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Homework #2 Solutions

1. Consider an untested batch of memory chips tha¢ hdknown failure rate of 8% (yield
= 92%).

a. What is the probability that exactly 4 out of addtl2 will fail?

b. What is the probability that at most 4 out of adb.2 will fail?

c. What assumptions have you made in answering the@bswe questions?
Solution:

(a) Use the binomial distribution with p = 0.08:12, k=4
n
px) = (1) p* (1 —pyr* = (142) (0.08)*(0.92) = 0.0104
(b) The probability that at most 4 will fail j5 (0) + px(1) + px(2) + px(3) + px(4)

= 0.3677 + 0.3837 + 0.1835 + 0.0532 + 0.0104 = 0.9984

(c) The main assumption is that of independendedentical distribution: Each individual part
has the same probability of failing independenibéther others in the batch are defective. This
is equivalent to saying there is no “bunching” @ifdres — a group of failed chips occurring
together and all caused by the same problem.

2. Consider a discrete random varialflevith the following PMF:

1 . . . .
px(x) = {5, if x is an integer in the range of [—4,4]

0, otherwise
Determine the PMF for = [X|.
Solution:

A function of a random variable is a random vamaith PMF

o) = )
x|g(x)=y

Sincey =1when x =1,y =2 when x = £2, etee, will have



1/9 fory=20
py(¥) =12/9 fory=1,2,3,4
0 otherwise

3. You are at a party with 500 guests. What is tlodability that exactly one other guest
has the same birthday as you? For simplicity,edekthe possibility of a February 29
birthday. After calculating the result exactlypapximate the answer by using a Poisson
distribution.

Solution:

Use the binomial distribution with n = 499, k =ahd p = 1/365 (the that any random person has
the same birthday as you) Thus,

499

1
px () = (i) e = = (*77) (%) (%) = 0.3487

(I used the BINOM.DIST function in Excel to calctddhis result)

For large n, the binomial distribution is well appimated by a Poisson distribution with
parameteA = np. Since np = 499/365 = 1.367, the Poissomnoxqpation is

y)
px (k) = Fe—l = 1.367e 71367 = 0.3484

Note that this number differs only in the fourtgraficant digit.

4. After renting a large house on vacation, the rea@ave you five unmarked and similar-
looking keys for the five doors of the house. Rind PMF of the number of trials
required before successfully opening the front dowater these different assumptions:

a. After an unsuccessful trial, you set the bad kegeaso you don't try it again.

b. After an unsuccessful trial, you put the bad kegkliato the pool of keys so that
each key has an equal likelihood of being picked.

Solution:

Let random variable X be the number of trials yeeato open the door, and lgth¢€ the event
that the ' key selected opens the door.

() In this case, we have(l) =P(K;) = 1/5. Getting the key right on the second teams that
we didn’t get the key right on the first try. Thugx(2) =P(KY) P(K;|K{) =(4/5)(1/4) = 1/5.

Proceeding similarly, we see that the PMF of Xx&p=1/5,x=1, 2, 3, 4, 5.



We can also view the problem as ordering the keslvance and then trying them in
succession, in which case the probability of antheffive keys being correct is 1/5.

(b) In this case, X is a geometric random variatith p = 1/5, and its PMF is

k-1

px(k) =1 -p)'p= (%) (g)

5. Let X be a discrete random variable with PMF

_ (x?/a, ifx=-3,-2,-1,0,1,2,3
Px(x) = { 0, otherwise

Finda and E[X].
What is the PMF of the random variable Z = (X — BP®
Using the result from part (b), find the varianéeXo

Find the variance of X using the formular[X] = Y, ,(x — E[X])? px (x).

coow

Solution:

(@) Normalization requires th@tpy(x) = 1. Thus,

3

1
1=—Zx2—>a=28.
a

x=-3

We can calculate the expectation in the normal (] = Y x px(x)) or we can recognize
that E[X] = 0 since the PMF is symmetric about zero

(b) Forx=z=0,g0)=0. For all other values (z =1, 4, and %,vave

VA VA VA
pz(2) = px(Vz) + px(—Vz) = 58 + 58- 1a
(c) The variance of X will be the expectation of z
1 42 92
E[Z] = ZZpZ(Z) =t =7

(d) Using the definition of variance,

var[X] = Z(x — E[X])? py(x) = % Z Xt =7,



6. A city’s temperature is modeled as a random vagiabth mean and standard deviation
both equal to 10 degrees Celsius. A day is destia€e'typical” if the temperature
during that day ranges within one standard dewvidtiom the mean. What would be the
temperature range for a typical day if temperatueee expressed in degrees Fahrenheit?

Solution:
If X is the temperature in Celsius, the temperainféahrenheit is Y = 32 + 9X/5. Therefore,
E[Y] =32 + 9E[X]/5 = 32 + 18 = 50.

Also var(Y) = (9/5Yvar(X) wherevar(X), the square of the given standard deviatioX,G&
equal to 100. Thus, the standard deviation of (945)10 = 18. Hence a normal day in
Fahrenheit is one for which the temperature i©i@range [32,68].

7. The St. Petersburg paradox: You toss independaritly coin and you count the number
of tosses until the first tail appears. If this raenis n, you receive2lollars. What is
the expected amount that you will receive? How imwould you be willing to pay to
play this game?

Solution:

k
This is a geometric distribution with= 0.5 and a PMF gix(k) = (1 —p)*~1p = G) . The
payout is Y = 8and this payout has the same PMF as X. Thus,

E[Y] = i;vpy(k) = i 2k (%)k = i 1= 0.
k=1 k=1 k=1

How much would you be willing to pay to play a gawi¢h an expected payout of infinity?

8. Alice passes through four traffic lights on her wayvork, and each light is equally
likely to be green or red, independent of the ather
a. What is the PMF, the mean, and the variance oftimeber of red lights that
Alice encounters?
b. Suppose that each red light delays Alice by exaattyminutes. What is the
variance of Alice’s commuting time?

Solution:

(a) Let X be the number of red lights that Aliceeanters. The PMF of X is binomial with n =
4 and p = 1/2. The mean and the variance of Xe@X¢= np = 2 andvar(X) = np(1 - p) = 1.



(b) LetY =the time that Alice is delayed by tteel lights. Y = 2X since each red light delays
Alice by 2 minutes. Sincear(Y) = 4var(X), andvar(X) =1 from part (a)var(Y) = 4

9. Given the PDF for a uniformly distributed contingaandom variabl& shown below,
derive the expectation and the varianc&.of

() = {1/(b—a), ifa<x<bhb

0, otherwise
Solution:
E[x] f°° £ 0d fb x p x2 | b —a® b+4a
ot . b—a 2b-a)|, 2(b—-a) 2
b +
var[X f (x — E[X]D?fx(x)dx = —f X — a) dx

b

ﬁf(f*wwﬂ(b:af)dx=<ﬁ><§—w+w§+<”:a>?>
() (- e S 2)+ ()

1 \[/(b—a)(b?+ab+a?) b+a)b—a)\ (b+a\’
(b—a)( 3 —(b+a) 2 >+( 2 )

a

_(*+ab+a®) (b+a)* 4B*+ab+a®) 3(b*+2ab+a?) (b—a)?
B 3 4 12 12 12

An easier approach, from an algebraic standpaint usevar[X] = E[X?] — (E[X])?.

10.What is the CDF (cumulative distribution functidoy the PDF of problem 9?
Solution:

X—a

X 1 X
FX(x)=f fX(x)dx=mf dx:b—a ifa<x<bhb
— a

Forx<a, Fy(x) = 0. Forx>b, Fy(x) = 1.



11.Consider the exponential PDF with (positive) pareme

le™  ifx>0
0, otherwise

f@ ={

a. Show that this is a legitimate PDF.
b. Find the expectation and varianceXof

Solution:

(&) To show that the PDF is legitimate, we musisthat it is never negative and normalizes to
1. By inspection, the PDF is never negative.

[ee]

L ()dx = | de™Mdx =—e M| =1
0
) 0

(b)

* 0 w 1
E[X] = f xfy(x)dx = f xhe™Mdx = —e M (x + 1/1)| = Z
o o
® * 2x  2\|® 2
_ _ -2 _ -1 _
Bl = | e ‘fo R R =

var(X] = E1X*] — G = 5~ (3) =

12.Let X andY be normal random variables with means 0 and pectvely, and variances
1 and 4, respectively.

a. FindP(X < 1.5) andP(X < -1).
b. Find the PDF ofY —1)/2.
c. FindP (-1 <1).

Solution:

(a)X is a standard normal, so by using the normal taidehavdP (X < 1.5) = 0.9332. Also
PX<-1)=P(X>1)=1-4P(X<1)=1-0.8413 =0.1587.

(b) The random variablé/ (-1)/2 is obtained by subtracting frafits mean (which is 1) and
dividing by the standard deviation (which is 2),tee PDF of Y — 1)/2 is the standard normal.

(c) We have, using the normal table,

P1<Y<1)=P(-1<(Y-1)/2<0)#(-1<Z<0)74P(0<Z<1)=P(Z<1)-P(Z<0)



=0.8413 -0.5=0.3413.

13. A city’s temperature is modeled as a normal rangianable with mean and standard
deviation both equal to 10 degrees Celsius. Whtd probability that the temperature
at a randomly chosen time will be less than or Etqua9 degrees Fahrenheit?

Solution:

Let X and Y be the temperature in Celsius and Fdte®, respectively, which are related by X =
5(Y — 32)/9. Therefore, 59 degrees Fahrenheiespond to 15 degrees Celsius. So, if Zis a
standard normal random variable, we have using E[X] andox = 10,

1_[X]> = P(Z < 0.5) = 0.6915.

P(YSS9)=P(XS15)=P<ZS -
X



