
14 11
0.5 + 0.5 +
0 0

0 05 1 15 2 25 3 0 05 1 15 2 25 3

() density of 6, (D) density of 05

FIGURE 6. A plot of the densities of §; for i € {0,1,2,3}. The densi-
ties are approximated by n = 7 iterations of the offspring generating
function g.

for all z < —1. The upper bounds also hold for z € C with Rez < 0 and |z] > 1
(after taking absolute values). Analogously, there are constants Cy,,Cs, > 0 such
that

eCl,rZ:Y" S E(ezél) S 602,rz'77' (Z c {0’273})7

%eclﬂ,zWT S E(ezel) S 602’7‘2'\/7‘

for all sufficiently large z > 0 (for instance if B(e*%) > 4 fori e {1,2,3,4}). As a
consequence the following statements hold:
o There are constants Csy,Cy g, Cs0,Co e > 0 such that

Cae eXp(—C4’gs_'_”/(1_'_YZ)) <P(0; < s) < Csy exp(_CG,ES_W/(l_W))

for all s >0 and all i € {0,1,2,3}.
e There are constants Cs,,Cy,,Cs,, Csr > 0 such that

C exp(—Clps™/07) <P(G; > 5) < Csp exp(—Cops™/077)

for all s >0 and all i € {0,1,2,3}.
e The random variables 0y, 01,05, 05 have densities in C.

Proof. Set C_ = {z € C : Rez < 0}. The random variables 6, , 05,03 > 0 have
positive densities on (0,00). Thus 0 < |E(e*%)| < 1 for all z € C_\ {0} and for all
i€{0,1,2,3}.

We start with the upper bounds of the left tail. Set M (z) = max{|E(e*?)| : i €
{0,1,2,3}}. Then M(az) < M(z)? for all z € C_ using the functions g and §. Set
H(z) = —|z|7¢log M(z), so that H(az) > H(z) for all z € C_. Due to continuity
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there is a constant Cy, > 0 such that H(z) > Cy, for all z € C_ with 1 < |z < a.
This implies H(z) > Cy, for all z € C_ with |z| > 1 and thus |E(e%)| < e=Casl=l™
for all z € C_ with |z] > 1 and ¢ € {0, 1,2, 3}. i
For the lower bounds of the left tail set m(z) = min{E(e*®) : i € {0,1,3}}, so
that m(az) > s-m(z)? for all z < 0. If we set h(z) = —|z| 77 logm(z), then
h(az) < 3]z| 7 log 10 + h(z)
for all z < 0. For n > 0 this implies

h(a"z) < ((B)'+ -4 (3)™)]2] " log 10 + h(z) < |2[ 77 log 10 + h(z).
As before, there is a constant Cy, > 0 such that |z[77log 10 + h(z) < Cy for all
—a < z < —1. This implies h(z) < Cyy for all z < —1 and so E(e®%) > e Crelzl™
for all z <0 and € {0,1,3}. If i = 2, notice that

92(21, 22, 23) > 52123
for all 2y, 29, 23 > 0. Hence, using the lower bounds above,

E(e&zég) > 4_L6730M|ZW
— 9

for all z < —1. By a suitable modification of C;, we get the lower bound for the
case 1 = 2.

The proof of the bounds for the right tail is very similar to the proof for the left
tail, hence we omit the details.

For the remaining statements, see [2, Proposition 3.2, Lemma 3.4] and [3, Corol-
lary 4.12.8]. O

Analogous to Remark 5.4 it is easy to describe the limit behaviour of any param-
eter of loop-erased random walk in G,, from u; to uy that is a functional of x7 (7).
As a simple example we consider the length of loop-erased random walk in G, from
uy to ug, which is given by the distance dr, (u1, us), where dr, is the graph metric of
the tree T,,. We remark that a similar derivation of the expectations below is given
in [9, 106].

Corollary 6.6. If n > 0, then the probability generating functions of dr (u1,us)
and dgs (u1,ug) are given by, with g, g and X as defined in (6), (7), (8),

(PGF(dr, (u1, us), 2), PGF(dga (w1, u2), 2)) = X(g"(2,2%,2)) = g" (32 + £2°, 2)

and the expectations are

<E<dTn<u1,u2>>) _ ( 55 V/205
1+ 2

[N
| |
[ e
[N )
o O
o] Ot
v
N

E(ds (u1, uz)) 205
Furthermore,
d_ndTn (Ul, UQ) (V 205 — 7) (Too, 3) Oi/_ndsg (Ul, Ug)

almost surely as n — oo.

—~~
wm oam
cnl"‘ cn"“
v \_/
v

410

W~
=
o

(V205 — 7)8(Sx, 3)

=

Proof. By the description using Galton-Watson trees, see Proposition 6.1 and Re-
mark 6.3, we infer that

dr, (ur, uz) = € (T, 3) - (1,2,1),
dgs (ur,u2) = €(55,,3) - (1,2,1)".
This implies the statement, since (6a4, 3as, 3as) - (1,2,1)" = (v/205 — 7). O
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7. CONVERGENCE OF LOOP-ERASED RANDOM WALK

Let C' be the set of continuous curves 7: [0, 00] — K with 7(0) = u; and y(oc0) =
ug and set do(y,0) = sup{||y(t) — o(t)]]2 : t € [0,00]} for v, € C. Then (C,d¢) is
a complete separable metric space. For v € C' set

h(y) = inf{t : v(s) = uy for all s >t} € (0, 00].

A curve v € C' is called self-avoiding if v(s) # ~(t) for 0 < s <t < h(y). Fix some
curve v in C and some integer n > 0. Then there is a unique integer m > 1 and
two unique sequences

0=ty < <tn=h(y)

and wy, ..., w, € W" with the following properties:
e The curve vy walks along the n-parts v, (K): v([t;-1,%;]) € ¥y, (K) and
7([tj,1,tj]) N wwj (K \ VG()) # @ for all 1 < j <m.
e The quantity ¢; is the exit time of 7 from 9, (K): t; = inf{s > t;_1 : v(s) ¢
Uy, (K)} forall 1 <j<m—1.
As a consequence, the intersection of 1, ,(K) and v,,(K) consists of one point
only, which is equal to v(t;_1) € VG,,. We write A, () to denote the number m of
n-parts traversed, t;,(v) to denote the time ¢;, and we set

Wi (y) = (wr, ..., wy).

Last but not least set s;,(v) = tjn(7) — tj—1,,(7), which is the time spent in the
n-part ¥, (K).
By linear interpolation and constant extension we can associate to any walk x =

(xg,...,x,) in G, a curve LI(z): [0,00] — K as follows:

e Linear interpolation: set LI(z)(t) = (k+1—t)xp+(t—k)zpy1 ifk € {0, ..., r—

1} and k <t < k+ 1.

e Constant extension: set LI(x)(t) = z, for t > r.
If A >0, write LI(z, A) for the curve with rescaled time, i.e., LI(z, A\)(t) = LI(z)(At).
Note that LI(z, \) € C if zg = u; and z, = us.

Remark 7.1. Let t € T and set 7, = LI(uy (Tr," t)ug) € C for n > 0. If m > n, then
An(Fym) = éﬁ@? 3) ' (17 17 1)t7

since €7 (t,3) counts the n-parts on the unique path from u; to uy by their type.
Moreover, W, (v,,) = W, (t,3) with respect to the natural ordering of W,(t,3).
Finally,

h(q/n) = dTr;io t(u17 U/2> = ét(tu 3) : (17 27 1)t7

since types &, M, A contribute 2 to the length while all other types contribute 1. If
m >nand 0 <j < A,(v,), then

’Ym(tj,n(Vm)) = 7n(tj,n(7n>) e VG,.

Let 25, = Yn(tjn(vm)) and Wyo(ym) = (wi,...,wa,(y,))- It follows that, for any
0<i<j<An(mm)

Tin F Tjn, Tj 1, Tjn € Yu,; (V Go),
Sj,n(')/m) = dTFﬁf t(xj—l,na x]}n) = éfn—n(ﬂwj (t)> ij (t> 3)) ’ (L 2, 1)t
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The results of Section 6 indicate that LI(u;T,us, &™) converges almost surely for
n — oo. The proof of this fact closely follows the arguments of [2,13,19]. In the
first two references uni-type Galton-Watson processes are used, whereas in the last
reference a Galton-Watson process with four types is used.

A pair (W, (by)wew) with W C W" and b, € C is called admissible of length n
if there is an element ¢ € 7o, such that W = W,,(¢,3) and b,, = X (t) for w € W.
Notice that W inherits the natural ordering from W, (¢, 3).

Lemma 7.2. Let (W, (by)wew) be an admissible pair of length n. Then, under
P( ' | Wn(Tom 3) = VVv ()Zw(Tom 3))w€W = (bw)wEW); the followmg holds:

o The random trees X (Tw(Tso), Fu(Teo, 3)) for w € W are independent labelled
multi-type Galton-Watson trees with labels in W* and types in C as described
wn Proposition 0.1.

o Forw € W, a"x#(mw(Ts), Fuw(Tse, 3)) converges almost surely to v10(w)
for some non-negative random variable O(w), which has the same distribution
as Ozv,)- In particular, O(w) is almost surely positive. The random variables
O(w) for w € W are independent.

o We have A, (LI(u1T,uz)) = |W| almost surely. Let (wy,ws, ... ) be the natural
ordering of W and let m > n. Then the random variables

sin(Ll(wi Tnug, &™) = &~ ™ek_, (Tw, (Tw)s Fuy (T, 3)) - (1,2, 1)
for 1 < j < |W]| are independent and
Sjn(LI(ur T, ™)) — 1(v/205 — 7)a "0 (w;)
almost surely as m — oo.

Proof. The first two parts are consequences of Proposition 6.1. The third part follows
from the first and the second and from Remark 7.1. ([l

In the following we set X,, = LI(u1T,us, &™), so that X,,: {2 — C is a random
element in C' and
Xa(tjn(Xn)) = X (tjn(Xim))

for all m > n. Define

= {w €2 : lim s;,(X,) € (0,00) forn>0,1<j< An(Xn)}.
—00

m

Then using Lemma 7.2 we conclude that P(£2) = 1. Fix some w € 2. Forn > 0
and 1 < j < A,(X,) set
Sin= lim s;,(X,,).

m—o0

It follows that

lim t,(Xn) = m Y sp0(Xn) = D Spn € (0,00).

m—0o0 m—00
1<k<j 1<k<j

We write T, to denote this limit. Lastly, note that
h(Xm) = tlyg(Xm) = tAn(Xn)ﬂ(Xm) and thUS T170 = TAn(Xn),n-

Theorem 7.3. On (2 the curve X,, converges uniformly asn — oo to a limit curve
X in C, which satisfies the following properties:
o X(T;n) =Xn(tjn(X,)) € VG, for alln >0 and 0 < j < A, (X,).
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o IfW,(X,) ={wi,...,wa,(x,)}, then
X(Tin) # X(Tjn),  X(Tjm1n), X(Tjn) € Yu, (VGo),
X([Tjm1m: Tin]) € o, (K), X ([Tjmrm, Tinl) N tw, (K\VGy) # @
forall0 <i<j<A,(X,). Hence A, (X) = A (X,) and W, (X) = W, (X,,)
for alln > 0.

Proof. We closely follow the arguments of [13]. Fix w € 2. We will show that X,
converges uniformly in [0, co.
Let n > 1 be a non-negative integer. Then A, (X,) > 2. By Definition of 2’ we
have
a=min{S;, : 1 <j<A,(X,)}>0.
Hence there is a positive integer M = M (n,w) with M > n such that
max{|t;,(Xm) — Tjnl : 0<7<A,(X,)} <a

for all m > M. For convenience set Ta,(x,)+1,n = ta,(x,)41,n(Xm) = 00 for all
0 <n < m. Now consider ¢ € [0, 00]. There is an integer j with 1 < j < A, (X,)+1
such that T,_,, <t <T;,. Let m > M and distinguish the following cases:

o 1 <j<A,(X,): We infer that
tion(Xm) <Tj0n+a<T; 0,+Sj1,=T,.1, <t
t<Tjn=Tis1n—Sjt1n < Tjr1n —a < tjp10(Xn).

Since X ([tj—2.n(Xim)s tjs1.n(Xim)]) € Yu, (K) U ¢y, (K) U 1y, (K) for some
wy, we, w3 € W with 1)y, (K) N Py, (K) = {Xn(tj—1.,(Xn))} and ¢y, (K) N
Yoy (K) = { X0 (tjn (X))}, we obtain

X () = X (tj-10(Xin)) |2 < 277
e j =1: It follows as before that 0 <t <t,,(X,,) for all m > M. Hence
| X (8) = Xon (ton( X)) [l2 < 287
o j = A,(Xy): Again, ta,(x,)-2.n(Xm) <t <ta,(x,)+1,n and therefore
HXm(t> - Xm(tAn(Xn)—l,n(Xm))HQ <27
o j = A,(X,)+1: Then ta,(x,)-1,n(Xm) <t <ta,(x,)+1,0 and
[ X (1) = Xin(ta, (x.)m(Xm)) |2 <277
In any case we have
HXm(t) - Xm(tj—l,n(Xm>)||2 S 217“
for m > M. Now let my, my > M. Since X, (tj_1,,(Xom,)) = X, (tj—1,0(Xm,)), the
estimate above implies
[ Xy (£) = Xy (£) ]2
<[ X, (1) = X, (610 (X D2+ 1 Xy (8) = Koy (5100 (Xmy |2 < 227"

As X, (0) = uy and X,,,(00) = ug, we have proved that X,, converges uniformly to
a limit curve X in C.

The first property listed in Theorem 7.3 follows from the fact that X, (t; (X)) =
X (tjn(Xy)) for all m > n and t;,(X,,) = Tjn, X5 — X uniformly as m — oo.
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In order to show the second property let ¢ bein (T;_1,, T,,). Then, for sufficiently
large m, t € (tj—1,0(Xim), tjn(X;m)). Due to Remark 7.1 we have X,,(t) € ¥y, (K)
for all sufficiently large m. As X,,(t) — X (t) it follows that X(t) € ¥, (K). Thus
Remark 7.1 and the first property imply the second. O

Let v be a curve in C'; w be a word in W*, and ¢ be a letter in W. We say that
has a peak of type ¢ in the n-part ¥, (K) if there are t; < t5 such that
o Y([t1, t2]) € Pu(K),
o (t1) # Y(t2) and ¥(t1),(t2) € Yu(VGo \ {w.}),
o ((t1,t2)) NYu(VGo) = {w(w)}-
Intuitively speaking, this means that the curve passes through one of the corners of
the n-part 1,,(K) without moving on to the adjacent part.

Lemma 7.4. Almost surely, the limit curve X has no peaks. In particular,
X([O, OO]) N VGn = {Ul = X(T07n>7 X(Tl,n)y N aX(TAn(Xn),n> = U,Q}
almost surely for alln > 0. Ifi,j € {1,..., An(X,)} withi < j—1, then
X([Tican, Tin)) D X([Tjor, Tjin]) = &
almost surely. Finally, | X ([0, 00]) Ny, (VGo)| < 2 for all w € W* almost surely.

Proof. If 1 € W and n > 0, we write /" € W" for the n-fold repetition of the letter
¢ and define z(¢) € C by

L oif L =1,
z(t) =KD if =2,
A if L =3.

Let w be a word in W” for some n > 0. For m > n write A4,, = A,,(w, ) to denote
the event

Ap ={w™™" € Wi(Tw, 3), Xwim—n(Too, 3) = (1) }.
Then, for any m > n, A,, 2 A,,+1 and

P(Asr | An) = 5 =}

18~ 3
as one can see easily by inspection of Table 8. Hence

P(A,) = (3)" "P(A,).

3
Since
{X has a peak of type ¢ in ¢,,(K)} = ﬂ A,
m>n
we infer that
P(X has a peak of type ¢ in ,,(K)) = 0.

This yields
P(X has a peak) < Z ZIP’(X has a peak of type ¢ in ¢, (K)) = 0.
weW* 1eW

In order to show the last assertion of the lemma, let w be a word in W". For
i € {1,2,3} let w; be the word in W™ (if it exists) for which w; # w and ,,(K) N
U, (K) = {w(u;)}. I | X ([0, 00]) Ny (VGy)| = 3 for some w € W*, then X has a
peak in one of the parts 1, (K), Yu, (K), Yuw,(K), 1w, (K). Thus

P(|X ([0, 00]) N1y, (VGy)| = 3 for some w € W*) < P(X has a peak) = 0.
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Consider two indices 7,j € {1,...,A,(X,)} with i < j — 1. Then X([T;—1n, Tin])
and X ([T;-1,, Tj»]) are contained in distinct n-parts of K and, furthermore,

{X(Ti1n), X(Tin) } N A{X(Tjon), X (Tjin) } = 2.

Hence peaks in both n-parts are the only possibility for a non-empty intersection.
However, this has probability 0. 0J

On (2 define S, ,, for n > 0 by
Sin =max{S;, : 1 <j < A,(X,)}

Then S.p = S19 = h(X) and S,,4+1 < S., for all n > 0. Therefore the limit
lim,, o S., exists and is finite on (2.

Lemma 7.5. S, ,, = 0 almost surely as n — oo.
Proof. If (W, (by)wew) is admissible, then write A(W, (by)wew) to denote the event
AW, (bw)wew) = {Wa(Too,3) = W, (Xu(Too, 3)Jwew = (bu)wew }-
Let € > 0, then
P(S,n > €) =P(S;, > eforsome 1 < j < A, (X,))

< Z P(Sj,n > E)

1<j<AR(Xn)
= Y PAW.0u)uew)) Y P(Sin = €| AW, (bu)uew)),
(W, (bw)wew) 1<j<Iw]

where the sum is taken over all admissible pairs. For sake of notation set ¢ =
(V205 = 7). If (W, (by)wew) is admissible, then, under P(- | A(W, (by)wew)), the
random variable S;,, has the same distribution as ca~"f; for some i € {1,2,3}, see
Lemma 7.2. For s € R set

M(s) = max{E(e’"), E(e*”), E(e*%)}.
Fix some s > 0; then M(cs) is finite due to Remark 6.4. Applying Markov’s
inequality yields
P(ca"6; > €) = P > ") < e M (cs)
for all + € {1,2,3}. Hence we obtain
PSen>e) < Y PLAW, (bu)uwew))|W]e " M(cs)
(VVv(bW)wGW)
=" M(cs) > PLAW, (bw)wew)) W]
(W, (bw)wew)
= e M(cs) E(AL (X))

using Lemma 7.2 once again. Since A,(X,) = ¢#(Tw,3) - (1,1,1)", a short compu-
tation shows that

E(A. (X)) = (3+23v205) - (2 4+£v205)" + (2 — 2v/205) - (4 — Lv/205
for all n > 0. Therefore

"< 3a”

~—

P(S,.,. > ¢€) < 3a"e " M(cs)
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for all n > 0. By monotonicity
P(limS., >¢) =0

n—oo

and, as € > 0 is arbitrary, S., — 0 almost surely. 0

Let £2” be the set of all w € 2" with the property that the assertions of Lemma 7.4
and Lemma 7.5 hold. Then P(£2”) =1

Theorem 7.6. On 2" the following holds:

o The limit curve X 1is self-avoiding.
e Forany 1< j < A,(X,),

Tin =tjn(X) =inf{t > t;_1,(X) : X(t) € VG.}.

Proof. Fix w € 2" and consider times 0 < t; < t; < h(X). By Lemma 7.5 there
is an integer n > 0 such that S,, < %(tg — t1). Thus there are indices i,j €
{1,...,A,(X,)—1} with ¢ < j—1such that t; € [T;_1,, Tin) and to € [Tj_1,, Tjnl.
Since i < j — 1, Lemma 7.4 implies that X (¢;) # X(t2), which proves that X is
self-avoiding.

The second statement follows immediately using the first statement, Lemma 7.4,
and Theorem 7.3. O

Remark 7.7. For w € (2", the topological closure of the discrete set
T={T;n:n>00<j<A,(X,)}
contains the interval [0, h(X)]. Hence X is the continuous extension of
T K, Tn— X,(t.(Xn)).

Remark 7.8. The map
7:1 — O, t— Ll(ultu2)

is not one-to-one. However, it is possible to use this map and the law of the labelled
multi-type Galton-Watson tree of Proposition 6.1 to describe the law of the process
X.

We use the following lemma as a partial substitute for the missing Markov prop-
erty in order to prove some properties of the process (X ())>o.

Lemma 7.9. For any n € Ny, the following holds:
o Ift>s and || X(s)||2 > 27", then || X(t)|2 > 27"
o [ft>s, then [|X(t)]2 = 3] X(s)[l2-
e On 2" we have

{IX®)ll2 = 27"} = {sup{[[X(s)ll2 - s <t} > 27"} = {T1n <t} = {S1n <1}

Proof. The first statement is a simple consequence of the geometry of K and implies
the second. For the third one note that on (2" the curve X is self-avoiding, has
no peaks and Ty, = S;, is the hitting time of {27"uq, 27 "us} = ¥11..1({u2, us}),
where 11---1 is the word of length n whose letters are all equal to 1. For n > 1,
this implies that the first hitting time of {27"us, 27 "us} = t11..1({uz, us}) is equal
to the last exit time of the set 27" K = ¢/11..;(K). This implies the statement. [

Theorem 7.10. The following holds:
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(1) There are Cr4,Cs e > 0 such that for all s,t € [0,00) and all 6 € [0,1],
G exp(—Cre(8t77) 1) < P(|X(1)]2 2 6)
and
P([|X (s +1) = X(s)[l2 = 0) < P(sup{[[X(s +u) = X(s)[2 : 0 <u <t} >0)
< Cs g exp(—Cs (6t 7)1/ 17730)),
(2) There are Cq,,Cs, > 0 such that for all t € [0,00) and all § € [0,1],
O exp(—Cr,p (6~ 744)7/0r=0) < Psup{|| X (u)]l2 : 0 < u <t} <6)
< P([X (@2 < 9)

and
P([| X (t)]]2 < 6) < Cs, exp(—Cs,p (673 Gr =1y,

(3) For anyp > 0, there exist constants Cy(p), Cro(p) > 0 such that for all s € [0, 00)
and all t € [0, 1],

Co(p) " <E(IX®)5)  and  E(|X(s +1) = X(s)]3) < Cro(p) 7.
(4) There are constants Cy1,Ch2 > 0 such that for all s € [0, 00)

X t)— X
lim sup H_ (s +1) (8)|_|2 <Cui and
S e (log log(1/1)) 1

. RQIP
>
T e log log(1/2)) 7170 = €12

hold almost surely. Note that 1 — 7, ~ 0.162475 > 0 and —,(1 — 1/7,) =

—0.206594 < 0.
(5) The Hausdorff dimension dimpg X ([0,00]) of the path X ([0,00]) almost surely
satisfies
1 loga
dimg X ([0 =— = ~ 1.193995.
i X(0,00]) = = = 150

Proof. In order to prove the first statement choose n € N such that 27" < § <
2-(=1)_ Then, using Lemma 7.9,

P(Sia1 < £) < PIX(®)]2 = 6)

and

P(sup{[|X (s +u) = X(s)|l2 : 0 <u <t} >0)
<P(Tj—1n41 = 5,Sjne1 <t for some j > 1).

By conditioning as in Lemma 7.2, the distribution of S, ,, is equal to the distribution
of 1(+/205—7)a~™f; for some i € {1,2,3} and S, is independent of T;_; ,,. Hence
the bounds on the tail probability follow from Lemma 6.5. More or less the same
arguments yield the second statement. By integrating the bounds of the first state-
ment we get the bounds on E(||X (¢)]|%) and E(|| X (s +t) — X(s)][5), respectively.
The fourth statement follows by the usual Borel-Cantelli argument. The formula for

the Hausdorff dimension of the paths is an immediate consequence of Theorem 3.8
in [12]. O
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Remark 7.11. The first three properties proved above are weak forms of [2, The-
orem 4.3, Corollary 4.4, Theorem 4.7] (for the Brownian motion) and [19, Theo-
rem 4.5, Corollary 4.6, Theorem 4.8] (for somewhat more general diffusion processes
that contain the Brownian motion as a special case), respectively. One reason for the
weaker statements is the lack of the Markov property. It seems plausible, however,
that the strong forms of the cited statements also hold in our case.

Remark 7.12. We note that all we have proved in this section remains true if we
replace T, by S3. In particular, LI(u;S3us, @") converges almost surely in (C,d¢)
to a limit curve and the results of 7.3-7.10 hold with S? in place of T,.

8. LIMIT OF THE TREE METRIC

Consider a generic w € (2. Then T,(w) is a spanning tree on G, and it is the
trace Tr)' T,,(w) for all m > n. Let u,v be two vertices in VG, for some n > 0.
Their distance dr,()(u,v) with respect to the spanning tree 7, (w) is well-defined
and Corollary 6.6 indicates that a~"™dr,, () (u, v) converges for m — oo, where a =
% + 1—15\/% is the dominating eigenvalue of Proposition 6.1. If this limit exists for
all u,v in the countable set

V.=JVG.= [ vu(VGy),

n>0 weW*

and it is positive whenever u # v, then the limit defines a metric d,,, on Vi:

dyo(u,v) = Wlll_r)r;oa dr, (w)(u, v)

for all w,v € V. In the following we show that d,, exists for almost all w € {2 and
yields a random metric d, on V. Let M(V;) be the set of all metrics on V.. We
equip M(V;) with the o-algebra M(V,) which is induced by the mappings

M(V,) = R, d~ d(u,v)

for u,v € V,. We recall some notions from metric theory, see for instance [8]. A
metric space (X, d) is 0-hyperbolic if

d(u,v) + d(z,y) < max{d(u,z) + d(v,y),d(u,y) + d(v,z)}

holds for all u,v,z,y € X (four point condition). A metric segment in (X, d) is the
image of an isometric embedding [a,b] — X for some a,b € R. Finally, (X,d) is
called an R-tree if, for any z,y € X, there is a unique arc connecting z,y and this
arc is a metric segment. We note that (X, d) is an R-tree if and only if (X,d) is
connected and 0-hyperbolic, see [3, Lemma 2.4.13].

Theorem 8.1. For almost all w € 2 the limit

deg(u,v) = lim & "dr,, @ (u,v)
m—r0o0

exists for all u,v € V, and yields a metric d,, on the set V., such that (Vi,d.,,) is a
0-hyperbolic and totally bounded metric space. Thus, for a suitable subset 2" C (2
of probability 1,

2" > MVi), werdey,

is a random metric in (M(V.), M(VL)). Furthermore, for w € 2" the Cauchy
completion of (Vi,d..) is a compact R-tree.
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Proof. For x,y € VGy and w € W", define 2(w,z,y) to be the set of all w € (2
such that, whenever x,y are connected in the restriction m,(7,(w)), the curve
LI(z7my (T (w))y, &™) converges in (C,d¢) as m — 0o, m > n, and the assertions of
Theorems 7.3-7.6 hold. The usual conditioning argument shows that P(£2(w, x,y)) =
1 for all w € W* and all z,y € VG,. Thus

" = ﬂ ﬂ 2w, z,y)

weW* z,yeVGo
has probability 1. Fix an element w € 2”. Then for all u,v € V, the limit

dyo(u,v) = n%l_r)réo& dr,, (w)(u, v)

exists and is an element of [0, c0). By construction of 2| we have d, ,(u,v) > 0 for
all u,v € V,, u # v, which are neighbours in G,, for some n. Hence d, ,(u,v) > 0 for
all u,v € V., u # v. Furthermore, as dr,, (. is the graph metric of the tree T, (w), it
satisfies the triangle inequality and the four point condition. Thus the limit d,, also
satisfies the triangle inequality and the four point condition. Altogether we have
proved that (V,,d.,,) is a 0-hyperbolic metric space if w € 2. For z,y € VG, and
w € W" define A(w, x,y) to be the set of all w € 2", such that, whenever x,y are
connected in the restriction 7, (7, (w)), then d. . (Yw(z),Yw(y)) < 27". Using the
Borel-Cantelli lemma together with the bounds of Lemma 6.5, we see that

m ﬂ A(w, z,y)

weWn x,yeV Gy

holds eventually with probability 1. Hence, for w € 2 there is an N = N(w) such
that w € A, for all n > N. Fix some n > N. For z € VG, let C, = C,(w) be the
set of all y € VG, (m > n), such that all vertices v on the path xT,,(w)y satisfy
lv =zl <27 If y € C, N VG, then d.,(x,y) < 27" Ify € C, \ VG, then
we can find x = x,, Tp41,...,Tm = ¥y, such that x;, € VG and z,_1, z; are either
identical or neighbours in Ty (w). Thus

*wxy Zd*kahxk Z2k<2n

k=n+1 k=n+1

Thus, if B, (z,27") denotes the ball of radius 27" centered at = with respect to
dyw, then C, C B, ,(z,27"). Hence

Vi= U C, = U B*,w(va_n)

zeVGEy, zeVGy

which means that (V;,d. ) is totally bounded. To check measurability we note that
w > dr,, () (u,v) is measurable for fixed u,v € V, (if m is sufficiently large). Thus
the limit w — d,,(u,v) is measurable, too. By definition of M(V), this implies
measurability of w — d,,.

In order to prove that the Cauchy completion (V*M, dw) of (Vi,d.,) forw € 2" is
an R-tree, it is sufficient to show that the completion is connected, as O-hyperbolicity
is preserved by completion, see [¢, Lemma 2.2.11]. We show that the completion
contains a path from u; to any x. Let xq,x9,... be a Cauchy sequence in V,
with z,, — z. Denote by «,: [0,00] — K the limit curve of LI(uiT,,(w)z,,a™) as
m — oo, which exists by construction of 2. Then D,, = a;, }(V,) is a dense subset
of [0,00] by Lemma 7.5. Note that ¢t = d,,(u1,a,(t)) for all ¢ € D, such that
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t <min{s : a,(s) = z,}. Therefore the restriction o, : D,, — V, is continuous with
respect to d., and thus has a continuous extension 3,: [0, 00] — VW. Set sg = 0
and

s, = max{t € [0,00] : B = B, on [0,t] for all k > n}.
Then we have sp < 57 <--- and §,(s,) — =, and

U1 ift = O,
B:0,00] = Viw, B(t) =9 Bult) if s, <t < sy,
T otherwise,

is a continuous curve connecting u; and = (whose image is a metric segment). Finally,
(Viw di ) is compact for w € 2] since it is the completion of the totally bounded
metric space (Vi,d, ). O

Let w be an element of the set 2" defined in the previous proof and let (V; ., d,..)
be the Cauchy completion of (Vi,d. ). Consider an element x € ‘v/*,w. Suppose that
Ty, Tg,... is a Cauchy sequence in (Vi,d.,), such that z, — x with respect to
d... Then it is easy to see that ), xy,... is also a Cauchy sequence in (Vi,]| - ||2)
and thus has a limit in (K| - ||2), which does not depend on the specific Cauchy
sequence but only on x € V.. We write &,(x) to denote this limit in (K, || - [|2).
Then &, : VZW — K is a well-defined, continuous map, such that the restriction &, |y,
to V, is the identity.

Lemma 8.2. Let w be in 2. Then 1 < [ (x)| < 4 for allx € V, and 1 <
&Y ()| < 3 for allz € K\ V.

Proof. For every point x € K we can find a sequence in V, that converges to this
point in (K, || - ||2) and which is Cauchy in (V4,d, ). Thus the map &, is surjective,
whence |[£5'(z)] > 1. As in the previous proof every sequence zi,xs,... € Vi
converging to a point in £;'(z) in (Vi,d,,,) yields a metric segment connecting u;
and that point. Using the geometry of the Sierpinski gasket it is easy to see that
there are at most four (respectively three if z ¢ V) distinct metric segments joining
u; and a point in £'(x). This proves the claim. O

Theorem 8.3. Let w be an element of 2. Then the hitting time h(X(w)) of
the limit curve X (w) in uy is equal to the distance di,(uy,ug). Furthermore, if
Vot [0, di o (1, u2)] — ‘v/*,w is the unique isometric embedding with ~,(0) = u; and
Voo (i (U1, u2)) = ug, then

X(t,w) = &u(u(t))
for allt € [0, dy (U, uz)).

Proof. The statement is a consequence of the definition of the limit curve X (w) and
the limit metric d,, see Theorem 7.3 and Theorem 8.1. O

For w € 2" define A(w) to be the set {z € K : |£;'(z)| > 1}. These are points
that “can be reached from two (or more) different directions”. To understand how
this happens, it is useful to consider spanning forests with two components: given
for instance some f € S! | every element v of V, can be associated uniquely to one of
the components: v € V(G,,) for some n, and v either belongs to the same component
as uy in Try? f for all m > n or to the same component as uy; and us, again for all
m > n. There are, however, some points in the completion K that can be reached
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as limits from both sides; they form the so-called “interface”. In a spanning tree,
there is only one component, but the same phenomenon can occur at higher levels,
within certain n-parts on which the spanning tree induces a spanning forest with
more than one component.

In the following we give a description of A(w) in terms of Galton-Watson trees
and show that the Hausdorff dimension dimy A(w) is strictly less than 1 for almost
all w. For f € Qo and n > 0 let W, (f) be the set of all w € W", such that 1),,(V Gy)
contains vertices of two distinct Components of Tr;° f. The union

n>0

induces a subtree of W*. On a single n-part 1,,(VGo) with w € W,,(f) we always
observe one of the following possibilities:

e The restriction 7,(Tr.” f) has two components and these two components
belong to two distinct components of Tr>° f. In this case we set Y., (f) =
Xw(f) S {A\, 4, A}

e The restriction 7, (Tr,” f) has three components and two of them belong to
the same component of Tr,” f. In this case we define X, (f) € {a%, s, &}
depending on which two of the three components in 7, (Tr.” f) belong to the
same component of Try” f.

e The restriction 7, (Tr;” f) has three components and these three components
belong to three distinct components of Tr.° f. In this case we set Y, (f) =

5 Xuw(f) = .

Let C = {\, A, & 4%, 4, 5, ) and set

X(f) = X () werr()-

As in Section 5.1 it is easy to see that x(Us) is a labelled multi-type Galton-
Watson tree with types in C, where U, is one of S., 5% S3 R_. The associated
counting process (€#(Us))n>0, Which counts type occurrences in one generation up
to symmetry, is a multi-type Galton-Watson process with three types, offspring
generating function

g(2) = (421 + 323 + 32),
%(621 + 327 + 20 + 620+ 92120),
%zl(?)zl + 422 + 929 + 92;;))

and mean matrix
50 15 0

M=—.148 30 0
50 \72 18 18

This mean matrix has the dominating eigenvalue & = 3 = 4 —l— 5 L /205 ~ 1.372712.

Define -
= U vl

n>0 wEWn f)
Then I(f) is the limit set of the component boundaries and

loga _loga logs o9

dimy [(Uy) < =
imy I{Us0) < log2 log2 log2
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holds almost surely using [30, Proposition 3.9]. It seems that other results on the
Hausdorff dimension do not apply to this specific random construction, so that we
only obtain an upper bound. Of course, I(Ty) = @ and so dimg I(T) = 0.

Proposition 8.4. For w € 2" we have

Aw) = | vl (mu(To(w))))

weW*
and thus s
— 1 2
loga 983 4457029

log &
dimy A(w) < =
myy A(w) < log2 log2 log?2

for almost all w.

Proof. Note that A(w) contains vy, (I(my, (T (w)))) for all w € W*. On the other
hand, if © € A(w), then &;'(z) contains at least two distinct points in Vi, say o
and xo. Denote by w177 (respectively u173) the metric segment connecting u; and
x1 (respectively xq). Then there is a word w € W* such that x € ¢,,(K) and

T Num; NES (Yu(K)) = 2.,

This implies that x € ¥, (1 (7, (T(w)))). The usual conditioning argument shows

that
log &

dimpg ¢w(1(ﬂw(TW(w)))) < log 2

for almost all w. As W* is a countable set and the Hausdorff dimension behaves
nicely under countable unions the claim follows. 0J

Remark 8.5. Note the occurrence of the constant g, which is the resistance scaling
factor of the Sierpinski gasket. It also occurs prominently in the formula for the
number of spanning trees (see [29] for the connection between resistance scaling
and the number of spanning trees): if we regard GG, as an electrical network, where
each edge represents a unit resistor, then the effective resistance between two of the
boundary vertices wuy, us, ug is % . (g)” There is a simple heuristic explanation why
the identity
log&v = log o — logg

must hold: it is well known (cf. [1, p. 44, Theorem 1]) that the effective resistance
between two vertices equals the number of thickets, i.e., spanning forests with two
components each containing one of the two vertices, divided by the number of span-
ning trees. For every spanning tree of G,,, one can obtain a thicket by removing an
edge from the unique path between u; and us; conversely, we can turn a thicket into
a spanning tree by inserting an edge that connects the two components at the inter-
face. The identity now follows (at least heuristically) from a simple double-counting
argument.

9. OTHER SELF-SIMILAR GRAPHS

The same ideas apply to other self-similar graphs as well: it was shown in [28]
that the recursions for counting spanning trees and forests in self-similar sequences
of graphs have simple explicit solutions as for the Sierpinski graphs if the number
of “boundary” vertices is two (as for example in the case of the graphs associated
with the modified Koch curve, see Figure 7) or three (as for the Sierpiriski graphs),
provided that the automorphism group acts with either full symmetry or like the
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alternating group on the set of boundary vertices. For two boundary vertices, this
technical condition is always satisfied. The explicit counting formulae guarantee
that the projections will still be measure-preserving, and all other arguments can
be carried out in the same way as in the previous sections.

Go Gy Go K

AN/ OO A P

FIGURE 7. The modified Koch curve.

For two boundary vertices, the rescaling factor is precisely the average length of
loop-erased random walk from one boundary vertex to the other in G; (the initial
graph Gy being a single edge), which is always a rational number. For example,
for the sequence of graphs in Figure 7, the rescaling constant is % (in other words,
the length of loop-erased random walk from one boundary vertex of GG,, to the other
grows like (12)™). Tt follows that the Hausdorff dimension of the limit curve is almost
surely log(4)/log 3 ~ 1.095903274 in this example. As a second example, consider
the Sierpinski graphs with two subdivisions on each edge in Figure 8: in this case,
we find that the rescaling factor is ==(1431 4 /1669656 ) (it is a priori clear that it
has to be algebraic of degree < 2, being an eigenvalue of a 2 x 2-matrix with rational
entries), giving us a Hausdorff dimension of ~ 1.192117286 for the limit curve of
loop-erased random walk.

"y

FIGURE 8. Sierpinski graphs with two subdivisions.

If the number of boundary vertices is four or more (which happens, for instance,
for the higher-dimensional analogues of the Sierpinski graphs), then more different
types of spanning forests have to be considered, and there are generally no exact
counting formulae. However, asymptotic formulae should hold in such cases, making
the projections “asymptotically measure-preserving”, so that analogous results hold
in such cases. The details might be quite intricate though, and new geometric
phenomena arise as well: for instance, with four boundary vertices, it becomes
possible that a loop-erased random walk on G, enters and leaves some of the copies
of Gy (k < n) more than once, which is not possible in the case of Sierpinski graphs
that we considered.

REFERENCES

[1] Jason A. Anema, Counting spanning trees on fractal graphs, preprint, 2012, arXiv:1211.7341.
2

[2] Martin T. Barlow and Edwin A. Perkins, Brownian motion on the Sierpiriski gasket, Probab.
Theory Related Fields 79 (1988), no. 4, 543-623, doi:10.1007/BF00318785, MRI66175
(89¢:60241). 25, 27, 29, 35


http://arxiv.org/abs/1211.7341
http://dx.doi.org/10.1007/BF00318785
http://www.ams.org/mathscinet-getitem?mr=966175
http://www.ams.org/mathscinet-getitem?mr=966175

3]

UNIFORM SPANNING TREES ON SIERPINSKI GRAPHS 41

Nicholas H. Bingham, Charles M. Goldie, and Jézef L. Teugels, Regular variation, Encyclo-
pedia of Mathematics and its Applications, vol. 27, Cambridge University Press, Cambridge,
1987, MR898871 (88i:26004). 27

Béla Bollobas, Modern graph theory, Graduate Texts in Mathematics, vol. 184, Springer-
Verlag, New York, 1998, MR1633290 (99h:05001). 39

Robert Burton and Robin Pemantle, Local characteristics, entropy and limit theo-
rems for spamning trees and domino tilings via transfer-impedances, Ann. Probab. 21
(1993), no. 3, 1329-1371, MR1235419 (94m:60019), http://links.jstor.org/sici?sici=
0091-1798(199307)21:3<1329:LCEALT>2.0.C0;2-L&origin=MSN. 2

Shu-Chiuan Chang and Lung-Chi Chen, Structure of spanning trees on the two-dimensional
Sierpinski gasket, Discrete Math. Theor. Comput. Sci. 12 (2010), no. 3, 151-176, MR2786472
(2012a:05071). 3, 17, 19

Shu-Chiuan Chang, Lung-Chi Chen, and Wei-Shih Yang, Spanning trees on the Sierpin-
ski gasket, J. Stat. Phys. 126 (2007), no. 3, 649-667, doi:10.1007/s10955-006-9262-0,
MR2294471 (2007§:82044), arXiv:cond-mat/0609453v1. 1, 6

Ian Chiswell, Introduction to A-trees, World Scientific Publishing Co. Inc., River Edge, NJ,
2001, MR1851337 (2003e:20029). 35, 36

Deepak Dhar and Abhishek Dhar, Distribution of sizes of erased loops for loop-erased random
walks, Phys. Rev. E (3) 55 (1997), no. 3, R2093-R2096, doi:10.1103/PhysRevE.55.R2093.
2, 27

Masatoshi Fukushima and Tadashi Shima, On a spectral analysis for the Sierpinski gasket,
Potential Anal. 1 (1992), no. 1, 1-35, doi:10.1007/BF00249784, MR 1245223 (95b:31009). 2
Ben M. Hambly, Kumiko Hattori, and Tetsuya Hattori, Self-repelling walk on the Sierpinski
gasket, Probab. Theory Related Fields 124 (2002), no. 1, 1-25, doi:10.1007/s004400100192,
MR1929809 (2003h:60146). 2

Kumiko Hattori, Fzact Hausdorff dimension of self-avoiding processes on the multi-
dimensional Sierpinski gasket, J. Math. Sci. Univ. Tokyo 7 (2000), no. 1, 57-98, MR 1749981
(2001k:28004), http://journal.ms.u-tokyo.ac.jp/abstract/jms070105.html. 34
Kumiko Hattori and Tetsuya Hattori, Self-avoiding process on the Sierpinski gasket, Probab.
Theory Related Fields 88 (1991), no. 4, 405-428, doi:10.1007/BF01192550, MR1105711
(92i:60102). 2, 29, 30

Kumiko Hattori, Tetsuya Hattori, and Shigeo Kusuoka, Self-avoiding paths on the pre-
Sierpiniski gasket, Probab. Theory Related Fields 84 (1990), no. 1, 1-26, doi:10.1007/
BF01288555, MR1027817 (91b:82022). 2

, Self-avoiding paths on the three-dimensional Sierpinski gasket, Publ. Res. Inst. Math.
Sci. 29 (1993), no. 3, 455-509, doi:10.2977/prims/1195167053, MR1233746 (94m:60083). 2
Kumiko Hattori and Michiaki Mizuno, Loop-erased random walk on the Sierpinski gasket,
preprint, 2012, arXiv:1209.4959. 2, 3, 27

Tetsuya Hattori and Shigeo Kusuoka, The exponent for the mean square displacement of self-
avoiding random walk on the Sierpiriski gasket, Probab. Theory Related Fields 93 (1992),
no. 3, 273-284, doi:10.1007/BF01193052, MR1180701 (93m:60199). 2

Owen D. Jones, Large deviations for supercritical multitype branching processes, J. Appl.
Probab. 41 (2004), no. 3, 703-720, MR2074818 (2005i:60169), http://projecteuclid.org/
getRecord?id=euclid. jap/1091543420. 25

Takashi Kumagai, Construction and some properties of a class of non-symmetric diffusion
processes on the Sierpiniski gasket, Asymptotic problems in probability theory: stochastic
models and diffusions on fractals (Sanda/Kyoto, 1990), Pitman Res. Notes Math. Ser., vol.
283, Longman Sci. Tech., Harlow, 1993, pp. 219-247, MR 1354157 (97¢:60195). 25, 29, 35
Gregory F. Lawler and Vlada Limic, Random walk: a modern introduction, Cambridge
Studies in Advanced Mathematics, vol. 123, Cambridge University Press, Cambridge, 2010,
MR2677157. 1, 2, 19

Gregory F. Lawler, Oded Schramm, and Wendelin Werner, Conformal invariance of planar
loop-erased random walks and uniform spanning trees, Ann. Probab. 32 (2004), no. 1B, 939—
995, doi:10.1214/2a0p/1079021469, MR2044671 (2005{:82043). 2



http://www.ams.org/mathscinet-getitem?mr=898871
http://www.ams.org/mathscinet-getitem?mr=1633290
http://www.ams.org/mathscinet-getitem?mr=1235419
http://links.jstor.org/sici?sici=0091-1798(199307)21:3<1329:LCEALT>2.0.CO;2-L&origin=MSN
http://links.jstor.org/sici?sici=0091-1798(199307)21:3<1329:LCEALT>2.0.CO;2-L&origin=MSN
http://www.ams.org/mathscinet-getitem?mr=2786472
http://www.ams.org/mathscinet-getitem?mr=2786472
http://dx.doi.org/10.1007/s10955-006-9262-0
http://www.ams.org/mathscinet-getitem?mr=2294471
http://arxiv.org/abs/cond-mat/0609453v1
http://www.ams.org/mathscinet-getitem?mr=1851337
http://dx.doi.org/10.1103/PhysRevE.55.R2093
http://dx.doi.org/10.1007/BF00249784
http://www.ams.org/mathscinet-getitem?mr=1245223
http://dx.doi.org/10.1007/s004400100192
http://www.ams.org/mathscinet-getitem?mr=1929809
http://www.ams.org/mathscinet-getitem?mr=1749981
http://www.ams.org/mathscinet-getitem?mr=1749981
http://journal.ms.u-tokyo.ac.jp/abstract/jms070105.html
http://dx.doi.org/10.1007/BF01192550
http://www.ams.org/mathscinet-getitem?mr=1105711
http://www.ams.org/mathscinet-getitem?mr=1105711
http://dx.doi.org/10.1007/BF01288555
http://dx.doi.org/10.1007/BF01288555
http://www.ams.org/mathscinet-getitem?mr=1027817
http://dx.doi.org/10.2977/prims/1195167053
http://www.ams.org/mathscinet-getitem?mr=1233746
http://arxiv.org/abs/1209.4959
http://dx.doi.org/10.1007/BF01193052
http://www.ams.org/mathscinet-getitem?mr=1180701
http://www.ams.org/mathscinet-getitem?mr=2074818
http://projecteuclid.org/getRecord?id=euclid.jap/1091543420
http://projecteuclid.org/getRecord?id=euclid.jap/1091543420
http://www.ams.org/mathscinet-getitem?mr=1354157
http://www.ams.org/mathscinet-getitem?mr=2677157
http://dx.doi.org/10.1214/aop/1079021469
http://www.ams.org/mathscinet-getitem?mr=2044671

42

22]

MASATO SHINODA, ELMAR TEUFL, AND STEPHAN WAGNER

Charles J. Mode, Multitype branching processes. Theory and applications, Modern Analytic
and Computational Methods in Science and Mathematics, No. 34, American Elsevier Pub-
lishing Co., Inc., New York, 1971, MR0279901 (43 #5622). 4, 12, 16, 23, 25

Henri Poincaré, Sur une classe nouvelle de transcendantes uniformes, J. Math. Pures Appl. (4)
6 (1890), 313-365, (BEuvres, Tome IV, Paris, 1950, 537-582, http://gallica.bnf.fr/ark:
/12148/bpt6k107454k/£316. 25

Oded Schramm, Scaling limits of loop-erased random walks and uniform spanning trees, Israel
J. Math. 118 (2000), 221-288, doi:10.1007/BF02803524, MR1776084 (2001m:60227). 2
Tadashi Shima, On eigenvalue problems for the random walks on the Sierpinski pre-gaskets,
Japan J. Indust. Appl. Math. 8 (1991), no. 1, 127-141, MR1093832 (92g:60094). 2

Waclav Sierpiniski, Sur une courbe dont tout point est un point de ramification, Compt. Rendus
Acad. Sci. Paris (1915), no. 160, 302-305. 5

Elmar Teufl and Stephan G. Wagner, The number of spanning trees of finite Sierpinski graphs,
Fourth Colloquium on Mathematics and Computer Science, Discrete Math. Theor. Comput.
Sci. Proc., AG, Assoc. Discrete Math. Theor. Comput. Sci., Nancy, 2006, pp. 411-414, http:
//www.dmtcs.org/dmtcs-ojs/index.php/proceedings/article/view/dmAG0135. 1, 6

, The Number of Spanning Trees in Self-Similar Graphs, Ann. Comb. 15 (2011), no. 2,
355-380, doi:10.1007/s00026-011-0100-y. 1, 6, 9, 39

, Resistance scaling and the number of spanning trees in self-similar lattices, J. Stat.
Phys. 142 (2011), no. 4, 879-897, doi:10.1007/s10955-011-0140-z, MR2773791. 1, 39
Yoshiki Tsujii, Markov-self-similar sets, Hiroshima Math. J. 21 (1991), no. 3, 491-
519, MR1148991 (93e:60027), http://projecteuclid.org/getRecord?id=euclid.hmj/
1206128717. 39

David B. Wilson, Generating random spanning trees more quickly than the cover time,
Proceedings of the Twenty-eighth Annual ACM Symposium on the Theory of Comput-
ing (Philadelphia, PA, 1996) (New York), ACM, 1996, pp. 296-303, doi:10.1145/237814.
237880, MR1427525. 2, 20

MASATO SHINODA, DEPARTMENT OF MATHEMATICS, NARA WOMEN’S UNIVERSITY, KITAUOYA-
NisHIMACHI, NARA CITY, NARA 630-8506, JAPAN
E-mail address: shinoda@cc.nara-wu.ac. jp

ELMAR TEUFL, MATHEMATISCHES INSTITUT, EBERHARD KARLS UNIVERSITAT TUBINGEN, AUF
DER MORGENSTELLE 10, 72076 TUBINGEN, GERMANY
E-mail address: elmar.teuflQuni-tuebingen.de

STEPHAN WAGNER, DEPARTMENT OF MATHEMATICAL SCIENCES, STELLENBOSCH UNIVERSITY,
PrIVATE BAG X1, MATIELAND 7602, SOUTH AFRICA
E-mail address: swagner@sun.ac.za


http://www.ams.org/mathscinet-getitem?mr=0279901
http://gallica.bnf.fr/ark:/12148/bpt6k107454k/f316
http://gallica.bnf.fr/ark:/12148/bpt6k107454k/f316
http://dx.doi.org/10.1007/BF02803524
http://www.ams.org/mathscinet-getitem?mr=1776084
http://www.ams.org/mathscinet-getitem?mr=1093832
http://www.dmtcs.org/dmtcs-ojs/index.php/proceedings/article/view/dmAG0135
http://www.dmtcs.org/dmtcs-ojs/index.php/proceedings/article/view/dmAG0135
http://dx.doi.org/10.1007/s00026-011-0100-y
http://dx.doi.org/10.1007/s10955-011-0140-z
http://www.ams.org/mathscinet-getitem?mr=2773791
http://www.ams.org/mathscinet-getitem?mr=1148991
http://projecteuclid.org/getRecord?id=euclid.hmj/1206128717
http://projecteuclid.org/getRecord?id=euclid.hmj/1206128717
http://dx.doi.org/10.1145/237814.237880
http://dx.doi.org/10.1145/237814.237880
http://www.ams.org/mathscinet-getitem?mr=1427525

