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Errors in the Parallel Connection of a 100 :1

Series-Parallel Buildup of Four-Terminal

Resistors

ITALO GORINI

Abstract-This paper deals with the problem of calculating the parallel
resistance of a 100:1 series-parallel buildup of four-terminal resistors
with accuracy as high as possible.
A rather complex equivalent circuit has been assumed, taking into

account all the causes of significant errors. Then a complete calculation
has been carried out for obtaining all the error terms expressed by
means of 15 relatively synthetic formulas.
The method of solving the problem that has been developed is a new

one and allows 1) rather simple calculations even if the network is com-
plex, and 2) an immediate separation of the error terms from the main
value (in fact, the result is given directly as the sum of a base value and
a set of perturbations).
The method is based on applying Cohn's theorem and using certain

symmetries that have been put in evidence in the equivalent circuit.
The perturbations may be considered either as corrections or as un-

certainties. Very simple formulas are given for the means and the
standard deviations of the errors, the perturbations being considered as
uncertainties, and it being assumed that the causes of error are inde-
pendent of each other and normally distributed. Anyway, these for-
mulas may conveniently be used for initial investigation on the magni-
tudes of the errors before applying the more complex formulas that
give the exact values of the variations.

Finally, as an example, results of computations carried out on a par-
ticular buildup box are reported.

I. INTRODUCTION
I,N high-accuracy metrology dc resistance buildup boxes

are used, since Hamon [11 introduced them, to achieve the
best accuracy in transferring the resistance calibration from
one resistance level to another [2] -[4]; in other words, they
are very accurate ratio devices for comparing resistance stan-
dards of different sizes.
The device consists of a set of ten equal resistors (buildup

boxes with 100 resistors are being studied to obtain 104:1
ratios) which, in series and in parallel connected (series con-
nection is usually permanent), provided two resistance values
that are in a 100: 1 ratio. In evaluating this ratio, the hardest
difficulties arise in the calculation of parallel resistance, be-
cause of the complexity of an equivalent circuit that takes ac-
count of all the network parameters that are not presumed to
give negligible effects.
After the first paper by Hamon, who set the basis for the

following works, noticeable contributions to the solution of
the problem have been given by Riley [2] and Page [3], who
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developed interesting analyses of some important error terms.
The aim of this paper is to provide a theoretical basis as com-

plete as possible for error analysis in order to obtain the high-
est accuracy in calculating parallel resistance Rp, by using a
complex, and therefore well approximated, equivalent circuit,
which makes it possible to take account of as many parameters
as possible. Rather complex formulas have been obtained,
many of which represent generally negligible contributions; at
any rate, all of them make it possible to know with certainty
which parameters are or are not negligible.

II. EQUIVALENT CIRCUIT
Reference has been made to the equivalent circuit of Fig. 1.

The physical meanings of resistors appearing in the network
are the following.

Ri
ga gaij
t It

R'ali

Rati

Main resistances.
Resistances of the equivalent circuits of the junc-
tions connecting main resistors in series.
Longitudinal resistances of the two equivalent
circuits representing the two bars (amperometric
bars), which connect in parallel the current ter-
minals of main resistors.
Longitudinal resistances of the two equivalent
circuits representing the two bars (voltmetric
bars), which connect in parallel the potential ter-
minals of main resistors.
Cross resistances including the cross resistances
of the amperometric bars, the contact resistances
at the terminals, and resistances of the equivalent
circuits of the junctions.
Cross resistances including the cross resistances
of the voltmetric bars, the contact resistances,
resistances of the equivalent circuits of the junc-
tions and the matched resistances that are usually
placed between the potential terminals and the
voltmetric bars.

Notice that for the junctions, the equivalent circuit suggested
by Searle [5], and also used by Riley [2], has been intro-
duced. Finally, it must be noticed that port a has been placed
unsymmetrically (port v is, on the contrary, symmetrical), be-
cause this arrangement is rather usual and corresponds to the
disposition adopted in the buildup box on which the measure-
ments have been made.
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Fig. 1. Equivalent circuit representing the buildup box with the main resistors connected in parallel.

ILL. CALCULATION OF EQUIVALENT RESISTANCE
A. Setting Out Calculation by Means of Cohn's Theorem

Equivalent resistance Rp (mutual resistance between ports a

and v) has been calculated by applying Cohn's theorem [6].
This way has been preferred to other possible ones (for in-

stance, matrix calculation), because it allows remarkable sim-
plifications on the basis of symmetry considerations and yields
an easy separation of main terms from error terms.
Calculation has been carried out considering the resistance

value of each branch as the superposition of a base value and
a perturbation; thereby, Rp is given as the sum of the value

Rpo presented by the base circuit and the effects due to per-
turbations (singular or mutual effects). Stopping the series of
perturbations at the terms of second order, the expression of

Rp is

Rp =Rp +E ARI +- (a §p) AR AR6

(1)

each one of the double sum

being extended to all values of y (and 5), that is, to all the

resistances of the network.
Cohn's theorem gives the following expressions of the de-

rivatives of formula (1) (the meanings of the coefficients are

shown in Fig. 2):

aRp y v

a32Rp \ (o)

\aR7 aR6 )O = -Gy5 (f3a f3yv + f38v 13ya).

(2)

(3)

B. Calculation ofBase Resistance
The base circuit is defined by the following assumptions (see

Fig. 3).
Assumption 1. The resistances Rali and RVgi are all zero.

Assumption 2: The resistances of the same kind are all alike,
therefore they are identified by a unique value: Rg, Rat, Rvt
R;Rato, and Ra1,,whose values are 2RaZt, make exception; sim-
ilarly, the values of R,to and Rvtl, are 2Rvt; it is assumed that
Rg, Rat, Rt, R are the mean values of all the resistances of the
same kind. Therefore,'

Z(AR + AR") ARat= ARvtx= E AR O.

I J A

I For the resistances Rati and Rvti it has been assumed:

Rat
I (Rato +Ratio + Rat +* + Rat9);

Rvt 1 to RvtRo +Rvtl +..+Rvt9);10 4R

Rato 2Rat Rat-o 2Rat
ARato - 4 ;ARatiQ 4

Rvto 2Rvt Rvtlo 2Rvt
Rvto 4 anvtlO 4

For the introduction of ARgi and AR"i see footnote 3.

.-
a'0

Rato

t 'atl

I:
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Assumption 3: A resistance Rg is put in series with each re-
sistance 2Rat and 2Rt, on the side of resistances R, in order
to put certain symmetries in better evidence.
For evaluating Rpo on the base circuit it is very immaterial,

because of the reciprocity theorem, to supply port a with a
current I (using the terminals of port v as potential leads) or
port v (using the terminals of port a as potential leads); Rpo is
given by the ratio of voltage V at potential leads to current I.
Let port a be the current port. The bilateral symmetry of the
network requires an analog symmetry for current and voltage
distribution. Therefore, points A and C are equipotential as
well as points B and D. By joining these equipotential points
to each other the current and voltage distribution does not
change and the new network shows a conical symmetry.2 This
symmetry involves a current and voltage distribution that is
very easy to find out; in particular, the currents in resistances
Rg that converge toward the Rvt are all 4ero. Equivalent re-
sistance Rpo is easily evaluated as

Rpo= lR. (4)

Then, Rpo depends only on the value R; now it is possible
to deduce that the conditions under which this conclusion is
valid are less restrictive than those which have been imposed
in the base circuit; they can be specified as the following
(alternative conditions deduced from reciprocity are given in
parentheses).
Condition 1) All resistances R are alike.
Condition 2) All resistances Rg are alike.3
Condition 3) All resistances that converge toward each ter-

minal of port a (or v) are alike, except those that are con-
nected to points B and D (or A and C), which have a double
value.

It is worth pointing out that, if Conditions 1, 2, and 3 are
verified, the structure of the network branches through which
no current flows has no more importance; that is, if port a is
supplied, there is no matter about the network branches that
converge toward port v (or, reciprocally, toward port a, if port
v is supplied). In particular, neither the equality of Rvt (or
Rat), nor the presence of R,, (or Rai), which are assumed to
be zero in base network, have any importance.
The less restrictive conditions expressed in Condition 3)

have not been taken into account in this paper, because of the
actual conformations of buildup boxes and for reducing the
complexity of calculation.

2When points A and C are joined, branches vA and vC are in parallel;
then the equivalent resistance of the resulting branch has the value of
the other ones that converge to the same node. When points B andD
are joined an analogous fact occurs.

3From the previous considerations it could be deduced that the equal-
ity of all resistances of the kind Rg is not necessary; it is enough that
the resistances Rgai and Rgai (or R "

i and Rg"i) in Fig. 1 are equal. As
a matter of fact, because of the equivalent circuit chosen for representing
the junction, the four resistances Rgai, R" i,RjVi,R"Vi of the junctlon
i are not independent: Rgai = Rg"i = RRi;Rgai = Rgai = Rgi- Therefore,
the condition that the resistances Rgai and Rgai (or R gi and Rg1) be
all alike coincides with the condition that all the resistances of the kind
Rg be equal.

C Calculation ofPerturbation Terms
The calculation of the coefficients that appear in (2)

and (3) can be made with reference to the circuit of Fig. 1,
and to the base circuit conditions (namely the conditions ex-
pressed in Assumptions 1 and 2, when the circuit is being
suitably supplied, according to the suggestions of Fig. 2. In
the Appendix a hint concerning calculation is given; in Tables
VII and VIII the coefficients and the "not zero" derivatives,
are reported.4
In order to obtain expressions of error terms easy to handle,

approximations have been introduced taking account of the
sizes of the resistances, and their maximum deviations which
may be present in practice. (For the physical meanings of ap-
proximation hypotheses see Section III-D.) Measurements on a
10-2 buildup box has given an idea of such approximations.5
Coefficients are calculated to I * 10-3 in the worst case; accord-
ingly, the effects of couples of resistances (e.g., R,to-R3) have
not even been reported in tables, as far as they are added to
the effects of other ones of the same kind (in the example,
Rvto-R1) that are at least 103 times higher. Finally, the re-
sistances having 2Rat and 2R,t as base values have been con-
sidered to include the resistances Rg that are in series with
them (see Fig. 1).
As final results of calculations, perturbations have been re-

ported in Table I, grouped according to the resistances to
which perturbations are due. Notice that the only nonzero
first derivatives are those that concern resistances R; yet their
total contribution is zero because it was assumed that

EARi = °.

D. Physical Meaning ofHypotheses
It may be interesting to point out the physical meanings of

network hypotheses under which calculations have been de-
veloped; that gives an idea of the essential technical character-
istics of a buildup box, in order to apply the results of this
paper. The technical characteristics that correspond to the
network hypotheses are the following.

1) The main resistors (R) are connected in series by low-
resistance junctions (that is, the resistances Rg are very low).
2) The connections of the current leads of main resistors

are made by two shorting bars (resistances Raj and Rat are
very low).

3) The connections of the voltage leads of main resistors

4Formulas (2) and (3) show the results of each derivative to be zero
if either one or the other factor of the second member is zero (no coef-
ficient is ever infinite). Then the coefficients relative to a zero deriva-
tive are not even reported.
SThe sizes of mean values and of maximum deviations in the box on

which the measures are carried out follow:

Resistance
Rg
Ral
Rvl
Rat
Rvt
R

Mean (Q2)
5 10C
105
10-4

1
10

Maximum Deviation (Q2)
4 * l 0 7
5- 10-1
2- 106
4- 105
10U-3
10-F4
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Fig. 2. Explanation of the meanings of coefficients introduced for applying Cohn's theorem.
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Fig. 3. Base circuit introduced for applying Cohn's theorem.

are made by additional matched resistors (R,t)6 of the same
sizes, joined at each voltage terminal of the box (the terminals
of port v) by two shorting bars (resistances Rv1 are very low).
4) The leakage resistances are negligible; their importance

depends obviously on the sizes of main resistances R (and on
the accuracy aimed for).
These conditions could seem restrictive, but in practice they

can be related to the buildup boxes that now are dealt with
(except the boxes with high main resistances, because of leak-
age resistance paths).

6The usefulness of introducing matched resistors in paralleling po-
tential terminals (and not in paralleling current terminals) for reducing
error terms was first noted by Hamon, then by Riley and Page. As a
consequence of this introduction Rvt * Rat, as we have assumed in this
paper.

IV. INTERPRETATION OF PERTURBATION TERMS
AS UNCERTAINTIES

The formulas of Table I give the variations, to be added to
Rpo [see (1)], which can be calculated if the resistances that
they depend on are known. If they are not known (for in-
stance, because they depend on contact resistances that are
not negligible, as may be the case of resistances Red), they can
be assumed to be independent random variables with normal
probability distribution. The variations given by the formulas
are random variables too, the mean values and standard devia-
tions of which can be found as functions of the mean values
and standard deviations of resistances.
Assuming that resistances of the same kind (e.g., R,t) belong

to the same population, the parameters of Table II are intro-
duced and the results of Table III are obtained.
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TABLE I
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TABLE II

Value to Which
Reference is

Value Assumed Made for Mean Standard
in the Base Calculating Value Deviation

Resistance Circuit Variations Assumed Assumed

Rga Rg ARgi; ARgi 0 aRg
Ral 0 Rai Ra 0Ral
Rvl 0 Rvli Rvl Rvi
Rat Rat ARati ° aRat

Rvt Rvt ARvti 0 "Rvt
R R ARi ° aR

a Rgiand ARgi have been assumed to belong to the same population.

TABLE III

Kinds of
Resistances

For- Referred
mula to Mean Value Standard Deviation

* t---* ~~~~~~.AO24 2
}_ | t~~~~~~~~~~

4fz4-t6
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TABLE IV

AR' iAR" Rali Rvli ,atia AR a ARi

i (IlQ) ~~~~(luQ) (UR) (S2) (IUR) (mR2) (gR2)

0 - ---4 -0.6 -

1 -0.29 -0.49 18 - -26 0.7 -9
2 0.21 0.01 16 - 1 - 102
3 -0.09 -0.09 10 70 -10 -0.2 59
4 0.61 0.41 12 68 15 0.4 10

5 {5,I -0.49 -0.49 18 33 22 0.0 6
6 -0.49 -0.29 16 69 -2 -0.4 -44
7 0.31 0.31 18 68 -15 0.2 -57
8 -0.09 -0.09 -35 0.2 27
9 0.61 0.41 - - 23 0.2 -1
10 - - - - 31 -0.7 -94

Rg Ral Rvl Rata Rvta R
Mean (Q2) 50 - 10-8 15.3 ^ 10 6 68 * 106 236 * 10- 1.0006 9.999437

Standard
deviation (52) 4 .10-1 3. 10-6 1.4 10 6 21 * 10-6 4 *10-4 57 * 10-6

aSee footnote 1.

TABLE V

Corresponding
Formula of Kinds of Resistances Variation

Table I Referred to (Q)

1 Rg -1i 10-
2 Rg, Ra -1.5 * 10-14
3 Rg,Rvl 5.7 - 10-13
4 Rg, Rat 3.7 * 10 13
5 Rg,Rvt 6.5 * 10-12
6 Rg,R 1.8 10-14
7 Raj, Rvi -1.8 * 10-10
8 Rai, Rvt -7 * 10-1o
9 Ral,R 6.10-11
10 Rvi, Rat -1.7 * 10-10
11 Rva,R 23.4 10-11
12 Rat, Rvt -2 10-9
13 Rat, R 2.3 .10-11
14 Rvt, R -1.2 * 10-13
is R -2.9 - 10-l l

TABLE VI

Values Calculated by
Means of the Fonnulas Varilatonof Table III Calculated

Corresponding by Means of
Formula of Kinds of Standard the Formulas
Tables I Resistances Mean Deviation of Table I
and III Referred to (Q) (Q) (Q)

1 Rg -1.5 10-8 3 .10-9 -1- i0-9
2 Rg,Rai 0 3.4* 10-14 -1.5 - 10-14
3 Rg,RVI 0 1.8 10-12 5.7 * 10-13
4 Rg, Rat 0 3 . 10-13 3.7 - 10-13
5 Rg, RVt 0 1.9 .10-2 6.5 . 10-12
6 Rg,R 0 6.5 . 10-'4 1.8 * 10-14
7 Ra, Rvl -2.2 10-10 1.2 10-9 -1.8 10-10
8 Rai,Rvt 0 7.5 * 10-10 -7 10-10
9 Rai,R 0 8.5 * 10-12 6 10-11
10 Rvl,Rat 0 1.4 * 10-10 -1.7 * 10-10
1 1 Rv,, R 0 7.2 -10-15 -3.4 - 10-1
12 Rat,Rvt 0 1 10-9 -2 10-9
13 Rat,R 0 1.2 * 10-10 2.3. 10-11
14 Rvt,R 0 6.6 . 10-14 -1.2 . 10-13
15 R -3.2 - 10-11 3.2 - 10-11 -2.9. 10-11

TABLE VII

Kind of
Resistance Field of Coefficients of I3ya Coefficients of Derivative of
Referred to Variation Number of 7First Order

(R) of Index i Coefficients Name Value Name Value (aRp/aR)o

Rgaa 1-- 9 18 ggai-a 0.1 3gai-v 0 0
Rgva 1 - 9 18 3gvi-a 0 Igvitv 0.1 0
Rai 1 - 7 7 lali-a 0.1(10-i) Pali-v 0 0

Rvlb 3 - 5' 3 via 01 viijv 0.1 -i 05"1- 7 3 Ovia 00.1(10-i) 0
1 - 9 9 0.2 0 0

Rat 0 -10 2 lati.a 0.1 iati.v 0 0
1- 9 9 0 0.2 0

Rvt 0 -10 2 vti-a 0 vtiv 0.1 0
R 1 -10 10 (si-a 0.1 13j.y 0.1 0.01

aAccording to Fig. 1 each value assumed by index i corresponds to a couple of resistances of the kind Rga(Rgaj and Rgai)
and of the kind Rgv(R'yi and Rigf); there is a unique value of the coefficient corresponding to each couple of resistances.
bWith reference to Fig. 1 it may be remarked that two values of Rvui exist when i = 5; namely R,15 and RV15. The fact

has been put in evidence introducing i = 5' (which corresponds to R' 15) and i = 5" (which corresponds to R"15)
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TABLE VIII

Corre- Kinds of Second-Order Derivatives
sponding Resistances . .
Formula Referred Coefficients Number I_ __

of to of MTable I (RyRS) Name Value Index Field of Variation Coefficients

rr

(4) ] \ i 0 I/+ t | 4I- > 4 -t94

41-, C X

__4 4_ &w 2 v

3 2,csRt|G3|X(st2i-s)-st|vt | 34 4 5;4 ,.2k-4S |

~~0Pwf~~~~~ ~~ )) ~~~~~ 2 9R4t
DID-AJ

.11 N(~_2kt4)_TU 20

Coefficients coincide exactly with the coefficients
l _|_____!__& | corresponding to R'gas R,l (by substituting , ga with R"'ga)l

4 | Ca-, Rt| 41.' owtv | tt | 4 c 4 se | 9 | Rgta. |

.~~~~~~
l_____ |2Clt'<izS,,,Ar..OR<;IQh , 2keg;k,¢|3o {

RvxD ~~~~~Coefficients coincide exsctly with the coeifficients
|coresponding to R'gva Rat (by substituting R'gv with Rgv)t.

Coefficients coincide exactly with the coefficients corresponding

5 0 to R'gv, Rat (by substituting R'gv with R"'ga and Rat with R
IK to R'5s~ .5t (by substituting R- with I and RI

V. COMPARISON WITH THE RESULTS OF OTHER AUTHORS
As has been mentioned in Section I calculations of errors in

series-parallel buildup boxes have been developed by Riley [2]
and Page [3]. It must be remarked that they have deduced
only the effects of few causes of errors (the main ones, in-
deed), without saying anything about the others; formulas
corresponding to 5 among the 15 of this paper have been cal-
culated complexly by Riley and Page. Moreover the calcula-
tions of the means and of the standard deviations of errors
have not been yet carried out.
As for the comparison of the corresponding formulas, it

must be noticed that it is not always possible because of the
different calculation techniques and the different equivalent
circuits that have been assumed. Yet, at least, the structures
of formulas and the sizes of errors can be compared. This
comparison has been carried out in the Appendix.

VI. TECHNICAL REMARKS ON THE CONSTRUCTION OF A
BUILDUP Box

It is obvious to see what the characteristics of the base cir-
cuit are aimed at, since they would make it possible to obtain
Rp by the simple formula (4); technical meanings of network
hypotheses made on the base circuit have been explained in
Section III-D. The results reported in Tables I and III give
some suggestions, at least, as confirmations of intuition, con-
cerning the approach to be followed in order that unavoid-
able defects yield perturbations as low as possible.
Rg: Formula 1 of Table I shows that equality of R'. and Rg,

of each junction is requested independently of the values as-
sumed in other junctions; the physical meaning of this con-
dition has been explained quite well by Riley [2]. Formula 1
of Table III leads to considerations on the size of Rg; mini-
mization of (URglRg) rRg is requested as a compromise be-
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TABLE VIII (Cont'd.).

Corre- Kinds of Second-Order Derivatives
sponding Resistances . .
Formula Referred Coefficients Number a2Rp

of to of aR6Table I (RyR6) Name Value Index Field of Variation Coefficients MRYa61

4 o-,I -'z k)

)> o

C2r(st)-~ 20 Rirt
), -

r~~~aA,

OLt R.t6:. Ng )2&t v_-~~~~
A D- A

Zo A4.

.4 . ' Y 9

4 lv:t 8 2 I.'.+k 9; k-oIa 3 6:

3 s A,, O4 4 < 4-k-4 j >>

4 5: 9

.1 I

3. s i10 4 is-4-k-4 ;i a9~-

4 !<4 cs9:::

3.* .;'3' t -46

.-

- , :S

3161

3

4 <C boi+1k A 9

)!

--!I

,-

3.io'~

,40-z

...

4t

((4o--)Z4cD

2-Er

t (A9-_,-_ C40- ) 4 0i l

2 Rt

tR

tween the minimization of (aRg/Rg) (which corresponds to a

size of Rg not too small) and of oRg (which corresponds to a

low value of Rg). Notice that formulas 2-6 of Table III require
aRg to be low; an overall compromise is therefore requested.
Generally, it can be said that contributions of formulas 2-6 are

negligible compared to that of formula 1; consequently, Rg
might be requested not to be as low as possible.

Rai: Formulas 2, 7-9 show the suitability of making Rai as

low as possible also for minimizing 0JRali
Rvi: The analysis of formulas 3,7, and 11 yields a conclusion

similar to that obtained for RW, (low value).
Rat: Formulas 4, 10, 12, and 13 suggest minimizing the value

of GRatR that is Rat (a low value ofRat is an assumption in the

calculations of this paper).
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TABLE VIII (Cont'd.).

Corre- Kinds of Second-Order Derivatives
sponding Resistances
Formula Referred Coefficients Number Rp
Table I (RyR6) Name Value Index Field of Variation Coefficients MaRy3Rot)
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*SeefootnoteaofTableVII.
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Ir A' - (j, A) ~) ~ i >O 9

*See footnotea of TableFVII.D l

R,t: The factor Il/R,t appears in formulas 3, 4, 7, 10, and
11; that requires R,t to be high. The factor (URvtIRvt) is in
formulas 5, 8, 12, and 14; this means that the magnitude of
Rvt must not affect its precision (because of stray resistances,
for instance). A compromise between the two exigencies
should be aimed at.

R: Resistances R are the main resistances; then their sizes are
usually conditioned by exigencies other than the accuracy of
the result. At any rate, it might be interesting to remark which
conditions are the best ones for the accuracy of results. It can
be said once more that the best condition is the result of a
compromise; the factor 1/R is in formula 2 (high R); the
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TABLE VIII (Cont'd.).

Corre- Kinds of Second-Order Derivatives
sponding Resistances . .
Formula Referred Coefficients Number I a_2Rp

of to of
Table I (RyR6) Name Value Index Field of Variation Coefficients aR.aR86o
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factor (qR/R) is in formulas 6, 9 11 13, and
sion); the factor (qRIR) UR is in formula 15
URIR and of UR).

14 (high preci-
(low values of

viations it is possible to conclude that the computations of
standard deviations are certainly sufficient for obtaining the
magnitude of the uncertainties.

VII. RESULTS OF COMPUTATIONS CARRIED OUT ON A
PARTICULAR BUILDUP Box

Measurements have been performed for determining the
values of all the resistances that appear in the equivalent cir-
cult Of Fig. 1. The values that are necessary for the computa-
tions are reported in Table IV. Notice that the measurement
accuracy corresponds to the significant figures of the values;
exception must be made for the RaU where the contact re-
sistances are very important. The values that have been re-
ported represent the results of a set of measurements; many
other sets have been determined for obtaining the mean and
the standard deviation ofRai.
The results of computations are reported in Tables V and

VI. Table V contains the variations computed by means of
the formulas of Table I. Table VI contains these variations
(repeated for allowing an easier comparison) and the means
and standard deviations computed by means of the formulas!
of Table III; by comparing the variations and the standard de-

APPENDIX
A. Calculation of The Coefficients of Cohn's Theorem

Coefficients f3ya and y,B are easily calculated, without in-
troducing approximations, from their definition, explained in
Fig. 2(a) and (b), by considering the current distribution when
port a or port v are supplied. By applying symmetry consider-
ations developed in Section III-B, on the network of Fig. 1
(after imposing Assumptions 1 and 2 in order to get the base
circuit), the values of Table VII are obtained7 (in this table
the corresponding first derivatives are reported). It is interest-
ing to notice that these coefficients do not depend on the
values of the resistances that appear in the base circuit; ob-

7For understanding the meanings of notations an example is useful:
coefficient ,3ali-a is the ratio between the current in resistance Ragi and
the current supplied by port a. Moreover, notice that the assumed di-
rections for the various currents in the network branches of Fig. 1 are
used to give the algebraic sign both to coefficients j and to coef-
ficients G(0).
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viously, this is a consequence of the particular symmetry of
the network.
Calculations of conductances G(0) are made according to the

definition explained in Fig. 2(c), assuming approximation hy-
potheses mentioned in Section ILI-C. The values of conduc-
tances G(°) and of the corresponding second derivatives are
reported in Table VIII.8

B. Comparisons With The Results ofOther Authors
Riley's Formulas: It is necessary to remark that Riley has

calculated the values of errors by a perturbation technique in
the simple case of two resistors connected in parallel, then has
obtained a sort of probable error in the case of the parallel
connection of m main resistors by extrapolation. The easy
calculation of first- and second-order effects of resistances R
makes exception; they are calculated directly on the network
of m main resistances and coincide perfectly with those ex-
pressed by formula 15 of Table I.
The formula that gives the effects of Rg, calculated on the

simplified circuit, is affected, in my opinion, by a trivial mis-
take: instead of a factor of 4 there should be a factor of 1.
with such a correction the formula coincides with the corre-
spondent one that may be easily derived on the same sim-
plified circuit by using Cohn's theorem. As for the formula
that gives the probable error for the complete buildup box by
a comparison of sizes (see also formula 1 of Table III), the
result is too pessimistic.
Riley develops calculations also for the combined effects of

Rat and R,t and ofRat and R . The formulas derived from cal-
culations on the simplified circuit substantially agree with the
formulas attained by application of Cohn's theorem on the
same circuit. As for the formulas pertaining to the complete
resistance box, they are in good agreement, as for the sizes
and the structures, with formulas 12 and 13 of Tables I and III.
Page's Formulas: First, let some differences be pointed out

between Page's way and ours. No assumption is made by
Page on the sizes of resistances Rat, Rt, and R, while in this
paper it is assumed that Rat < Rt (see6) and Rat <R; never-
theless approximations in Page's calculation follow from ex-
panding in series some inverse matrices. These two different
ways should correspond to the same approximations of re-
sults; as a matter of fact differences of results remain, which
could, or could not, be due to the different approximations.
Page has calculated, as a main error term, a formula for the

effects ofRat and R,t, which can be written

8The meanings of notations are explained by an example. Conduc-
tance G(M i is the mutual conductance between resistancev1i-atni+2k-1)
Rvu and resistance Rat(i+2k- I)

4.-10-2 10
Rt(ARP)Rt.Rvt (ZARadARvti+ARatoARtoatRt=Rat +Rvt i=O

+ ARatio ARvtjo) (4)

If it is assumed that Rat < Rvt, (4) coincides with the first
term of formula 12 of Table I; the term dealing with the
couples of resistances Rat, Rv# (i * j) is missing.
As secondary terms, Page has also calculated the effects

(which are ordinarily negligible, indeed) of the couples of re-
sistances Rat, R and Rvt, R. His formula for the effects of
Rat and R coincides exactly with formula 13 of Table I, if it is
assumed that Rat + Rvt = Rvt; under the same assumption
Page's formula for the effects of Rvt and R and formula 14 of
Table I coincide too.

Finally, Page's formula for the second-order effects of re-
sistancesR is

1AR-2=1 Rat -Rvt 10 9

(ARp)R=
2 23 (ARi)2 + 2 AR1(Rat +Rvt)R [

I

E

*LR(j+i) + (AR, )2 + (AR,o)2] * (5)

This formula is quite different from formula 15 of Table I
(which coincides, as noted, with Riley's corresponding
formula).
The presence of factors ofRat and Rvt is quite odd; it should

mean that the second-order effects of resistances R become
zero when either Rat or Rvt are zero. It is difficult to explain
such a behavior that contradicts both the results of this paper
(Riley's) and intuition.
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