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�0�D�F�K�L�Q�H�U�\�
�V���+�D�Q�G�E�R�R�N has served as the principal reference work in metalworking,
design and manufacturing facilities, and in technical schools and colleges througho
world, for over 100 years of continuous publication. Throughout this period, the inten
of the���+�D�Q�G�E�R�R�N editors has always been to create a comprehensive and practical tool,
combining the most basic and essential aspects of sophisticated manufacturing practice. A
tool to be used in much the same way that other tools are used, to make and repair pr
of high quality, at the lowest cost, and in the shortest time possible.

The essential basics, material that is of proven and everlasting worth, must alwa
included if the �+�D�Q�G�E�R�R�N is to continue to provide for the needs of the manufacturing co
munity. But, it remains a difficult task to select suitable material from the almost unlim
supply of data pertaining to the manufacturing and mechanical engineering fields, a
provide for the needs of design and production departments in all sizes of manufacturing
plants and workshops, as well as those of job shops, the hobbyist, and students of trad
technical, and engineering schools. 

The editors rely to a great extent on conversations and written communications with
users of the �+�D�Q�G�E�R�R�N for guidance on topics to be introduced, revised, lengthened, sh
ened, or omitted. At the request of users, in 1997 the first ever large-print or “desktop” edi-
tion of the �+�D�Q�G�E�R�R�N was published, followed in 1998 by the publication of the first
�0�D�F�K�L�Q�H�U�\�
�V���+�D�Q�G�E�R�R�N���&�'���5�2�0 including hundreds of additional pages of materia
restored from earlier editions. The large-print and CD-ROM editions have since become
permanent additions to the growing family of �0�D�F�K�L�Q�H�U�\�
�V���+�D�Q�G�E�R�R�N products. 

The large-print edition is identical to the traditional toolbox edition, only the size is
increased by a comfortable 140% for easier reading, making it ideal as a desktop reference
Other than size, there are no differences between the toolbox and large-print editions.

Regular users of the �+�D�Q�G�E�R�R�N will quickly discover some of the many changes embo
ied in the recent editions. One is the combined �0�H�F�K�D�Q�L�F�V���D�Q�G���6�W�U�H�Q�J sec-
tion, arising out of the two former sections of similar name. The �3�O�D�V�W�L�F�V section, formerly
a separate thumb tab, has been incorporated into the �3�U�R�S�H�U�W�L�H�V���R�I���0�D�W�H section.“Old
style” numerals, in continuous use in the first twenty-five editions, are now used only in
index for page references, and in cross references throughout the text. The entire tex
this edition has been edited and reset, and more than 1400 of the numerous figure
been redrawn. The current print edition has expanded to 2886 pages. 

The 30th edition of the �+�D�Q�G�E�R�R�N contains major revisions of existing content, and ne
material on a variety of topics. Some of the additions and changes in this edition are:

A table added on page������ gives the taper in a given length when taper per foot is know
The table �5�X�O�H�V���I�R�U���)�L�J�X�U�L�Q�J���7�D�S�H�U�V on page������ has been modified with the equations for
calculating taper. �9���E�O�R�F�N�V on page������ and �0�L�F�U�R�P�H�W�H�U�����9�H�U�Q�L�H�U���D on
page������ add detailed design, identification, inspection techniques, and calibration pr
dures to a growing body of other metrology topics in �0�(�$�6�8�5�,�1�*�����,�1�6�7�5�8�0�(�1
�$�1�'���,�1�6�3�(�&�7�,�2�1���0�(�7�+�2�'�6 starting on page ������.���&�D�O�F�X�O�D�W�L�Q�J���&�R�X�Q�W�H
�'�U�L�O�O���'�H�S�W�K�V on page������ provides formulas for calculating countersink depth.���0�H�V�K���6�L
on page�������� describes systems of designating sieve, mesh, and powder sizes and �$�E�U�D
�V�L�Y�H���*�U�L�W���1�X�P�E�H�U on page�������� illustrates its application to abrasive grit. �3�R�Z�G�H�U���0�H
�O�X�U�J�\ on page��������, in Manufacturing, focuses on characteristics of powders, processes,
materials, applications such as additive manufacturing, and process economics. �!�S�S�E�M�B
�W�I�T�H���$�O�W�E�L���0�I�N�S on page�������� provides guidance for the use and positioning of dowel pi
in assemblies. The �)�O�X�L�G���3�R�Z�H�U on page��������, in Machine Elements, covers fluid circuits,
pressure and flow, pipe tubing and fittings, energy loss, valves and actuators, for hydr
pneumatic and vacuum applications. �7�D�S���'�U�L�O�O���6�L�]�H�V���I�R�U���8�Q�L�I�L�H�G� has been added
starting on page��������, and a section �2�E�A�M�I�N�G���!�L�L�O�W�A�N�C�E added on page��������. �(�O�O�L�S
�*�H�D�U�V on page�������� has been expanded in the section �(�O�O�L�S�W�L�F���*�H�D�U�V on the CD.
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Other topics added in recent editions include micromachining, expanded material o
culation of hole coordinates, an introduction to metrology, further contributions to
sheet metal and presses section, shaft alignment, taps and tapping, helical coil screw threa
inserts, solid geometry, distinguishing between bolts and screws, statistics, calculatin
thread dimensions, keys and keyways, miniature screws, metric screw threads, and a
introduction to fluid mechanics. Other subjects in the �+�D�Q�G�E�R�R�N that are new or recently
revised, expanded, or updated are lubrication, CNC programming and CNC thread cu
metric wrench clearances, ANSI and ISO drafting practices, and ISO surface texture.

The metric content of the �+�D�Q�G�E�R�R�N has been greatly expanded in the 29th and 30th e
tion. Throughout the book, where practical, metric units are shown adjacent to the US cus
tomary units in the text. Many formulas are now presented with equivalent me
expressions, where possible.

Addition of new and revised �+�D�Q�G�E�R�R�N topics often requires removal of some older top
ics to gain space for the new. Those topics removed from the print book are genera
added to the CD, which also contains much other material not available in the current prin
editions. Included on the CD are extensive indexes of materials and standards refer
in the �+�D�Q�G�E�R�R�N, numerous mathematical tables including trig, logarithms, and sine-
tables, material on cement and concrete, adhesives and sealants, recipes for coloring an
etching metals, forge shop equipment, silent chain, worm gearing and other material o
gears, keys and keyways, numerous other topics, new and old, and includes mor
seven hundred additional pages. 

Absent in the 30th print edition are the sections �&�L�U�F�O�H�V���L�Q���&�L�U�F�O�H�V���D�Q�G���5�H�F�W�D�Q�, �)�R�U�P��
�L�Q�J���7�R�R�O�V, and �6�L�P�S�O�H�����&�R�P�S�R�X�Q�G�����D�Q�G���'�L�I�I�H�U�H�Q�W�L�D�O���,�Q. These have been preserved
but moved to the CD portion of the �+�D�Q�G�E�R�R�N. Users requiring this information, or wishing
to comment on these or other topics moved to the CD, are urged to contact the editors.

The �0�D�F�K�L�Q�H�U�\�
�V���+�D�Q�G�E�R�R�N��������CD-ROM contains the complete contents of the printed
edition, presented in Adobe PDF format. This popular and well known format allo
viewing and printing of pages that are identical to those of the printed book, permits r
searching of the entire �+�D�Q�G�E�R�R�N, and includes the ability to magnify the view of any pag
Navigation aids in the form of thousands of clickable bookmarks, page cross reference
and index entries take you quickly to any page referenced.

A major goal of the editors is to make the �+�D�Q�G�E�R�R�N easier to use. The 30th edition of the
�+�D�Q�G�E�R�R�N continues to incorporate the timesaving thumb tabs, much requested by us
the past. The table of contents pages beginning each major section, first introduced f
25th edition, have proven very useful to readers. Consequently, the number of con
pages has been increased to several pages each for many of the larger sections, to thor-
oughly reflect the contents of these sections.

The editors are greatly indebted to readers who call attention to possible errors
defects in the �+�D�Q�G�E�R�R�N, who offer suggestions concerning the omission of some ma
that is considered to be of general value, or who have technical questions concerning th
solution of difficult or troublesome �+�D�Q�G�E�R�R�N problems. Such dialog is often invaluable
and helps to identify topics that require additional clarification or are the source of reade
confusion. Queries involving �+�D�Q�G�E�R�R�N material usually entail an in depth review of th
topic in question, and may result in the addition of new material to the �+�D�Q�G�E�R�R�N intended
to resolve or clarify the issue. The material on the mass moment of inertia of hollow circu
lar rings, page������, and on the effect of temperature on the radius of thin circular rings,
page������, are good examples. 

Our goal is to increase the usefulness of the �+�D�Q�G�E�R�R�N as much as possible. All criticisms
and suggestions about revisions, omissions or inclusion of new material, and reque
assistance with manufacturing problems encountered in the shop are welcome.
Christopher J. McCauley 
Senior Editor 
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�0�D�F�K�L�Q�H�U�\�²�V���+�D�Q�G�E�R�R�N is indebted to the whole mechanical field for the data contain
in this handbook and hereby expresses its appreciation to all who have assisted in furnish-
ing data, contributed ideas, suggestions, and criticisms concerning the �+�D�Q�G�E�R.

Most importantly, we thank the thousands of readers who have contacted us over th
years with suggestions for new topics to present in the �+�D�Q�G�E�R�R�N, and constructive sugges-
tions and criticisms with regard to �+�D�Q�G�E�R�R�N topics and presentation. Your comments fo
this edition, as well as past and future ones are invaluable, and well appreciated.

Special thanks are due to current and former members of our staff, including former edi-
tors Riccardo Heald, Muhammed Hussain P.E., and Mr. Robert E. Green for their con
ing support and many years of �+�D�Q�G�E�R�R�N service, and to Janet Romano, Productio
Manager/Art Director for great �+�D�Q�G�E�R�R�N cover designs, printing, packaging, and produc
tion expertise. 

Thanks to Tom Webster of Lineworks Inc., Boise Idaho for an outstanding job of dr
ing more than 1500 pieces of art for this edition, to Cara Chamberlain for her relentles
copy editing and proofreading of the text, and to Kathy McKenzie, for the same, and for he
invaluable help in rewriting many parts of the �0�D�W�K�H�P�D�W�L�F�V and �0�H�F�K�D�Q�L�F�V sections.

Many of the American National Standards Institute (ANSI) Standards that deal with
mechanical engineering, extracts from which are included in the �+�D�Q�G�E�R�R�N, are published
by the American Society of Mechanical Engineers (ASME), and we are grateful for their
permission to quote extracts and to update the information contained in the stand
based on the revisions regularly carried out by the ASME. 

ANSI and ASME Standards are copyrighted by the publisher. Information regarding cur-
rent editions of any of these Standards can be obtained from ASME International, Two
Park Avenue, New York, NY 10016, or by contacting the American National Standa
Institute, 25 West 43nd Street, New York, NY 10036, from whom current copies ma
purchased. Additional information concerning Standards nomenclature and other Stan-
dards bodies that may be of interest is located on page��������.

Many individuals have contributed substantial amounts of time and information to
and recent editions of the �+�D�Q�G�E�R�R�N. In particular, the editors would like to thank to fol-
lowing people:

Vukota Boljanovic, Ph.D., author of several books on sheet metal and die design, a
as other subjects, contributed the new section �3�2�:�'�(�5���0�(�7�$�/�/�8�5�*�< starting on page
�������� for this edition, and in previous editions completed reorganization of the sec
�6�+�(�(�7���0�(�7�$�/���:�2�5�.�,�1�*���$�1�'���3�5�(�6�6�(�6 starting on page ��������.

Bradford T. Dulin provided several metrology-related sections in the previous edit
�'�A�G�E���"�L�O�C�K�S, �3�U�R�F�A�C�E���0�L�A�T�E�S, �0�A�R�A�L�L�E�L���"�A�R�S, �2�I�G�H�T���!�N�G�L�E���0�L�A�T�E�S, and has added to this work
in this edition with �9���E�O�R�F�N�V starting on page ������, and �0�,�&�5�2�0�(�7�(�5�����9�(�5�1�,�(�5���$
�'�,�$�/���&�$�/�,�3�(�5�6 starting on page ������.

Jennifer Marrs, P.E., author of �0�D�F�K�L�Q�H���'�H�V�L�J�Q�H�U�V���5�H�I�H�U�H�Q�F�H, has contributed a compre-
hensive new section on the application of �)�/�8�,�'���3�2�:�(�5 starting on page ��������.

Author, instructor, and former tool and die maker, Edward T. Janecek contributed
�$�V�V�H�P�E�O�\���Z�L�W�K���'�R�Z�H�O���3�L�Q�V on page 1803 and �5�H�D�P�L�Q�J���$�O�O�R�Z�D�Q�F�H on pag
covered that an important table, �4�A�P���$�R�I�L�L���3�I�Z�E�S���A�N�D���0�E�R�C�E�N�T
�4�H�R�E�A�D�S�	 on page 2075, was missing from the previous editions and suggested it be
restored.

Steve Heather, author of �(�Q�J�L�Q�H�H�U�V���3�U�H�F�L�V�L�R�Q���'�D�W�D���3�R�F�N�H and co-author of
the popular �%�H�J�L�Q�Q�L�Q�J���$�X�W�R�&�$�' and �$�G�Y�D�Q�F�H�G���$�X�W�R�&�$�' series, contributed �&�D�O�F�X�O�
�&�R�X�Q�W�H�U�V�L�Q�N���$�Q�G���6�S�R�W���'�U�L�O�O���'�H�S�W�K�V on page 890.
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John Oritz provided the updated �5�X�O�H�V���I�R�U���)�L�J�X�U�L�Q�J���7�D�S�H�U�V on page 674 which replaces
the text of the previous table with easier to use formulas; another �+�D�Q�G�E�R�R�N user suggest-
ing adding the table �7�D�S�H�U�V���S�H�U���)�R�R�W���D�Q�G���&�R�U�U�H�V�S�R�Q�G�L�Q�

James F. Carley, Ph.D., P.E. revised the section �3�/�$�6�7�,�&�6 starting on page ������, updat-
ing the testing procedures, properties, and design of plastics materials.

Professor Bruce A. Harding contributed material on �$�1�6�,���D�Q�G���,�6�2���'�U�D�I�W�L�
starting on page ������, including �'�E�O�M�E�T�R�I�C���$�I�M�E�N�S�I�O�N�I�N�G���A�N�D���4�O and
�9�����������A�N�D���)�3�/���$�R�A�F�T�I�N�G���$�E�F�I�N�I�T�I�O�N�S, and the section �6�8�5�)�$�&�(���7�(�;�7�8�5�( starting on
page ������ including ANSI and ISO surface finish symbology. He has also contribu
material on metric wrenches and clearances.

Tommy B. Harlon contributed pragmatic and useful material on �6�+�$�)�7���$�/�,�*�1�0�(�1�
starting on page ��������.

Dr. Edmund Isakov, author of several books and an ardent �+�D�Q�G�E�R�R�N supporter, has con-
tributed numerous topics to previous editions including �6�7�$�7�,�6�7�,�&�$�/���$�1�$�/�<�6
�0�$�1�8�)�$�&�7�8�5�,�1�*���'�$�7�$ on page 123, �'�,�6�&���6�3�5�,�1�*�6 on page 342, and �(�6�7�,�0�$�7�,�1�*
�6�3�(�(�'�6���$�1�'���0�$�&�+�,�1�,�1�*���3�2�:�(�5 on page 1117, and has continued to provide num
ous suggestions, advice, and corrections regarding many topics throughout the �+�D�Q�G�E�R. 

Best selling author Peter Smid added, updated, and reorganized the material �&�1�&
�1�8�0�(�5�,�&�$�/���&�2�1�7�5�2�/���3�5�2�*�5�$�0�0�,�1�* starting on page ��������, including information
on macro programming and thread cutting.

Dr. Wayne N. P. Hung, Ph. D., of Texas A& M University provided the material and
microphotographs in the section �0�,�&�5�2�0�$�&�+�,�1�,�1�* starting on page ��������. 

In a previous edition Kenneth E. Bannister contributed and updated material for the sec
tion �/�8�%�5�,�&�$�7�,�2�1 starting on page ��������, with an emphasis on practical issues, method
and solutions.

For many years, Mr. Sidney Kravitz has provided many useful comments and sug
tions for the �+�D�Q�G�E�R�R�N. A long time reader, Mr. Peter Konopka suggested adding an ad
tional column to the table �3�E�G�M�E�N�T�S���O�F���#�I�R�C�L�E�S���F�O�R���2�A�D�I�U on page����, useful for
determining volumes contained in tanks. 

George P. Dorian, of GPDorian Co., provided the chart of comparative Rockwell hard-
ness scales on page��� � � �.  An advanced version of the chart is available at
www.gpdorian.com.

�$�&�.�1�2�:�/�(�'�*�0�(�1�7�6
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a Table data are based on 1 inch = 25.4 mm. Inch to millimeter conversion values are exact. Whole
number millimeter to inch conversions are rounded to 9 decimal places.  

Fractional Inch Decimal Inch Millimeters Fractional Inch Decimal Inch Millimeters

 1/64 0.015625 0.396875 0.511811024 13
 1/32 0.03125 0.79375  33/64 0.515625 13.096875

0.039370079 1  17/32 0.53125 13.49375
 3/64 0.046875 1.190625  35/64 0.546875 13.890625
 1/16 0.0625 1.5875 0.551181102 14
 5/64 0.078125 1.984375  9/16 0.5625 14.2875

0.078740157 2  37/64 0.578125 14.684375
1/12 0.0833b

b Numbers with an overbar repeat indefinitely after the last figure, for example, 0.0833 = 0.08333... 

2.1166 7/12 0.5833 14.8166
 3/32 0.09375 2.38125 0.590551181 15
 7/64 0.109375 2.778125  19/32 0.59375 15.08125

0.118110236 3  39/64 0.609375 15.478125
 1/8 0.125 3.175  5/8 0.625 15.875
 9/64 0.140625 3.571875 0.62992126 16
 5/32 0.15625 3.96875  41/64 0.640625 16.271875

0.157480315 4  21/32 0.65625 16.66875
1/6 0.166 4.233  2/3 0.66 16.933

 11/64 0.171875 4.365625 0.669291339 17
 3/16 0.1875 4.7625  43/64 0.671875 17.065625

0.196850394 5  11/16 0.6875 17.4625
 13/64 0.203125 5.159375  45/64 0.703125 17.859375
 7/32 0.21875 5.55625 0.708661417 18
 15/64 0.234375 5.953125  23/32 0.71875 18.25625

0.236220472 6  47/64 0.734375 18.653125
 1/4 0.25 6.35  0.748031496 19

 17/64 0.265625 6.746875 3/4 0.75 19.05
0.275590551 7  49/64 0.765625 19.446875

 9/32 0.28125 7.14375  25/32 0.78125 19.84375
 19/64 0.296875 7.540625 0.787401575 20
 5/16 0.3125 7.9375  51/64 0.796875 20.240625

0.31496063 8  13/16 0.8125 20.6375
 21/64 0.328125 8.334375 0.826771654 21

1/3 0.33 8.466  53/64 0.828125 21.034375
 11/32 0.34375 8.73125  27/32 0.84375 21.43125

0.354330709 9  55/64 0.859375 21.828125
 23/64 0.359375 9.128125 0.866141732 22
 3/8 0.375 9.525  7/8 0.875 22.225

 25/64 0.390625 9.921875  57/64 0.890625 22.621875
0.393700787 10 0.905511811 23

 13/32 0.40625 10.31875  29/32 0.90625 23.01875
5/12 0.4166 10.5833 11/12 0.9166 23.2833

 27/64 0.421875 10.715625  59/64 0.921875 23.415625
0.433070866 11  15/16 0.9375 23.8125

 7/16 0.4375 11.1125 0.94488189 24
 29/64 0.453125 11.509375  61/64 0.953125 24.209375
 15/32 0.46875 11.90625  31/32 0.96875 24.60625

0.472440945 12 0.984251969 25
 31/64 0.484375 12.303125  63/64 0.984375 25.003125
 1/2 0.5 12.7
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Real numbers are the basic instruments of computation. The ten numerals of th
number system are 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9. The real number line contains several sub-
sets, the smallest being the natural (or counting) numbers {1, 2, 3,…}, then the whole 
bers {0, 1, 2, 3,…}, integers {…,Š3, Š2, Š1, 0, 1, 2, 3,…}, rational numbers (numbers tha
can be expressed as ratio of integers (fractions) and so their decimal form either repeats or
terminates (for example, 1/4 = 0.25, 1/3 = 0.333… or 0.3). The largest subset of the rea
number system is the set of irrational numbers. These cannot be expressed as fractio
whose decimal representation terminates or repeats. Examples of irrational numbers ar

 and �. 

The following are properties of real numbers:

�&�R�P�P�X�W�D�W�L�Y�H���S�U�R�S�H�U�W�L�H�V�����D + �E = �E + �D,   �D × �E = �E × �D

�$�V�V�R�F�L�D�W�L�Y�H���S�U�R�S�H�U�W�L�H�V����(�D + �E) + �F = �D + (�E + �F),   (�D × �E) × �F���  �D × (�E × �F)

�'�L�V�W�U�L�E�X�W�L�Y�H���S�U�R�S�H�U�W�\�����D × (�E + �F) = �D × �E + �D × �F, (�D + �E) × �F = �D × �F + �D × �F

�,�G�H�Q�W�L�W�\���S�U�R�S�H�U�W�L�H�V�����D + 0 = 0 + �D = �D,   1 × �D = �D × 1 = �D

�,�Q�Y�H�U�V�H���S�U�R�S�H�U�W�L�H�V�����D + (Š�D) = 0,   �D × 1/�D = 1

�3�R�V�L�W�L�Y�H���D�Q�G���1�H�J�D�W�L�Y�H���1�X�P�E�H�U�V���°Positive whole numbers {0, 1, 2, …} extend from
zero to the right on the real number line. Negative whole numbers extend to the left {Š1,Š
2,...}. Together, these make up the set of integers. Integers (sometimes referred to as �V�L�J�Q�H
�Q�X�P�E�H�U�V) are needed to measure physical quantities that may be either greater than or les
than zero. 

�$�E�V�R�O�X�W�H���9�D�O�X�H����The absolute value of a number is its distance from zero on the numbe
line. Distance is not considered negative, so absolute value is always positive. The in
5 and Š5 each have an absolute value of 5. The notation for absolute value is | |. Thus
5 and |Š5| = 5. This notation is used to explain signed number operations.

�2�S�H�U�D�W�L�R�Q�V���R�Q���6�L�J�Q�H�G���1�X�P�E�H�U�V����The following rules of operations apply to rational and
irrational numbers as well. For simplicity, only integers are given as examples.

�$�G�G�L�W�L�R�Q���D�Q�G���6�X�E�W�U�D�F�W�L�R�Q����Adding a negative number is equivalent to subtracting its
absolute value. When a larger number is subtracted from a smaller number, the result is
negative. The following examples illustrate the rules:

�0�X�O�W�L�S�O�L�F�D�W�L�R�Q���D�Q�G���'�L�Y�L�V�L�R�Q����Multiplication or division of numbers that have the same
sign results in a positive answer. Opposite signed numbers result in negative answers
multiplied or divided. The following examples illustrate the rules:

�2�U�G�H�U���R�I���3�H�U�I�R�U�P�L�Q�J���$�U�L�W�K�P�H�W�L�F���2�S�H�U�D�W�L�R�Q�V���When several numbers or quantities in
a formula are connected by signs indicating that additions, subtractions, multiplications
and divisions are to be made, the multiplications and divisions should be carried out
in the sequence in which they appear, before the additions or subtractions are performed.

�(�[�D�P�S�O�H�V�����$�G�G�L�W�L�R�Q�����(�[�D�P�S�O�H�V�����6�X�E�W�U�D�F�W�L�R�Q����
7 + 11 = 18 7 Š 11 = Š4

7 + (Š11) = 7 Š 11 = Š4 7 Š (Š11) = 7 + 11 = 18
(Š7) + 11 = 11 + (Š7) = 11 Š 7 = 4 (Š7) Š (Š11) = (Š7) + 11 = 11 + (Š7) = 11 Š 7 = 4

 (Š7) + (Š11) = Š18

�(�[�D�P�S�O�H�V�����0�X�O�W�L�S�O�L�F�D�W�L�R�Q���� �(�[�D�P�S�O�H�V�
5 × 2 = 10 12 ÷ 3 = 4

5 × (Š2) = Š10 (Š12) ÷ 3 = Š4
(Š5) × 2 = Š10 (12) ÷ (Š3) = Š4

 (Š5) × (Š2) = 10 (Š12) ÷ (Š3) = 4

��
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When it is required that certain additions and subtractions should precede multiplication
and divisions, use is made of parentheses ( ) and brackets [ ]. These signs indicate that
calculation inside the parentheses or brackets should be carried out completely by
before the remaining calculations are commenced. If one bracket is placed inside another
the one inside is first calculated.

�(�[�D�P�S�O�H����

Parentheses indicate multiplication; for example: 
6(8 + 2) = 6 × (8 + 2).

The line or bar between the numerator and denominator in a fractional expression
cates division. For example,

In formulas, the multiplication sign (×) is often left out between symbols or letters, th
values of which are to be multiplied. Thus,

�5�D�W�L�R���D�Q�G���3�U�R�S�R�U�W�L�R�Q���°The �U�D�W�L�R between two quantities is the quotient obtained b
dividing the first quantity by the second. For example, the ratio between 3 and 12 is 1‡4, and
the ratio between 12 and 3 is 4. A ratio is generally indicated by a colon (:). Thus, 12:3 
ratio of 12 to 3.

A �U�H�F�L�S�U�R�F�D�O, or �L�Q�Y�H�U�V�H ratio, is the opposite of the original ratio. Thus, the inverse ra
of 5:7 is 7:5.

In a �F�R�P�S�R�X�Q�G ratio, each term is the product of the corresponding terms in two or m
simple ratios. Thus, for the ratios

the compound ratio is

�3�U�R�S�R�U�W�L�R�Q :: is the equality of ratios. Thus,

The first and last terms in a proportion are called the �H�[�W�U�H�P�H�V�� the second and third, the
�P�H�D�Q�V. The product of the extremes is equal to the product of the means. Thus,

If three terms in a proportion are known, the remaining term may be found by the b
rules of algebra, a full discussion of which is found in the section �!�,�'�%�"�2�!���!�.�$���%�1�5�!�

�4�)�/�.�3 on page 28. The examples below illustrate the process.

���� ����+ ��× ��– ���� ������ ��–+ ������= =

���� ��÷ ����+ ��× � � � �� �+ ����= =

���� ���� ��÷ ��–+ ���� �� ��–+ ����= =

� � � �–( ) ��× ��+ � � � � � �+× ���� ��+ ����= = =

� � � � � �+( )× ����÷ � � � �� � � �� �÷× ���� ����÷ ��= = =

� � � �� � � � � � � �+( ) ��–×[ ] ��×+ � � � �� � � �× ���� ��–×[ ] ��×+=

� � � �� �� � � �–[ ] ��×+ �� ������ ��×+ � � � �� �� �� �+ ��������= = ==

���� ���� ����+ +
����

������������������������������������������������������������ ���� ���� ����+ +( ) ����÷ ���� ����÷ ��= = =

�$�% �$ �%×= �D�Q�G �$�%�&
�'

������������������������ � $ � %× �&×( ) �'÷=

��� � � � � �= �� � � � � � �= ���� �� �� ��=

� � � �× ���� �� �� ��× ��×× � � � �× ��×=

������ ������ ����=

�� � � � � � �� � � � � �= �R�U ��� � � � � �� � � �� � � � � �

������ �� ����������= �D�Q�G ���� ��× � � � �� �� �×=
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�(�[�D�P�S�O�H�V����Let �[ be the unknown term, then,

If the second and third terms are the same, that term is the �P�H�D�Q���S�U�R�S�R�U�W�L�R�Q
two. Thus, 8:4::4:2 means 8:4 = 4:2, and 4 is the mean proportional of 8 and 2. The 
proportional of two numbers may be found by multiplying them and extracting the square
root of the product. (See also �0�O�W�E�R�S���A�N�D���2�O�O�T�S on page 11.) Thus, the mean proportiona
of 3 and 12 is found as follows:

which is the mean proportional.
�3�U�D�F�W�L�F�D�O���(�[�D�P�S�O�H�V���,�Q�Y�R�O�Y�L�Q�J���6�L�P�S�O�H���3�U�R�S�R�UIf it takes 18 days to assemble 4

lathes, how long would it take to assemble 14 lathes?
�(�[�D�P�S�O�H����Let �[ be the number of days to be found. Write the proportion as follows:

Now find the fourth term by the rule given:

�(�[�D�P�S�O�H����Ten linear meters (32.81 feet) of bar stock are required as blanks for 10
clamping bolts. What total length �[ of stock, in meters and feet, are required for 912 bolt

�,�Q�Y�H�U�V�H���3�U�R�S�R�U�W�L�R�Q����In an inverse proportion, as one of the quantities involved �L�Q�F�U�H�D,
the corresponding quantity in the proportion �G�H�F�U�H�D�V�H�V, and vice versa. For example, a fac
tory employing 270 workers completes a given number of automotive components
weekly, the number of working hours being 44 per week. How many employees wou
required for the same production if the working hours were reduced to 40 per week?

The time per week is in an inverse proportion to the number of workers; the shorte
time, the more workers required. The inverse proportion is written:

Thus

�3�U�R�E�O�H�P�V���,�Q�Y�R�O�Y�L�Q�J���%�R�W�K���6�L�P�S�O�H���D�Q�G���,�Q�Y�H�U�V�If two groups of data are
related both by direct (simple) and inverse proportions among the various quantities
a simple mathematical relation that may be used in solving problems is as follows:

or

�[������ ������ �� ����= ���������������������������[ ���� ������×
����

�������������������������������������� ����
����
����������� � � �= = =

��‡�� �����[ ���� �� ����= �����������������[
��‡�� ����×

����
�������������������������������� ��

��
������ ��× ��

��
������= = =

����� � �[� � � �� �= �����������������������������[ � � � �� �×
��

������������������������������ ������
��

����������������� � � �� �= = =

��‡�� ����‡�� � � � ��[= ���������[
��‡�� ��×

��‡��
�������������������������� �� ��‡��

��‡��
�������������� ����= = =

� � � �� �× ����= �D�Q�G ���� ��=

�������� ���� ���[=

�O�D�W�K�H�V���G�D�\�V �O�D�W�K�H�V���G�D�\�V=( )

�[ ���� ����×
��

������������������������������������ ���� ���G�D�\�V= =

������ ������ �[� � � �� �� �=

�P�H�W�H�U�V���E�R�O�W�V �P�H�W�H�U�V���E�R�O�W�V=( )

�[ ���� ������×
������

����������������������������������������� � � �� �� �� � � �� P= =

���������� �� ������ �[� � � �� �� �=

�I�H�H�W���E�R�O�W�V �I�H�H�W��=( )

�[ ���������� ������×
������

�������������������������������������������������������� ���������� ���I�W= =

������ ���[ ���� �� ����=

������
�[

������������������ ����
����
������������= �D�Q�G �[ ������ ����×

����
������������������������������������������ ������ ���Z�R�U�N�H�U�V= =
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�H�P�V���L�Q���I�L�U�V�W���J�U�R�X�S
�W�H�P�V���L�Q���I�L�U�V�W���J�U�R�X�S

W�L�R�Q�D�O���L�W�H�P�V���L�Q���V�H�F�R�Q�G���J�U�R�X�S
�W�L�R�Q�D�O���L�W�H�P�V���L�Q���V�H�F�R�Q�G���J�U�R�X�S
�(�[�D�P�S�O�H����If a worker capable of turning 65 studs in a 10-hour day is paid $13.50 
hour, how much per hour should a worker be paid who turns 72 studs in a 9-hour d
compensated in the same proportion?

The first group of data in this problem consists of the number of hours worked, the ho
wage of the first worker, and the number of studs which are produced per day; the s
group contains similar data for the second worker except for the hourly wage whi
unknown and may be indicated by �[.

The labor cost per stud, as may be seen, is directly proportional to the number of 
worked and the hourly wage. These quantities, therefore, are used in the numerators of the
fractions in the formula. The labor cost per stud is inversely proportional to the number o
studs produced per day. (The greater the number of studs produced in a given time the l
the cost per stud.) The numbers of studs per day, therefore, are placed in the denominat
of the fractions in the formula. Thus,

�3�H�U�F�H�Q�W�D�J�H���°Percentage is a ratio expressed as a part of 100. For example, if out o
manufactured parts, 12 do not pass inspection, it is said that 12 percent (12 of the 10
rejected. The symbol % indicates percentage.

The percent of gain (or loss) with respect to the base (original) quantity is found by d
ing the amount of gain (or loss) by the base quantity and multiplying the quotient by 
For example, if a quantity of steel is bought for $2000 and sold for $2500, the profit is
$500/2000 × 100, or 25 percent of the invested amount.

�(�[�D�P�S�O�H����Out of a total output of 280 castings a day, 30 castings are, on an ave
rejected. What is the percentage of bad castings?

If by a new process 100 pieces can be made in the same time as 60 could be ma
merly, what is the gain in output of the new process over the old, expressed in percent?

Original number, 60; gain 100 Š 60 = 40. Hence,

�1�R�W�H�� The denominator is always the original number, that is, the quantity whose pe
is desired. In this example, the percent gain over the original output of 60 is sought.
takes are often made by overlooking this important point.

�)�U�D�F�W�L�R�Q�V

�&�R�P�P�R�Q���)�U�D�F�W�L�R�Q�V���°Common fractions consist of a numerator (top number) and
denominator (bottom number). The denominator indicates the number of equal-sized part
the whole is divided into. The numerator indicates the number of parts of the whole tha
being considered. For example, the fraction value 5‡32 indicates a whole divided into 32
equal parts of which 5 parts are considered.

The following are the essential definitions and rules concerning common fractions.

�3�U�R�G�X�F�W���R�I���D�O�O���G�L�U�H�F�W�O�\���S�U�R�S�R�U�W�L�R�Q�D�O���L�W
�3�U�R�G�X�F�W���R�I���D�O�O���L�Q�Y�H�U�V�H�O�\���S�U�R�S�R�U�W�L�R�Q�D�O���L
����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

�3�U�R�G�X�F�W���R�I���D�O�O���G�L�U�H�F�W�O�\���S�U�R�S�R�U�
�3�U�R�G�X�F�W���R�I���D�O�O���L�Q�Y�H�U�V�H�O�\���S�U�R�S�R�U
������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������=

����( ) ����������( )
����

���������������������������������������������������������� �� �[
����
������������=

�[ ����( ) ����������( ) ����( )
����( ) ��( )

���������������������������������������������������������������������������������� �� ���������� ���S�H�U���K�R�X�U= =

����
������
������������������ ������× �������� ���S�H�U�F�H�Q�W=

����
����
������������ ������× �����������S�H�U�F�H�Q�W=
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�0�X�O�W�L�S�O�H����A multiple of a number �Q is the result of multiplying �Q by an integer 1, 2, 3,....
Thus, the multiples of 3 are 3, 6, 9, 12, .... The least common multiple of two or more num-
bers is the smallest multiple the numbers have in common. Thus, 20 is the least com
multiple of 2 and 10.

�)�D�F�W�R�U����A factor of a number �Q is a number that divides �Q leaving no remainder. For
example, 3 is a factor of 12 because 12‡3 = 4.

���8�Q�L�W���)�U�D�F�W�L�R�Q����A common fraction having the same numerator and denominator is eq
to unity, 1. For example, 2‡2 , 4‡4 , 8‡8, 16‡16, 32‡32 , and 64‡64  all equal 1.

���3�U�R�S�H�U���)�U�D�F�W�L�R�Q����A proper fraction is a common fraction whose numerator is less th
its denominator, such as 1‡4 , 1‡2 , and 47‡64 .

���,�P�S�U�R�S�H�U���)�U�D�F�W�L�R�Q����An improper fraction is a common fraction whose numerator 
greater than its denominator. For example, 3‡2 , 5‡4 , and 10‡8. To convert a whole number to an
improper fraction place the whole number over 1, as in 4 = 4‡1 and 3 = 3‡1.

���5�H�G�X�F�L�E�O�H���)�U�D�F�W�L�R�Q���� A reducible fraction is a common fraction in which numerator and
denominator have a common factor and so can be reduced to lowest terms by dividin
numerator and denominator by this common factor. For example, in the fraction 12‡18, the
numerator and denominator have a greatest common factor of 6. Thus, 12‡18 reduces to 2‡3 by
dividing each part of the fraction by 6.

���/�H�D�V�W���&�R�P�P�R�Q���'�H�Q�R�P�L�Q�D�W�R�U����Among two or more common fractions, a least commo
denominator is the least common multiple of all the denominators. For example, the
common denominator of 1‡2, 1‡4, and 3‡8 is 8 because the denominators 2, 4, and 8 have a small-
est common multiple of 8.

���0�L�[�H�G���1�X�P�E�H�U����A mixed number is a combination of a whole number and a comm
fraction, such as 21‡2 , 17‡8 , 315‡16 and 19‡32. As such, a mixed number is a sum of a whole num
ber and a fraction.

To convert mixed numbers to improper fractions, multiply the whole number by the
denominator and add the numerator to obtain the new numerator. The denomi
remains the same. For example, 

To convert an improper fraction to a mixed number, divide the numerator by the den
inator and reduce the remaining fraction to its lowest terms. For example, 

A fraction may be converted to higher terms by multiplying numerator and denominato
by the same number. For example, 1‡4 in 16ths = 1‡4  × 4‡4 = 4‡16 and  3‡8 in 32nds = 3‡8 × 4‡4 = 12‡32.

To change a whole number to a common fraction with a specific denominator value,
vert the whole number to a fraction and multiply the numerator and denominator by
desired denominator value.

�(�[�D�P�S�O�H����4 expressed in 16ths = 4‡1  × 16‡16 = 64‡16 and 3 expressed in 32nds = 3‡1  × 32‡32 =  96‡32

�5�H�F�L�S�U�R�F�D�O�V���°The �U�H�F�L�S�U�R�F�D�O �5 of a number �1 is defined as 1/�1. For example, the recip-
rocal of 8 is 1‡8; the reciprocal of 4‡7 is 7‡4. It will be apparent why reciprocals are useful in th
topics that follow.

17‡8 = 17 ÷ 8 = 21‡8
26‡16 = 26 ÷ 16 = 110‡16 = 15‡8

�� ��
��
������ � � � � � �+×

��
������������������������������������������ ��

��
������= =

�� ��
����
������������ � � � �� � � �+×

����
������������������������������������������������ ����

����
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�$�G�G�L�Q�J���)�U�D�F�W�L�R�Q�V���D�Q�G���0�L�[�H�G���1�X�P�E�H�U�V
���7�R���$�G�G���&�R�P�P�R�Q���)�U�D�F�W�L�R�Q�V����1) Convert each fraction to terms of the least common 

denominator;  2) add fraction parts as before;  3) if answer is an improper fraction, ch
it to a mixed number;  and  4) reduce fraction part if necessary.

�(�[�D�P�S�O�H�����$�G�G�L�W�L�R�Q���R�I���&�R�P�P�R�Q���)�U�D�F�W�L�R�Q�V��

�7�R���$�G�G���0�L�[�H�G���1�X�P�E�H�U�V����There are two methods for this type of problem. Examples
both are shown.

 In the first method:  1) Convert fraction parts to terms of the least common denomin
tor;  2) add whole number parts and fraction parts separately;  3) in the answer, conve
fraction part to a mixed number and add the whole number parts;  and  4) reduce the 
tion part if necessary.

In the second method: 1) Convert each mixed number to an improper fraction; 2) convert
the improper fractions to terms of the least common denominator; 3) add fraction
before; 4) convert answer to a mixed number; 5) reduce fraction part if necessary.

�6�X�E�W�U�D�F�W�L�Q�J���)�U�D�F�W�L�R�Q�V���D�Q�G���0�L�[�H�G���1�X�P�E�H�U�V
���7�R���6�X�E�W�U�D�F�W���&�R�P�P�R�Q���)�U�D�F�W�L�R�Q�V����1) Convert fractions so they are in terms of the least 

common denominator;  2) subtract the numerators;  3) subtract the whole numbers;  
4) reduce answer to lowest terms.

�(�[�D�P�S�O�H�����6�X�E�W�U�D�F�W�L�R�Q���R�I���&�R�P�P�R�Q���)�U�D�F�W�L�R�Q�V��

�7�R���6�X�E�W�U�D�F�W���0�L�[�H�G���1�X�P�E�H�U�V����There are two methods for this type of problem. The met
ods are similar to those for adding, except the fraction part may need to “borrow” from the
whole number part in the first method. See the examples for details.
1) Convert to the least common denominator;  2) subtract the numerators;  3) subtract the 
whole numbers;  and  4) reduce the answer to its lowest terms.

�(�[�D�P�S�O�H�����$�G�G�L�W�L�R�Q���R�I���0�L�[�H�G���1�X�P�E�H�U�V�����0�H�W�K�R�G��
���� ��

�(�[�D�P�S�O�H�����$�G�G�L�W�L�R�Q���R�I���0�L�[�H�G
���� ��

��
��
������ ��

����
������������ ��

��
������+ + =

��
��
������ ��

��
������� © � ¹

� § � ·��
����
������������ ��

��
������ ��

��
������� © � ¹

� § � ·+ + =

��
����
������������ ��

����
������������ ����

����
������������+ + ����

����
������������=

�� ��
��
������ �� ��

��
������ �� ����

����
������������+ + =

��
��
������ ����

��
������������ ����

����
������������+ + =

����
����
������������ ������

����
������������������ ����
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����������������� � � ���

����
������������= =

�� ��
��
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������ �� ����
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������������+ + =
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��
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������ ��
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����
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����
������������ �� ��
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������������ �� ����

����
������������+ + �� ����

����
������������ �� ��

����
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��0�L�[�H�G���1�X�P�E�H�U�V��

��R�I���0�L�[�H�G���1�X�P�E�H�U�V����

���1�X�P�E�H�U�V����
�0�X�O�W�L�S�O�\�L�Q�J���)�U�D�F�W�L�R�Q�V���D�Q�G���0�L�[�H�G���1�X�P�E�H�U�V
�7�R���0�X�O�W�L�S�O�\���&�R�P�P�R�Q���)�U�D�F�W�L�R�Q�V����1) Multiply the numerators;  2) multiply the denomina

tors;  and  3) convert improper fractions to mixed numbers, if necessary.
�7�R���0�X�O�W�L�S�O�\���0�L�[�H�G���1�X�P�E�H�U�V����1) Convert the mixed numbers to improper fractions;  2) 

multiply the numerators;  3) multiply the denominators;  and  4) convert improper frac
tions to mixed numbers, if necessary.

�'�L�Y�L�G�L�Q�J���)�U�D�F�W�L�R�Q�V���D�Q�G���0�L�[�H�G���1�X�P�E�H�U�V
�7�R���'�L�Y�L�G�H���&�R�P�P�R�Q���)�U�D�F�W�L�R�Q�V����1) Invert (switch) the numerator and denominator in the

dividing fraction;  2) multiply the numerators and denominators;  and  3) convert 
improper fractions to mixed numbers, if necessary.

�7�R���'�L�Y�L�G�H���0�L�[�H�G���1�X�P�E�H�U�V����1) Convert the mixed numbers to improper fractions;  
2) invert (switch) the numerator and denominator in the dividing fraction;  3) multiply 
numerators and denominators;  and  4) convert improper fractions to mixed numbers
necessary.

�'�H�F�L�P�D�O���)�U�D�F�W�L�R�Q�V���°Decimal fractions are fractional parts of a whole whose implied
denominators are multiples of 10. A decimal fraction of 0.1 has a value of 1/10, 0.01 has 
value of 1/100, and 0.001 has a value of 1/1000. Thus, the value of the digit in the first 
right of the decimal point is expressed in tenths, a digit two places to the right is expresse
in hundredths, a digit three places to the right is expressed in thousandths, and so o
Because the denominator is implied, the number indicates the value of the decimal
tion. For example, the decimal fraction 0.125 is equivalent to 125/1000.

In industry, most decimal fractions are expressed in terms of thousandths rather tha
tenths or hundredths. So, a decimal fraction of 0.2 is written as 0.200 and read as “200
sandths” rather than “2 tenths”; a value of 0.75 is written as 0.750, and read as “750
sandths” rather than “75 hundredths.” In the case of four place decimals, the values ar
expressed in terms of ten-thousandths. So a value of 0.1875 is expressed as “1 thousand
hundred 75 ten-thousandths.” When whole numbers and decimal fractions are
together, whole units are shown to the left of a decimal point, while fractional parts
whole unit are shown to the right.

�(�[�D�P�S�O�H�����6�X�E�W�U�D�F�W�L�R�Q���R�I���0�L�[�H�G���1�X�P�E�H�U�V��
�0�H�W�K�R�G������ ��

�(�[�D�P�S�O�H�����6�X�E�W�U�D�F�W�L�R�Q���R�I�
�0�H�W�K�R�G������

�(�[�D�P�S�O�H�����0�X�O�W�L�S�O�L�F�D�W�L�R�Q���R�I���&�R�P�P�R�Q���)�U�D�F�W�L�R�Q�V�����(�[�D�P�S�O�H�����0�X�O�W�L�S�O�L�F�D�W�L�R�Q�

�(�[�D�P�S�O�H�����'�L�Y�L�V�L�R�Q���R�I���&�R�P�P�R�Q���)�U�D�F�W�L�R�Q�V�����(�[�D�P�S�O�H�����'�L�Y�L�V�L�R�Q���R�I���0�L�[�H�G
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V�����6�X�E�W�U�D�F�W�L�Q�J���'�H�F�L�P�D�O���)�U�D�F�W�L�R�Q�V����

�O�D�F�H�V��
�(�[�D�P�S�O�H����

�$�G�G�L�Q�J���'�H�F�L�P�D�O���)�U�D�F�W�L�R�Q�V����1) Write the problem with all decimal points aligned verti-
cally;  2) add the numbers as whole number values;  and  3) insert the decimal point i
same vertical column in the answer.

�6�X�E�W�U�D�F�W�L�Q�J���'�H�F�L�P�D�O���)�U�D�F�W�L�R�Q�V����1) Write the problem with all decimal points aligned 
vertically;  2) subtract the numbers as whole number values;  and  3) insert the decimal 
point in the same vertical column in the answer.

�0�X�O�W�L�S�O�\�L�Q�J���'�H�F�L�P�D�O���)�U�D�F�W�L�R�Q�V����1) Write the problem with the decimal points aligned; 
2) multiply the values as whole numbers;  3) count the number of decimal places in b
multiplied values;  and  4) counting from right to left in the answer, insert the decimal p
so the number of decimal places in the answer equals the total number of decimal places i
the numbers multiplied.

�3�R�Z�H�U�V���D�Q�G���5�R�R�W�V

The �V�T�X�D�U�H of a number (or quantity) is the product of that number multiplied by itse
Thus, the square of 9 is 9 × 9 = 81. The square of a number is indicated by the �H�[�S�R�Q�H�Q (2),
thus: 92 = 9 × 9 = 81.

The �F�X�E�H or �W�K�L�U�G���S�R�Z�H�U of a number �Q is the product �Q��× �Q��× �Q, or �Q3, obtained by using
that number as a factor three times. Thus, the cube of 4 is 4 × 4 × 4 = 64, and is written 43.

In general, a number �D raised to a power �Q is expressed as �D�Q, where �D is the �E�D�V�H and �Q is
the �H�[�S�R�Q�H�Q�W.

The �V�T�X�D�U�H���U�R�R�W of a given number is that number which, when multiplie

produce the given number. The square root of 16 (written ) is 4 because 4 × 4 = 16.
The �F�X�E�H���U�R�R�W of a given number is that number which, when used as a factor three ti

will produce the given number. Thus, the cube root of 64 (written ) is 4 because × 4
× 4 = 64.

In general, the �Qth root of �D is written as or �D1/�Q.

Whole
Units

Fraction
Units

10.125

�(�[�D�P�S�O�H�V�����$�G�G�L�Q�J���'�H�F�L�P�D�O���)�U�D�F�W�L�R�Q�V���� �(�[�D�P�S�O�H�

�(�[�D�P�S�O�H�V�����0�X�O�W�L�S�O�\�L�Q�J���'�H�F�L�P�D�O���)�U�D�F�W�L�R�Q�V����
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Rules of exponents apply to both numbers and variables. The main rules of expo
and examples of each are given below:

�(�[�D�P�S�O�H�V���R�I���(�[�S�R�Q�H�Q�W���5�X�O�H�V����

Raising numbers to powers and extracting roots are processes greatly facilitated b
use of logarithms. As will be shown, when a number is raised to a non-integer power, sa
101.62, the use of logarithms, a scientific calculator, or computer is the only practical
means of solution.

�6�F�L�H�Q�W�L�I�L�F���1�R�W�D�W�L�R�Q���°Powers of ten notation, or scientific notation, simplifies calcula-
tions and ensures accuracy, particularly with respect to the position of decimal poin
also simplifies the expression of numbers which are so large or so small as to be unwieldy
For example, the metric (SI) pressure unit pascal is equivalent to 0.00000986923 a
sphere or 0.0001450377 pound/inch2. In powers of ten notation, these figures are 9.869
× 10Š6 atmosphere and 1.450377 × 10Š4 pound/inch2. 

�(�Q�J�L�Q�H�H�U�L�Q�J���1�R�W�D�W�L�R�Q��is a variant of scientific notation in which the exponent is requir
to be a multiple of 3. 

�(�[�S�U�H�V�V�L�Q�J���1�X�P�E�H�U�V���L�Q���6�F�L�H�Q�W�L�I�L�F���1�R�W�D�W�L�R�Q���°In this system of notation, every numbe
is expressed by two factors, one of which is some integer from 1 to 9 followed by a decima
and the other is some power of 10.

Thus, 10,000 is expressed as 1.0000 × 104 and 10,463 as 1.0463 × 104. The number 43 is
expressed as 4.3 × 10 and 568 is expressed as 5.68 × 102.

In the case of decimals, the number 0.0001, which as a fraction is 1‡10,000 and is expressed
as 1 × 10Š4; and 0.0001463 is expressed as 1.463 × 10Š4. The decimal 0.498 is expressed a
4.98 × 10Š1 and 0.03146 is expressed as 3.146 × 10Š2.

�D�Q�D�P �D� Q � P+= �D�Q

�D�P
������������ �D� Q � P–( )= �D�P( )�Q �D�P�Q= �D�E( )�P �D�P�E�P=

�D� P � Q�� �D�� �Q��( )�P= �D�Q– ��
�D�Q
����������= ��

�D�Q–
���������������� �D�Q= �D�� �� � � �D ���( )=

�D�� �Q�� �D�Q= �D� P � Q�� �D�Q( )
�P

=

���� ���� ��� � � �+ ���� ����= = = �[( ) �[��( ) �[ � � � �+( ) �[��= =

����

����
���������� �� � � � �– ���� ����= = = �[��

�[��
���������� �[ � � � �–( ) �[��= =

����( )�� �� ��( ) ��( ) ���� ������= = = �[��( )�� �[ ��( ) ��( ) �[��= =

���[( )�� ���� �[�� �����[��= = �D�E��( )�� �D���E��=

����� � � ��� ����� � � ���( )�� ������( )
��

= = �� ��– ��
����
���������� ��

����
������������= =

��
�� ��–
��������������� � � ��� ����= = ���[�� � � � �( ) ��= =
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�5�X�O�H�V���I�R�U���&�R�Q�Y�H�U�W�L�Q�J���$�Q�\���1�X�P�E�H�U���W�R���6�F�L�H�Q�W�L�I�Any number can be con-
verted to the powers of ten or scientific notation by means of one of two rules.

�3�R�V�L�W�L�Y�H���,�Q�G�H�[�����3�R�Z�H�U�����R�I���7�H�Q���� If a number is 1 or greater, as 50 or 273.15, the decim
point is moved to the left until the units place has a digit. The number of places the de
point moves is the value of the exponent in the power of 10 that the new number is
multiplied by to give an equivalent form. For example, 

50 = 5.0 × 101 or just 5.0 × 10, and 273.15 = 2.7315 × 102

�1�H�J�D�W�L�Y�H���,�Q�G�H�[�����3�R�Z�H�U�����R�I���7�H�Q����If a number is less than 1, such as 0.840 or 0.00000
the decimal point is moved to the right until only one non-zero digit is in the units pla
The number of places the decimal point moves is the negative value of the exponent in th
power of 10 that the new number is now multiplied by to give an equivalent form. For
example,

0.840 = 8.40 × 10Š1, and 0.0000001 = 1 × 10Š7

�0�X�O�W�L�S�O�\�L�Q�J���1�X�P�E�H�U�V���:�U�L�W�W�H�Q���L�Q���6�F�L�H�Q�W�L�I�L�F���1To multiply two numbers writ-
ten in the powers of ten notation, the procedure is as follows:

1) Multiply the first factors of the numbers to obtain the first factor of the product.
2) Add the exponents of the factors of 10 to obtain the product’s factor of 10. Thus:

Finally, write the final product in conventional powers of ten notation, as explained in
previous section:

38.844 × 10Š1 = 3.884 × 100 = 3.884, because 100 = 1, and 26.189 × 107 = 2.619 × 108,
in each case rounding off the first factor to three decimal places.

When multiplying several numbers written in this notation, the procedure is the sa
Thus, (4.02 ×  10Š3) × (3.987 × 10) × (4.863 × 105) = (4.02 × 3.987 × 4.863) × 10(Š3+1+5) =
77.94 × 103 = 7.79 × 104, rounding off the first factor to two decimal places.

�'�L�Y�L�G�L�Q�J���1�X�P�E�H�U�V���:�U�L�W�W�H�Q���L�Q���6�F�L�H�Q�W�L�I�L�F���1�R�W�D�W�L�R�Q���°The procedure is as follows:
1) Divide the first factor of the dividend by the first factor of the divisor to get the first

factor of the quotient.
2) Subtract the exponents of the factors of 10 to obtain the product’s factor of 10:

It can be seen that this system of notation is helpful where several numbers of differe
magnitudes are to be multiplied and divided.

�(�[�D�P�S�O�H����Find the solution of 

�6�R�O�X�W�L�R�Q����Changing all these numbers to powers of ten notation and performing the o
ations indicated:

�������� ���� ��–×( ) ������������ ����×( )× �� �������� ������������×( ) ���� ��– ��+× ������������ ���� ��–×= =

���������� ������×( ) ���������� ������×( )× �� ���������� ����������×( ) ����� � � �+× ������������ ������×= =

�������� ���� ��–×( ) ������������ ����×( )÷ ����=

�������� ������������÷( ) ���� ��– ��–( )× ������������ ���� ��–× ���������� ���� ��–×= =

������ ��������× ��������������×
���������� ����������× ������������×
������������������������������������������������������������������������������������������������������������������

������ ������×( ) ���������� ������×( )× ������ ���� ��–×( )×
������������ ������×( ) � � � �� ���–×( )× �������� ���� ��–×( )×

����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

������ ����������× ������×( ) ����� � � � � �–+( )
������������ �� ��������××( ) ����� � � �– ��–( )

������������������������������������������������������������������������������������������������������������������������������������������������������ �������������� ����×
�������������� ���� ��–×
������������������������������������������������������������������������==

������������ ����� � � �–( )–×= ������������ ������× ������������= =
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The values to the right of the equal sign in this table are approximations of constant values often
used in calculations. The expressions to the left are the exact values, but they are irrational numbers
and cannot be expressed as terminating or repeating decimals, or as fractions of integers. �  is the irra-
tional number that approximates the ratio of the circumference of a circle to its diameter (also see
page����).

�/�R�J�D�U�L�W�K�P�V

Logarithms have long been used to facilitate and shorten calculations involving mul
cation, division, the extraction of roots, and obtaining powers of numbers. Since the a
of handheld calculators, logarithms are rarely used for multiplication and division p
lems. However, they are still necessary in many areas of computation.

The logarithm of a number is defined as the exponent to which a stated base (an in
greater than 1) is raised to produce the given number. A better definition of logarithm is the
following:

This is read “the logarithm base �E of �[ is equal to �\; that is, �E raised to power �\ equals �[.”
�(�[�D�P�S�O�H�V���� log28 = �\ means 2�\ = 8, so �\ = 3; log�E100 = 2 means �E2 = 100, so �E = 10; and

log10�[ = Š1 means 10Š1 = �[ so �[ = 1‡10 or 0.01.
The definition of logarithm along with the rules of exponents given in previous sec

leads to the properties of logarithms that follow:

There are two standard systems of logarithms in use: the “common” system (base 10) an
the so-called “natural” system (base �H = 2.71828…). Common logarithms are generall
written without the base number shown. Thus, log �[ = �\ is understood to mean log10�[ = �\.
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�[�E�O�R�J �\= �P�H�D�Q�V � [ � E�\=

�F�F�O�R�J ��= �F�S�F�O�R�J �S= ���F�O�R�J ��=

�D�E( )�F�O�R�J �D�F�O�R�J �E�F�O�R�J+= �D
�E
������� © � ¹

� § � ·
�F

�O�R�J �D�F�O�R�J �E�F�O�R�J–=

�D�S( )�F�O�R�J � S � D�F�O�R�J= �D�S( )�F�O�R�J �D�� �S��( )�F�O�R�J ��
�S
������ �D�F�O�R�J= =
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For example, log 3.162277 = 0.500 since 100.500 = 3.162277. Logarithms to base �H are fre-
quently written using “ln” instead of “log�H” such as ln 6.1 = 1.808289, indicating tha
�H1.808289 = 6.1. Logarithms of a number can be converted between the natural- and com
mon-based systems as follows: ln A = 2.3026 × log �$ and log �$ = 0.43430 × ln �$. 

A logarithm consists of two parts, a whole number and a decimal. The whole num
which may be positive, negative, or zero, is called the characteristic; the decimal is called
the mantissa. As a rule, only the decimal, or mantissa, is given in tables of common
rithms; tables of natural logarithms give both the characteristic and mantissa. Abbrev
tables of common and natural logarithms and examples are given in �,�O�G�A�R�I�T�H�M�S in the
�$�'�'�,�7�,�2�1�$�/ material on �0�D�F�K�L�Q�H�U�\�²�V���+�D�Q�G�E�R�R�N���������&�'.
�1�D�W�X�U�D�O���/�R�J�D�U�L�W�K�P�V���°In certain formulas and some branches of mathematical analysi
use is made of logarithms (formerly also called Napierian or hyperbolic logarithms). The
base of this system, �H = 2.7182818284…, is the limit of certain mathematical series. T
base �H logarithm of a number �$ is usually written log�H �$ or ln �$. Tables of natural loga-
rithms for numbers ranging from 1 to 10 and 1.00 to 1.01 are given in the Handbook a
mentioned above. To obtain natural logs of numbers less than 1 or greater than 10, p
as in the following examples: ln 0.239 = ln 2.39 Š ln 10; ln 0.0239 = ln 2.39 Š 2 ln 10; ln 239
= ln 2.39 + 2 ln 10; ln 2390 = ln 2.39 + 3 ln 10, etc.
�8�V�L�Q�J���&�D�O�F�X�O�D�W�R�U�V���W�R���)�L�Q�G���/�R�J�D�U�L�W�K�P�V���°On many scientific calculators, the �O�R�J key i
used to find common logarithms and the �O�Q key is used for finding natural logarithms. To
find a number corresponding to a given logarithm, use the �����[ key if a common logarithm
is given or the �H�[ key if a natural logarithm is given; on calculators without the 10x or �Hx

keys use the �[�\ key, substituting 10 or �H (2.718281…) for �[ and the logarithm of the number
sought for �\. On some calculators, the �O�R�J and �O�Q keys are used to find common and natura
logarithms, and the same keys in combination with the �,�1�9, or inverse, key are used to find
the number corresponding to a given logarithm.

�,�P�D�J�L�Q�D�U�\���D�Q�G���&�R�P�S�O�H�[���1�X�P�E�H�U�V

�&�R�P�S�O�H�[���1�X�P�E�H�U�V���°Complex numbers represent a class of mathematical objects 
are used to simplify certain problems, such as the solution of polynomial equations
basis of the complex number system is the unit �L�P�D�J�L�Q�D�U�\ number �L that satisfies the fol-
lowing relations:

In electrical engineering and other fields, the unit imaginary number is often represente
by �M rather than �L. However, the terms mean the same.

�5�H�F�W�D�Q�J�X�O�D�U���R�U���7�U�L�J�R�Q�R�P�H�W�U�L�F���)�R�U�P����Every complex number �] can be written as the sum
of a real number and an imaginary number. When expressed as a sum, �]��� ���D��+ �E�L�� the com-
plex number is said to be in rectangular or trigonometric form. The real part of the number
is �D, and the imaginary portion is �E�L because it has the imaginary unit assigned to it. 

�3�R�O�D�U���)�R�U�P����A complex number �] = �D + �E�L can also be expressed in polar form, also
known as �S�K�D�V�R�U form. In polar form, the complex number �] is represented by a magnitude
�U and an angle �  as follows: 
 � ] �  

�  a direction, the angle whose tangent is �E/�D, thus  and

� U �   is the magnitude

A complex number can be plotted on a real-imaginary coordinate system known as th
complex plane. The figure below illustrates the relationship between the rectangular 
dinates �D and �E and the polar coordinates �U and � .

�L�� �L–( )�� ��–= = �L ��–= �L– ��––=

�U � �����

�� � �E
�D
������� © � ¹

� § � ·�W�D�Q��–=

�D�� �E��+
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Fig. 1.  Complex Number in the Complex Plane

The rectangular form can be determined from �U and �  as follows:

The rectangular form can also be written using Euler’s Formula:

�&�R�P�S�O�H�[���&�R�Q�M�X�J�D�W�H����Complex numbers commonly arise in finding the roots of polyn
mials, that is, the solution to equations of the form �3(�[) = 0. A polynomial of �Qth degree has
�Q solutions, an even number of which are complex and the rest are real. If complex solu-
tions exist, they appear as complex conjugate pairs in the form �D + �E�L and �D Š �E�L. The prod-
uct of these two conjugates, (�D + �E�L)(�D Š �E�L) = �D2 + �E2, is the square of the magnitude �U
illustrated in the �&�I�G������: �D2 + �E2 = �U2.
�2�S�H�U�D�W�L�R�Q�V���R�Q���&�R�P�S�O�H�[���1�X�P�E�H�U�V���°�(�[�D�P�S�O�H���������$�G�G�L�W�L�R�Q����The real and imaginary
parts of complex numbers are added separately, real added to real, and imaginary to imag
inary. Thus,

�(�[�D�P�S�O�H���������0�X�O�W�L�S�O�L�F�D�W�L�R�Q����Multiplication of two complex numbers requires the use o
the imaginary unit, �L2 = Š1 and the algebraic distributive law.

Multiplication of two complex numbers, �]1 = �U1(cos� 1 + �Lsin� 1) and �]2 = �U2(cos� 2 +
�Lsin� 2), results in the following:

�]1 × �]2 = �U1(cos� 1 + �Lsin� 1) × �U2(cos� 2 + �Lsin� 2) = �U1�U2[cos(� 1 + � 2) + �Lsin(� 1 + � 2)]

�(�[�D�P�S�O�H���������'�L�Y�L�V�L�R�Q����Complex number division aims to express a ratio  so t

denominator is real. This is accomplished by multiplying both numerator and denomin
by the �F�R�P�S�O�H�[���F�R�Q�M�X�J�D�W�H of the denominator. This causes the denominator to becom
real number.

Divide the following two complex numbers, 2 + 3�L and 4 Š 5�L. Dividing complex numbers
makes use of the complex conjugate.

bi �A�������B�I

�A�R�E�A�L���A�X�I�S

�R�I�M�A�G�I�N�A�R�Y
�A�X�I�S

�

� D � U��F�R�V= � E � U��V�L�Q= � D � E� L+ �U ��F�R�V �L�U ��V�L�Q+ �U ��F�R�V �L ��V�L�Q+( )= =

�H�L�± ��F�R�V �L ��V�L�Q±= ��V�L�Q �H�L� �H�L�––
���L

��������������������������������������������= ��F�R�V �H�L� �H�L�–+
��

��������������������������������������������=

�D�� �L�E��+( ) �D�� �L�E��+( )+ �D�� �D��+( ) � L � E�� �E��+( )+=

�D�� �L�E��+( ) �D�� �L�E��+( )– �D�� �D��–( ) � L � E�� �E��–( )+=

� � � ��L+( ) �� �L+( )+ � � � �+( ) � � � �+( )�L+ � � � ��L+= =

�D�� �L�E��+( ) �D�� �L�E��+( ) �D���D�� �L�D���E�� �L�D���E�� �L�� �E�� �E��+ + +=

�D���D��= �L�D���E�� �L�D���E�� �E�� �E��–+ +

� � � ��L+( ) � � � ��L–( ) ��( ) ��( ) ��( ) ���L( )– ���L( ) ��( ) ���L( ) ���L( )–+=

���� �����L– ���� �L ���L��–+=

���� �����L– ���� �L ��( ) ��–( )–+= ���� ���� �L–=

� D � E� L+
� F � G� L+
����������������������������
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In this example, numerator and denominator are multiplied by the conjugate of 4 Š 5i.
This results in the desired form, where the denominator is real.

�(�[�D�P�S�O�H������ ��Convert the complex number 8 + 6�L into phasor form.
 First find the magnitude of the phasor vector and then the direction.

magnitude = direction =

phasor =

�1�R�W�H�� The expression  indicates the arctangent function. It may also
expressed arctan(�[) or atan(�[). The arctangent function provides the angle whose tangen
equal to �[�� See also the section �3�/�,�5�4�)�/�.���/�&���4�2�)�!�.�'�,�%�3 starting on page ����.
�)�D�F�W�R�U�L�D�O���1�R�W�D�W�L�R�Q���°A factorial is a mathematical shortcut denoted by the symbol �� fol-
lowing a number (for example, 3! is “three factorial”). �Q factorial is found by multiplying
together all the integers greater than zero and less than or equal to the factorial num�Q.
Zero factorial (0!) is defined as 1. For example: 3! = 1 × 2 × 3 = 6; 4! = 1 × 2 × 3 × 4 = 24;
and 7! = 1 × 2 × 3 × 4 × 5 × 6 × 7 = 5040; etc.
�3�H�U�P�X�W�D�W�L�R�Q�V���°The number of ways �U objects may be arranged from a set of �Q elements

is given by the formula 

�(�[�D�P�S�O�H����How many ways can the letters X, Y, and Z be arranged?
�6�R�O�X�W�L�R�Q����Three objects (�U = 3) out of a set of 3 (�Q = 3) are being arranged. The numbers o

possible arrangements for the three letters are 3!/(3 Š 3)!= (3 × 2 × 1)/1 = 6.
�(�[�D�P�S�O�H����There are 10 people participating in a foot race. How many arrangemen

first, second and third place winners are there?
�6�R�O�X�W�L�R�Q����Here �U is 3 and �Q is 10. The number of possible arrangements of winners are

�&�R�P�E�L�Q�D�W�L�R�Q�V���°Arranging (i.e., permuting) objects entails a position ordering. Comb
ing objects does not entail order. Thus, it does not matter what order 3 objects from a 
of �Q are chosen. Choosing A, B, C is the same as choosing A, C, B; or B, A, C; and s
Thus the number of possible combinations is much fewer than the number of permuta

of �U objects from �Q total. The formula is 

�(�[�D�P�S�O�H����How many possible sets of 6 numbers can be picked from the numbers 1 to
�6�R�O�X�W�L�R�Q����Here �U is 6 and �Q is 52. So the possible number of combinations will be:

�3�U�L�P�H���1�X�P�E�H�U�V���D�Q�G���)�D�F�W�R�U�V���R�I���1�X�P�E

Tables of prime numbers and factors of numbers are particularly useful for calcula
involving change-gear ratios for compound gearing, dividing heads, gear-generating
machines, and mechanical designs having gear trains.

�S is a �I�D�F�W�R�U of a number �Q if the division �Q/�S leaves no remainder. Thus, any number �Q has
factors of itself and 1 because �Q/�Q = 1 and �Q/1 = �Q. 

� � � ��L+
� � � ��L–
���������������������������� � � � ��L+( ) � � � ��L+( )

� � � ��L–( ) � � � ��L+( )
������������������������������������������������������������������������������ � � � �� ��L �����L ���� �L��+ + +

���� �����L ���� �L– ���� �L��–+
������������������������������������������������������������������������������������������������������ ��– �����L+

���� ����+
�������������������������������������������� ��–

����
������������ �L����

����
������������� © � ¹

� § � ·+= = = =

���� ����+ ����= ��
��
������� © � ¹

� § � ·�W�D�Q��– ����������°=

���� ����������°�

�[( )�W�D�Q��–

�3�Q
�U

�Q!
� Q � U–( )!

������������������������������������=

�3����
��

����!
���� ��–( )!

������������������������������������������ ����!
��!
��������������� � � �� � � � � �×× ������= = = =

�&
�Q

�U
�Q!

� Q � U–( )! �U!
��������������������������������������������=

�&����
��

����!
���� ��–( )! ��!

������������������������������������������������������ ����!
����! ��!
�������������������������� ���� ���� ���� ���� ���� ����×××××

� � � � � � � � � � � �×××××
�������������������������������������������������������������������������������������������������������������������������������������� ���� �� ������ ������,= = = =
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For factoring, the following general rules will be found useful:
2 is a factor of any number the right-hand figure of which is an even number. Thus,

2 × 14, and 210 = 2 × 105.
3 is a factor of any number the sum of the figures of which is divisible by 3. Thus, 3

factor of 1869, because 1 + 8 + 6 + 9 = 24, and 24 ÷ 3 = 8.
4 is a factor of any number the two right-hand figures of which, considered as one n

ber, are divisible by 4. Thus, 1844 has a factor 4, because 44 ÷ 4 = 11.
5 is a factor of any number the right-hand figure of which is 0 or 5. Thus, 85 = 5 × 17.
A �S�U�L�P�H���Q�X�P�E�H�U is one that has no factors except itself and 1. Thus, 2, 3, 5, 7, 11, etc

prime numbers. 2 is the only even prime number. A factor which is a prime number is
called a �S�U�L�P�H���I�D�F�W�R�U. All numbers can be expressed as a product of their prime factors. For
example, the prime factors of 20 are 2 and 5; the prime factorization is 2 × 2 × 5 = 20. 

The “Prime Number and Factor Tables,” starting on page����, give the smallest prime fac-
tor of all odd numbers from 1 to 9600, and can be used for finding all the factors for n
bers up to this limit. Where no factor is given for a number in the table, the letter �3 indicates
that the number is a prime number. The last page of the tables lists prime numbers
9551 through 18691; it can be used to identify unfactorable numbers in that range.

�(�[�D�P�S�O�H������ ��Find the factors of 833. Use the table on page���� as illustrated below.
�6�R�O�X�W�L�R�Q����The table on page���� indicates that 7 is the smallest prime factor of 833, show

at the row-column intersection for 833. This leaves another factor, because 833 ÷ 7 = 119.

It also shows that 7 is a prime factor of 119, leaving a factor 119 ÷ 7 = 17.

“ �3” indicates that 17 is a prime number and no other prime factors of 833 exist. 

Hence, the prime factorization of 833 is 7 × 7 × 17. 
�(�[�D�P�S�O�H������ ��A set of four gears is required in a mechanical design to provide an ove

gear ratio of 4104 ÷ 1200. Furthermore, no gear in the set is to have more than 120 teeth o
less than 24 teeth. Determine the tooth numbers.

�6�R�O�X�W�L�R�Q����As explained previously, the factors of 4104 are determined to be: 2 × 2 × 2 × 3
× 3 × 57 = 4104. Next, the factors of 1200 are determined: 2 × 2 × 2 × 2 × 5 × 5 × 3 = 1200.

Therefore, . If the factors had been com-

bined differently, say, to give , then the 16-tooth gear in the denominator wo

not satisfy the requirement of no less than 24 teeth.
�(�[�D�P�S�O�H������ ��Factor 25,078 into two numbers neither of which is larger than 200.
�6�R�O�X�W�L�R�Q����The smallest factor of 25,078 is obviously 2, leaving 25,078 ÷ 2 = 12,539 to be

factored further. However, from the last table, �0�R�I�M�E���.�U�M�B�E�R�S���F�R�O�M���������, it is
seen that 12,539 is a prime number; therefore, no other factors exist.

From
To

0
100

100
200

200
300

300
400

400
500

500
600

600
700

700
800

��00
900

900
1000

1000
1100

1100
1200

… … … … … … … … … … … … …

���� 3 7 P 3 P 13 3 P �� 3 P 11
… … … … … … … … … … … … …

From
To

0
100

100
200

200
300

300
400

400
500

500
600

600
700

700
800

800
900

900
1000

1000
1100

1100
1200

… … … … … … … … … … … … …

19 P 7 3 11 P 3 P P 3 P P 3
… … … … … … … … … … … … …

From
To

0
100

100
200

200
300

300
400

400
500

500
600

600
700

700
800

800
900

900
1000

1000
1100

1100
1200

… … … … … … … … … … … … …

17 �3 3 7 P 3 11 P 3 19 7 3 P
… … … … … … … … … … … … …

��������
��������
������������������������ � � � �× ��× ��× ��× ����×

� � � �× ��× ��× ��× ��× ��×
�������������������������������������������������������������������������������������������������������������������� ���� ����×

���� ����×
������������������������������������= =

���� ����×
���� ����×
������������������������������������
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3

3

3

3

3

�3�U�L�P�H���1�X�P�E�H�U���D�Q�G���)�D�F�W�R�U���7�D�E�O�H���I�R�U��
From
To

0
100

100
200

200
300

300
400

400
500

500
600

600
700

700
800

800
900

900
1000

1000
1100

1100
1200

1 � 3 � 33 7 �3 3 � 3 � 33 17 7 3
2 �3 2 2 2 2 2 2 2 2 2 2 2
3 � 3 � 37 3 13 �3 3 19 11 3 17 �3
5 �3 3 5 5 3 5 5 3 5 5 3 5
7 � 3 � 33 �3 11 3 �3 7 3 �3 19 3
9 3 �3 11 3 � 3 � 33 � 3 � 33 � 3 �

11 �3 3 � 3 � 33 7 13 3 � 3 � 33 11
13 � 3 � 33 �3 7 3 �3 23 3 11 �3 3
15 3 5 5 3 5 5 3 5 5 3 5 5
17 �3 3 7 �3 3 11 �3 3 19 7 3 �3
19 �3 7 3 11 �3 3 � 3 � 33 � 3 � 33
21 3 11 13 3 � 3 � 33 7 �3 3 �3 19
23 �3 3 �3 17 3 �3 7 3 �3 13 3 �3
25 5 5 3 5 5 3 5 5 3 5 5 3
27 3 � 3 � 33 7 17 3 � 3 � 33 13 7
29 �3 3 �3 7 3 23 17 3 � 3 � 33 �3
31 � 3 � 33 � 3 � 33 �3 17 3 7 �3 3
33 3 7 �3 3 �3 13 3 �3 7 3 �3 11
35 5 3 5 5 3 5 5 3 5 5 3 5
37 � 3 � 33 �3 19 3 7 11 3 �3 17 3
39 3 � 3 � 33 �3 7 3 � 3 � 33 �3 17
41 �3 3 �3 11 3 � 3 � 33 29 �3 3 7
43 �3 11 3 7 �3 3 � 3 � 33 23 7 3
45 3 5 5 3 5 5 3 5 5 3 5 5
47 �3 3 13 �3 3 � 3 � 33 7 �3 3 31
49 7 �3 3 � 3 � 33 11 7 3 13 �3 3
51 3 � 3 � 33 11 19 3 �3 23 3 � 3 �
53 �3 3 11 �3 3 7 �3 3 � 3 � 33 �3
55 5 5 3 5 5 3 5 5 3 5 5 3
57 3 � 3 � 33 � 3 � 33 � 3 � 33 7 13
59 �3 3 7 �3 3 13 �3 3 �3 7 3 19
61 �3 7 3 19 �3 3 � 3 � 33 31 �3 3
63 3 � 3 � 33 � 3 � 33 7 �3 3 � 3 �
65 5 3 5 5 3 5 5 3 5 5 3 5
67 � 3 � 33 � 3 � 33 23 13 3 �3 11 3
69 3 13 �3 3 7 �3 3 �3 11 3 �3 7
71 �3 3 �3 7 3 �3 11 3 13 �3 3 �3
73 � 3 � 33 �3 11 3 � 3 � 33 7 29 3
75 3 5 5 3 5 5 3 5 5 3 5 5
77 7 3 �3 13 3 � 3 � 33 � 3 � 33 11
79 � 3 � 33 � 3 � 33 7 19 3 11 13 3
81 3 � 3 � 33 13 7 3 11 �3 3 23 �3
83 �3 3 � 3 � 33 11 �3 3 � 3 � 33 7
85 5 5 3 5 5 3 5 5 3 5 5 3
87 3 11 7 3 � 3 � 33 � 3 � 33 � 3 �
89 �3 3 17 �3 3 19 13 3 7 23 3 29
91 7 �3 3 17 �3 3 �3 7 3 � 3 � 33
93 3 � 3 � 33 17 �3 3 13 19 3 � 3 �
95 5 3 5 5 3 5 5 3 5 5 3 5
97 � 3 � 33 �3 7 3 17 �3 3 � 3 � 33
99 3 �3 13 3 � 3 � 33 17 29 3 7 11
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�3�U�L�P�H���1�X�P�E�H�U���D�Q�G���)�D�F�W�R�U���7�D�E�O�H���I�R�U�����
From
To

1200
1300

1300
1400

1400
1500

1500
1600

1600
1700

1700
1800

1800
1900

1900
2000

2000
2100

2100
2200

2200
2300

2300
2400

1 � 3 � 33 19 �3 3 � 3 � 33 11 31 3

3 3 �3 23 3 7 13 3 11 �3 3 �3 7

5 5 3 5 5 3 5 5 3 5 5 3 5

7 17 �3 3 11 �3 3 13 �3 3 7 �3 3

9 3 7 �3 3 � 3 � 33 23 7 3 47 �3

11 7 3 17 �3 3 29 �3 3 � 3 � 33 �3

13 �3 13 3 17 �3 3 7 �3 3 � 3 � 33

15 3 5 5 3 5 5 3 5 5 3 5 5

17 �3 3 13 37 3 17 23 3 �3 29 3 7

19 23 �3 3 7 �3 3 17 19 3 13 7 3

21 3 �3 7 3 � 3 � 33 17 43 3 �3 11

23 �3 3 � 3 � 33 � 3 � 33 7 11 3 23

25 5 5 3 5 5 3 5 5 3 5 5 3

27 3 � 3 � 33 �3 11 3 41 �3 3 17 13

29 �3 3 �3 11 3 7 31 3 � 3 � 33 17

31 �3 11 3 �3 7 3 � 3 � 33 �3 23 3

33 3 31 �3 3 23 �3 3 �3 19 3 7 �3

35 5 3 5 5 3 5 5 3 5 5 3 5

37 �3 7 3 29 �3 3 11 13 3 � 3 � 33

39 3 13 �3 3 11 37 3 7 �3 3 � 3 �

41 17 3 11 23 3 �3 7 3 13 �3 3 �3

43 11 17 3 �3 31 3 19 29 3 � 3 � 33

45 3 5 5 3 5 5 3 5 5 3 5 5

47 29 3 �3 7 3 � 3 � 33 23 19 3 �3

49 �3 19 3 �3 17 3 43 �3 3 7 13 3

51 3 7 �3 3 13 17 3 �3 7 3 � 3 �

53 7 3 � 3 � 33 �3 17 3 � 3 � 33 13

55 5 5 3 5 5 3 5 5 3 5 5 3

57 3 23 31 3 �3 7 3 19 11 3 37 �3

59 �3 3 � 3 � 33 �3 11 3 29 17 3 7

61 13 �3 3 7 11 3 �3 37 3 �3 7 3

63 3 29 7 3 �3 41 3 13 �3 3 31 17

65 5 3 5 5 3 5 5 3 5 5 3 5

67 7 �3 3 � 3 � 33 �3 7 3 11 �3 3

69 3 37 13 3 �3 29 3 11 �3 3 �3 23

71 31 3 � 3 � 33 7 �3 3 19 13 3 �3

73 19 �3 3 11 7 3 � 3 � 33 41 �3 3

75 3 5 5 3 5 5 3 5 5 3 5 5

77 �3 3 7 19 3 � 3 � 33 31 7 3 �3

79 �3 7 3 �3 23 3 � 3 � 33 �3 43 3

81 3 � 3 � 33 41 13 3 7 �3 3 � 3 �

83 �3 3 � 3 � 33 �3 7 3 �3 37 3 �3

85 5 5 3 5 5 3 5 5 3 5 5 3

87 3 19 �3 3 7 �3 3 � 3 � 33 �3 7

89 �3 3 �3 7 3 � 3 � 33 �3 11 3 �3

91 �3 13 3 37 19 3 31 11 3 7 29 3

93 3 7 �3 3 �3 11 3 �3 7 3 � 3 �

95 5 3 5 5 3 5 5 3 5 5 3 5

97 �3 11 3 � 3 � 33 7 �3 3 13 �3 3

99 3 � 3 � 33 �3 7 3 � 3 � 33 11 �3
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From
To

2400
2500

2500
2600

2600
2700

2700
2800

2800
2900

2900
3000

3000
3100

3100
3200

3200
3300

3300
3400

3400
3500

3500
3600

1 7 41 3 37 �3 3 �3 7 3 �3 19 3

3 3 �3 19 3 � 3 � 33 29 �3 3 41 31

5 5 3 5 5 3 5 5 3 5 5 3 5

7 29 23 3 �3 7 3 31 13 3 � 3 � 33

9 3 13 �3 3 53 �3 3 � 3 � 33 7 11

11 �3 3 7 �3 3 41 �3 3 13 7 3 �3

13 19 7 3 �3 29 3 23 11 3 � 3 � 33

15 3 5 5 3 5 5 3 5 5 3 5 5

17 �3 3 �3 11 3 �3 7 3 �3 31 3 �3

19 41 11 3 � 3 � 33 � 3 � 33 �3 13 3

21 3 � 3 � 33 7 23 3 � 3 � 33 11 7

23 �3 3 43 7 3 37 �3 3 11 �3 3 13

25 5 5 3 5 5 3 5 5 3 5 5 3

27 3 7 37 3 11 �3 3 53 7 3 23 �3

29 7 3 11 �3 3 29 13 3 � 3 � 33 �3

31 11 �3 3 �3 19 3 7 31 3 �3 47 3

33 3 17 �3 3 �3 7 3 13 53 3 � 3 �

35 5 3 5 5 3 5 5 3 5 5 3 5

37 �3 43 3 7 �3 3 � 3 � 33 47 7 3

39 3 �3 7 3 17 �3 3 43 41 3 19 �3

41 �3 3 19 �3 3 17 �3 3 7 13 3 �3

43 7 �3 3 13 �3 3 17 7 3 �3 11 3

45 3 5 5 3 5 5 3 5 5 3 5 5

47 �3 3 �3 41 3 7 11 3 17 �3 3 �3

49 31 �3 3 �3 7 3 �3 47 3 17 �3 3

51 3 �3 11 3 �3 13 3 23 �3 3 7 53

53 11 3 7 �3 3 �3 43 3 �3 7 3 11

55 5 5 3 5 5 3 5 5 3 5 5 3

57 3 � 3 � 33 � 3 � 33 7 �3 3 � 3 �

59 �3 3 �3 31 3 11 7 3 � 3 � 33 �3

61 23 13 3 11 �3 3 �3 29 3 � 3 � 33

63 3 11 �3 3 7 �3 3 �3 13 3 �3 7

65 5 3 5 5 3 5 5 3 5 5 3 5

67 �3 17 3 �3 47 3 � 3 � 33 7 �3 3

69 3 7 17 3 19 �3 3 �3 7 3 �3 43

71 7 3 �3 17 3 �3 37 3 � 3 � 33 �3

73 �3 31 3 47 13 3 7 19 3 �3 23 3

75 3 5 5 3 5 5 3 5 5 3 5 5

77 �3 3 � 3 � 33 13 17 3 29 11 3 7

79 37 �3 3 7 �3 3 �3 11 3 31 7 3

81 3 29 7 3 43 11 3 �3 17 3 59 �3

83 13 3 �3 11 3 19 �3 3 7 17 3 �3

85 5 5 3 5 5 3 5 5 3 5 5 3

87 3 13 �3 3 �3 29 3 �3 19 3 11 17

89 19 3 � 3 � 33 7 �3 3 11 �3 3 37

91 47 �3 3 �3 7 3 11 �3 3 � 3 � 33

93 3 � 3 � 33 11 41 3 31 37 3 7 �3

95 5 3 5 5 3 5 5 3 5 5 3 5

97 11 7 3 � 3 � 33 19 23 3 43 13 3

99 3 23 �3 3 13 �3 3 7 �3 3 �3 59
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�3�U�L�P�H���1�X�P�E�H�U���D�Q�G���)�D�F�W�R�U���7�D�E�O�H���I�R�U�����
From
To

3600
3700

3700
3800

3800
3900

3900
4000

4000
4100

4100
4200

4200
4300

4300
4400

4400
4500

4500
4600

4600
4700

4700
4800

1 13 �3 3 47 �3 3 �3 11 3 7 43 3

3 3 7 �3 3 �3 11 3 13 7 3 � 3 �

5 5 3 5 5 3 5 5 3 5 5 3 5

7 �3 11 3 � 3 � 33 7 59 3 �3 17 3

9 3 �3 13 3 19 7 3 31 �3 3 11 17

11 23 3 37 �3 3 � 3 � 33 11 13 3 7

13 �3 47 3 7 �3 3 11 19 3 �3 7 3

15 3 5 5 3 5 5 3 5 5 3 5 5

17 �3 3 11 �3 3 23 �3 3 7 �3 3 53

19 7 �3 3 � 3 � 33 �3 7 3 �3 31 3

21 3 61 �3 3 �3 13 3 29 �3 3 � 3 �

23 �3 3 � 3 � 33 7 41 3 � 3 � 33 �3

25 5 5 3 5 5 3 5 5 3 5 5 3

27 3 �3 43 3 � 3 � 33 �3 19 3 7 29

29 19 3 7 �3 3 � 3 � 33 43 7 3 �3

31 �3 7 3 �3 29 3 �3 61 3 23 11 3

33 3 � 3 � 33 37 �3 3 7 11 3 41 �3

35 5 3 5 5 3 5 5 3 5 5 3 5

37 �3 37 3 31 11 3 19 �3 3 13 �3 3

39 3 �3 11 3 7 �3 3 �3 23 3 �3 7

41 11 3 23 7 3 41 �3 3 �3 19 3 11

43 �3 19 3 �3 13 3 �3 43 3 7 �3 3

45 3 5 5 3 5 5 3 5 5 3 5 5

47 7 3 � 3 � 33 11 31 3 � 3 � 33 47

49 41 23 3 11 �3 3 7 �3 3 � 3 � 33

51 3 11 �3 3 �3 7 3 19 �3 3 � 3 �

53 13 3 �3 59 3 � 3 � 33 61 29 3 7

55 5 5 3 5 5 3 5 5 3 5 5 3

57 3 13 7 3 � 3 � 33 � 3 � 33 �3 67

59 �3 3 17 37 3 � 3 � 33 7 47 3 �3

61 7 �3 3 17 31 3 �3 7 3 �3 59 3

63 3 53 �3 3 17 23 3 � 3 � 33 �3 11

65 5 3 5 5 3 5 5 3 5 5 3 5

67 19 �3 3 �3 7 3 17 11 3 �3 13 3

69 3 �3 53 3 13 11 3 17 41 3 7 19

71 �3 3 7 11 3 43 �3 3 17 7 3 13

73 �3 7 3 29 �3 3 � 3 � 33 17 �3 3

75 3 5 5 3 5 5 3 5 5 3 5 5

77 �3 3 �3 41 3 �3 7 3 11 23 3 17

79 13 �3 3 23 �3 3 11 29 3 19 �3 3

81 3 19 �3 3 7 37 3 13 �3 3 31 7

83 29 3 11 7 3 47 �3 3 � 3 � 33 �3

85 5 5 3 5 5 3 5 5 3 5 5 3

87 3 7 13 3 61 53 3 41 7 3 43 �3

89 7 3 � 3 � 33 59 �3 3 67 13 3 �3

91 �3 17 3 13 �3 3 7 �3 3 � 3 � 33

93 3 �3 17 3 �3 7 3 23 �3 3 13 �3

95 5 3 5 5 3 5 5 3 5 5 3 5

97 � 3 � 33 7 17 3 � 3 � 33 �3 7 3

99 3 29 7 3 �3 13 3 53 11 3 37 �3
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From
To

4800
4900

4900
5000

5000
5100

5100
5200

5200
5300

5300
5400

5400
5500

5500
5600

5600
5700

5700
5800

5800
5900

5900
6000

1 �3 13 3 �3 7 3 11 �3 3 � 3 � 33

3 3 � 3 � 33 11 �3 3 �3 13 3 7 �3

5 5 3 5 5 3 5 5 3 5 5 3 5

7 11 7 3 �3 41 3 � 3 � 33 13 �3 3

9 3 � 3 � 33 � 3 � 33 7 71 3 37 19

11 17 3 �3 19 3 47 7 3 31 �3 3 23

13 �3 17 3 �3 13 3 �3 37 3 29 �3 3

15 3 5 5 3 5 5 3 5 5 3 5 5

17 �3 3 29 7 3 13 �3 3 41 �3 3 61

19 61 �3 3 �3 17 3 � 3 � 33 7 11 3

21 3 7 �3 3 23 17 3 �3 7 3 �3 31

23 7 3 �3 47 3 �3 11 3 �3 59 3 �3

25 5 5 3 5 5 3 5 5 3 5 5 3

27 3 13 11 3 �3 7 3 �3 17 3 � 3 �

29 11 3 47 23 3 73 61 3 13 17 3 7

31 � 3 � 33 7 �3 3 � 3 � 33 11 7 3

33 3 �3 7 3 � 3 � 33 11 43 3 19 17

35 5 3 5 5 3 5 5 3 5 5 3 5

37 7 �3 3 11 �3 3 �3 7 3 �3 13 3

39 3 11 �3 3 13 19 3 29 �3 3 � 3 �

41 47 3 71 53 3 7 �3 3 � 3 � 33 13

43 29 �3 3 37 7 3 �3 23 3 � 3 � 33

45 3 5 5 3 5 5 3 5 5 3 5 5

47 37 3 7 �3 3 �3 13 3 �3 7 3 19

49 13 7 3 19 29 3 �3 31 3 � 3 � 33

51 3 � 3 � 33 59 �3 3 7 �3 3 �3 11

53 23 3 31 �3 3 53 7 3 �3 11 3 �3

55 5 5 3 5 5 3 5 5 3 5 5 3

57 3 �3 13 3 7 11 3 � 3 � 33 �3 7

59 43 3 �3 7 3 23 53 3 �3 13 3 59

61 �3 11 3 13 �3 3 43 67 3 7 �3 3

63 3 7 61 3 19 31 3 �3 7 3 11 67

65 5 3 5 5 3 5 5 3 5 5 3 5

67 31 �3 3 �3 23 3 7 19 3 73 �3 3

69 3 �3 37 3 11 7 3 � 3 � 33 �3 47

71 �3 3 11 �3 3 41 �3 3 53 29 3 7

73 11 �3 3 7 �3 3 13 �3 3 23 7 3

75 3 5 5 3 5 5 3 5 5 3 5 5

77 �3 3 �3 31 3 19 �3 3 7 53 3 43

79 7 13 3 � 3 � 33 �3 7 3 � 3 � 33

81 3 17 �3 3 � 3 � 33 �3 13 3 � 3 �

83 19 3 13 71 3 7 �3 3 � 3 � 33 31

85 5 5 3 5 5 3 5 5 3 5 5 3

87 3 � 3 � 33 17 �3 3 37 11 3 7 �3

89 �3 3 7 �3 3 17 11 3 �3 7 3 53

91 67 7 3 29 11 3 17 �3 3 �3 43 3

93 3 �3 11 3 67 �3 3 7 �3 3 71 13

95 5 3 5 5 3 5 5 3 5 5 3 5

97 59 19 3 � 3 � 33 23 29 3 11 �3 3

99 3 � 3 � 33 7 �3 3 11 41 3 17 7
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To

6000
6100

6100
6200

6200
6300

6300
6400

6400
6500

6500
6600

6600
6700

6700
6800

6800
6900

6900
7000

7000
7100

7100
7200

1 17 �3 3 �3 37 3 7 �3 3 67 �3 3

3 3 17 �3 3 19 7 3 � 3 � 33 47 �3

5 5 3 5 5 3 5 5 3 5 5 3 5

7 �3 31 3 7 43 3 �3 19 3 �3 7 3

9 3 41 7 3 13 23 3 �3 11 3 43 �3

11 �3 3 � 3 � 33 17 11 3 7 �3 3 13

13 7 �3 3 59 11 3 17 7 3 31 �3 3

15 3 5 5 3 5 5 3 5 5 3 5 5

17 11 3 � 3 � 33 7 13 3 17 �3 3 11

19 13 29 3 71 7 3 � 3 � 33 11 �3 3

21 3 � 3 � 33 � 3 � 33 11 19 3 7 �3

23 19 3 7 �3 3 11 37 3 �3 7 3 17

25 5 5 3 5 5 3 5 5 3 5 5 3

27 3 11 13 3 �3 61 3 7 �3 3 � 3 �

29 �3 3 � 3 � 33 �3 7 3 �3 13 3 �3

31 37 �3 3 13 59 3 19 53 3 29 79 3

33 3 �3 23 3 7 47 3 � 3 � 33 13 7

35 5 3 5 5 3 5 5 3 5 5 3 5

37 �3 17 3 �3 41 3 � 3 � 33 7 31 3

39 3 7 17 3 47 13 3 23 7 3 �3 11

41 7 3 79 17 3 31 29 3 �3 11 3 37

43 � 3 � 33 �3 17 3 7 11 3 53 �3 3

45 3 5 5 3 5 5 3 5 5 3 5 5

47 �3 3 �3 11 3 �3 17 3 41 �3 3 7

49 23 11 3 7 �3 3 61 17 3 �3 7 3

51 3 �3 7 3 � 3 � 33 43 13 3 11 �3

53 �3 3 13 �3 3 � 3 � 33 7 17 3 23

55 5 5 3 5 5 3 5 5 3 5 5 3

57 3 47 �3 3 11 79 3 29 �3 3 �3 17

59 73 3 11 �3 3 7 �3 3 19 �3 3 �3

61 11 61 3 �3 7 3 � 3 � 33 �3 23 3

63 3 � 3 � 33 23 �3 3 � 3 � 33 7 13

65 5 3 5 5 3 5 5 3 5 5 3 5

67 �3 7 3 �3 29 3 59 67 3 �3 37 3

69 3 31 �3 3 � 3 � 33 7 �3 3 �3 67

71 13 3 �3 23 3 �3 7 3 � 3 � 33 71

73 � 3 � 33 � 3 � 33 �3 13 3 19 11 3

75 3 5 5 3 5 5 3 5 5 3 5 5

77 59 3 �3 7 3 �3 11 3 13 �3 3 �3

79 �3 37 3 �3 11 3 � 3 � 33 7 �3 3

81 3 7 11 3 � 3 � 33 �3 7 3 73 43

83 7 3 61 13 3 29 41 3 � 3 � 33 11

85 5 5 3 5 5 3 5 5 3 5 5 3

87 3 23 �3 3 13 7 3 11 71 3 19 �3

89 �3 3 19 �3 3 11 �3 3 83 29 3 7

91 �3 41 3 7 �3 3 � 3 � 33 �3 7 3

93 3 11 7 3 43 19 3 �3 61 3 41 �3

95 5 3 5 5 3 5 5 3 5 5 3 5

97 7 �3 3 �3 73 3 37 7 3 �3 47 3

99 3 � 3 � 33 67 �3 3 13 �3 3 31 23
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3

3

3

�3�U�L�P�H���1�X�P�E�H�U���D�Q�G���)�D�F�W�R�U���7�D�E�O�H���I�R�U�����
From
To

7200
7300

7300
7400

7400
7500

7500
7600

7600
7700

7700
7800

7800
7900

7900
8000

8000
8100

8100
8200

8200
8300

8300
8400

1 19 7 3 13 11 3 29 �3 3 �3 59 3

3 3 67 11 3 � 3 � 33 7 53 3 13 19

5 5 3 5 5 3 5 5 3 5 5 3 5

7 � 3 � 33 � 3 � 33 37 �3 3 11 29 3

9 3 �3 31 3 7 13 3 11 �3 3 �3 7

11 �3 3 �3 7 3 11 73 3 � 3 � 33 �3

13 �3 71 3 11 23 3 13 41 3 7 43 3

15 3 5 5 3 5 5 3 5 5 3 5 5

17 7 3 � 3 � 33 � 3 � 33 � 3 � 33 �3

19 �3 13 3 73 19 3 7 �3 3 23 �3 3

21 3 �3 41 3 �3 7 3 89 13 3 �3 53

23 31 3 13 �3 3 � 3 � 33 71 �3 3 7

25 5 5 3 5 5 3 5 5 3 5 5 3

27 3 17 7 3 29 �3 3 �3 23 3 19 11

29 �3 3 17 �3 3 59 �3 3 7 11 3 �3

31 7 �3 3 17 13 3 41 7 3 47 �3 3

33 3 � 3 � 33 17 11 3 �3 29 3 �3 13

35 5 3 5 5 3 5 5 3 5 5 3 5

37 �3 11 3 �3 7 3 17 �3 3 79 �3 3

39 3 41 43 3 �3 71 3 17 �3 3 7 31

41 13 3 7 �3 3 � 3 � 33 11 7 3 19

43 �3 7 3 19 �3 3 11 13 3 17 �3 3

45 3 5 5 3 5 5 3 5 5 3 5 5

47 �3 3 11 �3 3 61 7 3 13 �3 3 17

49 11 �3 3 � 3 � 33 47 �3 3 29 73 3

51 3 � 3 � 33 7 23 3 �3 83 3 37 7

53 �3 3 29 7 3 � 3 � 33 �3 31 3 �3

55 5 5 3 5 5 3 5 5 3 5 5 3

57 3 7 �3 3 13 �3 3 73 7 3 23 61

59 7 3 � 3 � 33 �3 29 3 �3 41 3 13

61 53 17 3 �3 47 3 7 19 3 �3 11 3

63 3 37 17 3 79 7 3 �3 11 3 � 3 �

65 5 3 5 5 3 5 5 3 5 5 3 5

67 13 53 3 7 11 3 �3 31 3 �3 7 3

69 3 �3 7 3 �3 17 3 13 �3 3 � 3 �

71 11 3 31 67 3 19 17 3 7 �3 3 11

73 7 73 3 � 3 � 33 �3 7 3 11 �3 3

75 3 5 5 3 5 5 3 5 5 3 5 5

77 19 3 � 3 � 33 7 �3 3 41 13 3 �3

79 29 47 3 11 7 3 �3 79 3 �3 17 3

81 3 11 �3 3 �3 31 3 23 �3 3 7 17

83 �3 3 7 �3 3 43 �3 3 59 7 3 83

85 5 5 3 5 5 3 5 5 3 5 5 3

87 3 83 �3 3 �3 13 3 7 �3 3 � 3 �

89 37 3 � 3 � 33 �3 7 3 �3 19 3 �3

91 23 19 3 � 3 � 33 13 61 3 � 3 � 33

93 3 �3 59 3 7 �3 3 � 3 � 33 �3 7

95 5 3 5 5 3 5 5 3 5 5 3 5

97 �3 13 3 71 43 3 53 11 3 7 �3 3

99 3 7 �3 3 �3 11 3 19 7 3 43 37
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3

3

3

�3�U�L�P�H���1�X�P�E�H�U���D�Q�G���)�D�F�W�R�U���7�D�E�O�H���I�R�U�����
From
To

8400
8500

8500
8600

8600
8700

8700
8800

8800
8900

8900
9000

9000
9100

9100
9200

9200
9300

9300
9400

9400
9500

9500
9600

1 31 �3 3 7 13 3 �3 19 3 71 7 3

3 3 11 7 3 �3 29 3 � 3 � 33 �3 13

5 5 3 5 5 3 5 5 3 5 5 3 5

7 7 47 3 � 3 � 33 �3 7 3 41 23 3

9 3 67 �3 3 23 59 3 � 3 � 33 97 37

11 13 3 79 31 3 7 �3 3 61 �3 3 �3

13 47 �3 3 �3 7 3 �3 13 3 67 �3 3

15 3 5 5 3 5 5 3 5 5 3 5 5

17 19 3 7 23 3 37 71 3 13 7 3 31

19 �3 7 3 � 3 � 33 29 11 3 � 3 � 33

21 3 �3 37 3 �3 11 3 7 �3 3 � 3 �

23 �3 3 �3 11 3 �3 7 3 23 �3 3 89

25 5 5 3 5 5 3 5 5 3 5 5 3

27 3 � 3 � 33 7 79 3 � 3 � 33 11 7

29 �3 3 �3 7 3 � 3 � 33 11 19 3 13

31 �3 19 3 � 3 � 33 11 23 3 7 �3 3

33 3 7 89 3 11 �3 3 �3 7 3 � 3 �

35 5 3 5 5 3 5 5 3 5 5 3 5

37 11 �3 3 � 3 � 33 7 �3 3 � 3 � 33

39 3 �3 53 3 �3 7 3 13 �3 3 � 3 �

41 23 3 � 3 � 33 � 3 � 33 � 3 � 33 7

43 � 3 � 33 7 37 3 �3 41 3 �3 7 3

45 3 5 5 3 5 5 3 5 5 3 5 5

47 �3 3 � 3 � 33 23 83 3 7 13 3 �3

49 7 83 3 13 �3 3 �3 7 3 �3 11 3

51 3 17 41 3 53 �3 3 �3 11 3 13 �3

53 79 3 17 �3 3 7 11 3 19 47 3 41

55 5 5 3 5 5 3 5 5 3 5 5 3

57 3 43 11 3 17 13 3 � 3 � 33 7 19

59 11 3 7 19 3 17 �3 3 47 7 3 11

61 �3 7 3 � 3 � 33 13 �3 3 11 �3 3

63 3 � 3 � 33 � 3 � 33 7 59 3 �3 73

65 5 3 5 5 3 5 5 3 5 5 3 5

67 �3 13 3 11 �3 3 �3 89 3 17 �3 3

69 3 11 �3 3 7 �3 3 53 13 3 17 7

71 43 3 13 7 3 �3 47 3 73 �3 3 17

73 37 �3 3 31 19 3 43 �3 3 7 �3 3

75 3 5 5 3 5 5 3 5 5 3 5 5

77 7 3 �3 67 3 47 29 3 � 3 � 33 61

79 61 23 3 �3 13 3 7 67 3 83 �3 3

81 3 � 3 � 33 83 7 3 � 3 � 33 19 11

83 17 3 19 �3 3 13 31 3 �3 11 3 7

85 5 5 3 5 5 3 5 5 3 5 5 3

87 3 31 7 3 �3 11 3 �3 37 3 53 �3

89 13 3 �3 11 3 89 61 3 7 41 3 43

91 7 11 3 59 17 3 �3 7 3 � 3 � 33

93 3 13 �3 3 �3 17 3 29 �3 3 11 53

95 5 3 5 5 3 5 5 3 5 5 3 5

97 29 �3 3 19 7 3 11 17 3 � 3 � 33

99 3 � 3 � 33 11 �3 3 �3 17 3 7 29
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43
47
49
59
61
77
89
97
19
21
27
31
33
43
49
69
81
91
99
11
17
23
29
33
51
53
57
69
87
89
01
07
11
13
29
41
53
67
71
79
97
01
13
27
33
39
43
51
57
61
81
93
03
17
21
23
39
41
53
83
87
93
17
37
61
71
79
91
�3�U�L�P�H���1�X�P�E�H�U�V���I�U�R�P�������������W�R������������
9551 10181 10853 11497 12157 12763 13417 14071 14747 15361 16001 16693 17387 180
9587 10193 10859 11503 12161 12781 13421 14081 14753 15373 16007 16699 17389 180
9601 10211 10861 11519 12163 12791 13441 14083 14759 15377 16033 16703 17393 180
9613 10223 10867 11527 12197 12799 13451 14087 14767 15383 16057 16729 17401 180
9619 10243 10883 11549 12203 12809 13457 14107 14771 15391 16061 16741 17417 180
9623 10247 10889 11551 12211 12821 13463 14143 14779 15401 16063 16747 17419 180
9629 10253 10891 11579 12227 12823 13469 14149 14783 15413 16067 16759 17431 180
9631 10259 10903 11587 12239 12829 13477 14153 14797 15427 16069 16763 17443 180
9643 10267 10909 11593 12241 12841 13487 14159 14813 15439 16073 16787 17449 181
9649 10271 10937 11597 12251 12853 13499 14173 14821 15443 16087 16811 17467 181
9661 10273 10939 11617 12253 12889 13513 14177 14827 15451 16091 16823 17471 181
9677 10289 10949 11621 12263 12893 13523 14197 14831 15461 16097 16829 17477 181
9679 10301 10957 11633 12269 12899 13537 14207 14843 15467 16103 16831 17483 181
9689 10303 10973 11657 12277 12907 13553 14221 14851 15473 16111 16843 17489 181
9697 10313 10979 11677 12281 12911 13567 14243 14867 15493 16127 16871 17491 181
9719 10321 10987 11681 12289 12917 13577 14249 14869 15497 16139 16879 17497 181
9721 10331 10993 11689 12301 12919 13591 14251 14879 15511 16141 16883 17509 181
9733 10333 11003 11699 12323 12923 13597 14281 14887 15527 16183 16889 17519 181
9739 10337 11027 11701 12329 12941 13613 14293 14891 15541 16187 16901 17539 181
9743 10343 11047 11717 12343 12953 13619 14303 14897 15551 16189 16903 17551 182
9749 10357 11057 11719 12347 12959 13627 14321 14923 15559 16193 16921 17569 182
9767 10369 11059 11731 12373 12967 13633 14323 14929 15569 16217 16927 17573 182
9769 10391 11069 11743 12377 12973 13649 14327 14939 15581 16223 16931 17579 182
9781 10399 11071 11777 12379 12979 13669 14341 14947 15583 16229 16937 17581 182
9787 10427 11083 11779 12391 12983 13679 14347 14951 15601 16231 16943 17597 182
9791 10429 11087 11783 12401 13001 13681 14369 14957 15607 16249 16963 17599 182
9803 10433 11093 11789 12409 13003 13687 14387 14969 15619 16253 16979 17609 182
9811 10453 11113 11801 12413 13007 13691 14389 14983 15629 16267 16981 17623 182
9817 10457 11117 11807 12421 13009 13693 14401 15013 15641 16273 16987 17627 182
9829 10459 11119 11813 12433 13033 13697 14407 15017 15643 16301 16993 17657 182
9833 10463 11131 11821 12437 13037 13709 14411 15031 15647 16319 17011 17659 183
9839 10477 11149 11827 12451 13043 13711 14419 15053 15649 16333 17021 17669 183
9851 10487 11159 11831 12457 13049 13721 14423 15061 15661 16339 17027 17681 183
9857 10499 11161 11833 12473 13063 13723 14431 15073 15667 16349 17029 17683 183
9859 10501 11171 11839 12479 13093 13729 14437 15077 15671 16361 17033 17707 183
9871 10513 11173 11863 12487 13099 13751 14447 15083 15679 16363 17041 17713 183
9883 10529 11177 11867 12491 13103 13757 14449 15091 15683 16369 17047 17729 183
9887 10531 11197 11887 12497 13109 13759 14461 15101 15727 16381 17053 17737 183
9901 10559 11213 11897 12503 13121 13763 14479 15107 15731 16411 17077 17747 183
9907 10567 11239 11903 12511 13127 13781 14489 15121 15733 16417 17093 17749 183
9923 10589 11243 11909 12517 13147 13789 14503 15131 15737 16421 17099 17761 183
9929 10597 11251 11923 12527 13151 13799 14519 15137 15739 16427 17107 17783 184
9931 10601 11257 11927 12539 13159 13807 14533 15139 15749 16433 17117 17789 184
9941 10607 11261 11933 12541 13163 13829 14537 15149 15761 16447 17123 17791 184
9949 10613 11273 11939 12547 13171 13831 14543 15161 15767 16451 17137 17807 184
9967 10627 11279 11941 12553 13177 13841 14549 15173 15773 16453 17159 17827 184
9973 10631 11287 11953 12569 13183 13859 14551 15187 15787 16477 17167 17837 184

10007 10639 11299 11959 12577 13187 13873 14557 15193 15791 16481 17183 17839 184
10009 10651 11311 11969 12583 13217 13877 14561 15199 15797 16487 17189 17851 184
10037 10657 11317 11971 12589 13219 13879 14563 15217 15803 16493 17191 17863 184
10039 10663 11321 11981 12601 13229 13883 14591 15227 15809 16519 17203 17881 184
10061 10667 11329 11987 12611 13241 13901 14593 15233 15817 16529 17207 17891 184
10067 10687 11351 12007 12613 13249 13903 14621 15241 15823 16547 17209 17903 185
10069 10691 11353 12011 12619 13259 13907 14627 15259 15859 16553 17231 17909 185
10079 10709 11369 12037 12637 13267 13913 14629 15263 15877 16561 17239 17911 185
10091 10711 11383 12041 12641 13291 13921 14633 15269 15881 16567 17257 17921 185
10093 10723 11393 12043 12647 13297 13931 14639 15271 15887 16573 17291 17923 185
10099 10729 11399 12049 12653 13309 13933 14653 15277 15889 16603 17293 17929 185
10103 10733 11411 12071 12659 13313 13963 14657 15287 15901 16607 17299 17939 185
10111 10739 11423 12073 12671 13327 13967 14669 15289 15907 16619 17317 17957 185
10133 10753 11437 12097 12689 13331 13997 14683 15299 15913 16631 17321 17959 185
10139 10771 11443 12101 12697 13337 13999 14699 15307 15919 16633 17327 17971 185
10141 10781 11447 12107 12703 13339 14009 14713 15313 15923 16649 17333 17977 186
10151 10789 11467 12109 12713 13367 14011 14717 15319 15937 16651 17341 17981 186
10159 10799 11471 12113 12721 13381 14029 14723 15329 15959 16657 17351 17987 186
10163 10831 11483 12119 12739 13397 14033 14731 15331 15971 16661 17359 17989 186
10169 10837 11489 12143 12743 13399 14051 14737 15349 15973 16673 17377 18013 186
10177 10847 11491 12149 12757 13411 14057 14741 15359 15991 16691 17383 18041 186
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In engineering, manufacturing and industrial applications, physical laws govern
behavior of all quantities. Algebraic formulas represent these laws. This section giv
foundation for understanding the algebra essential to applying these laws.

�$�O�J�H�E�U�D�L�F���(�[�S�U�H�V�V�L�R�Q�V

Algebraic expressions consist of numbers (constants and coefficients) and letters (vari
ables). Exponent rules apply to both numbers and variables, as does the definition of loga
rithm.

The most common expressions are polynomials, rational expressions and radicals, and
most of the formulas used in the Handbook contain one or more of these. 
�0�R�Q�R�P�L�D�O�V���D�Q�G���3�R�O�\�Q�R�P�L�D�O�V���°A monomial is also called a �W�H�U�P, which is simply a sin-
gle variable or number or a �S�U�R�G�X�F�W���R�I���Q�X�P�E�H�U�V���D�Q�G���Y�D�U�L�D�. All of the following are
monomial terms: 5, �[, Š4�\2, 12�[�\2�]3.

A number standing alone is a �F�R�Q�V�W�D�Q�W. In 5�[ + 14, for example, 14 is the constant.
A sum or difference of monomials is a �S�R�O�\�Q�R�P�L�D�O, such as: 3�[ + 7, 9�[2 Š 2�[ + 6, (�[ + 4)3

A two-term polynomial is called a �E�L�Q�R�P�L�D�O, a three-term is a �W�U�L�Q�R�P�L�D�O.
The �G�H�J�U�H�H of a polynomial is the highest power exponent of its variables. Thus, 

degrees of 3�[ + 7, 9�[2 Š 2�[ + 6, and (�[ + 4)3 are first, second, and third degree, respectively.
A constant has a degree of zero, since, for example, 5 could be written as 5�[0, because, as
was explained in rules of exponents, �[0 = 1, hence 5�[0 = 5(1) = 5.

Finally, the degree of a polynomial corresponds to the geometric entity it represents
3�[ + 7 is a �O�L�Q�H�D�U expression, 9�[2 Š 2�[ + 6 is �T�X�D�G�U�D�W�L�F (parabolic) and (�[ + 4)3 is �F�X�E�L�F.
�(�Y�D�O�X�D�W�L�Q�J���$�O�J�H�E�U�D�L�F���(�[�S�U�H�V�V�L�R�Q�V���°A variable is also called an �X�Q�N�Q�R�Z�Q. When v
for a particular variable are provided, the expression can be �H�Y�D�O�X�D�W�H�G. For example, to find
the value of 3�[2 Š 2�[ + 7 when �[ = 1, substitute 1 into the expression everywhere �[ appears.
Thus, 3�[2 Š 2�[ + 7 = 3(12) Š 2(1) + 7 = 8.

�5�H�D�U�U�D�Q�J�H�P�H�Q�W���D�Q�G���7�U�D�Q�V�S�R�V�L�W�L�R�Q���R�I�

A �I�R�U�P�X�O�D is a rule for a calculation expressed by using letters and signs instead of wr
out the rule in words; by this means it is possible to condense, in a very small spac
essentials of long and cumbersome rules.

As an example, the formula for the horsepower transmitted by belting may be writte

where � 3 �  horsepower transmitted; � 6 �  working stress of belt per inch of width in
pounds; � 9 �  velocity of belt in feet per minute; � : �  width of belt in inches; and ,
33,000 =  a constant that is part of the formula for horsepower.

If the working stress �6, velocity �9, and width �:  are known, the horsepower can be foun
directly from this formula by inserting the given values. For example, if �6 = 33, �9 = 600,
and �:  = 5. Then

Assume that horsepower �3, stress �6, and velocity �9 are known, and that the width of be
�:  is to be found. The formula must then be rearranged so that the symbol �:  will be alone
on one side of the equation. This is accomplished by isolating �:  by moving the other vari-
ables and the number to the other side of the equation. The rearranged formula is as fol-
lows:

�3 �6�9�:
���� ������,
��������������������������������=

�3 ���� ������× ��×
���� ������,

������������������������������������������������������������ �� ���K�S= =



ALGEBRA AND EQUATIONS 29

�V

e
d

 are

 be

s
e

�V

 rules
e 11. Important
O�N
This rearrangement of terms is accomplished using �L�Q�Y�H�U�V�H���R�S�H�U�D�W�L�R�Q on the variables
and constants as follows.

�(�[�D�P�S�O�H����Any formula of the form �$ = �%�& can be rearranged in either of these ways:

�(�[�D�P�S�O�H����A formula of the form is rewritten for any of the other variables as

In each case, the variable to be solved for is isolated from the others by using invers
operations. In the first, the formula is solved for �%: each side of the equation is multiplie
by �'  to “undo” division by �' ; then each side is divided by �& to move it to the other side of
the equation. Division is the inverse operation of multiplication. The other equations
similarly rearranged.

In another example, the following equation is to be solved for �), which is accomplished
by a series of inverse operations on the variables in order to isolate �):

The operation of addition is likewise “undone” by subtraction when a variable is to
moved. A quantity preceded by an addition (+) or subtraction (Š) operation is moved to the
opposite side of the equation by applying the inverse operation. If the operation is +, it i
changed to Š when it is moved to the other side; if it is Š it becomes + on the other side. Th
terms are thus transposed (moved across the equal sign).

Moving terms in this way is called �W�U�D�Q�V�S�R�V�L�W�L�R�Q.

�(�[�D�P�S�O�H����

�3�U�L�Q�F�L�S�D�O���$�O�J�H�E�U�D�L�F���2�S�H�U�D�W�L�R�Q

Most operations on algebraic expressions and equation-solving require fundamental
symbol use and properties of real numbers, as summarized in the following list. The
of exponents are also explained in the section, �0�O�W�E�R�S���A�N�D���2�O�O�T�S on pag
rules are given here and in �&�A�C�T�O�R�I�N�G���A���1�U�A�D�R�A�T�I�C���%�X�P�R�E�S�S�I� on page 32. Logarithms are
explained on page����:

�(�[�D�P�S�O�H��

To solve for �), rearrange 
in two steps as follows:

   and 

���� ������ �3,
�6�9

������������������������������������������ �:=

�% �$
�&
��������= �D�Q�G �& �$

�%
������=

�$ �%�&
�'

����������������=

�$�'
�&

���������������� �%= �$�'
�%

���������������� �&= �' �%�&
�$

����������������=

� % � &+
�$

���������������������������� � ' � (+
�)

����������������������������=

�)
�$
������ � ' � (+

� % � &+
����������������������������= �) � $ � ' � (+( )

� % � &+
����������������������������������������������=

� % � &+ � $ � '–= �W�K�H�Q� $ � % � & � '+ +=

� % � $ � '– �&–=

� & � $ � '– �%–=
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�H���7�H�U�P�V

�D�U�L�W�K�P�V��

�G

D

�2�S�H�U�D�W�L�R�Q�D�O���3�U�R�S�H�U�W�L�H�V���R�I���6�L�Q�J�O

�(�[�D�P�S�O�H�V����

�3�U�R�S�H�U�W�L�H�V���R�I���5�D�G�L�F�D�O�V

�(�[�D�P�S�O�H�V����

�'�H�I�L�Q�L�W�L�R�Q�V���D�Q�G���3�U�R�S�H�U�W�L�H�V���R�I���/�R�J

�D ������ �D+ + �Q�D=
�Q���W�H�U�P�V( )

�D ��+ �D= � D � D–( )+ ��= � D � E× �D�E=

� D � D���������D××× �D�Q=
�Q���I�D�F�W�R�U�V( )

�D�Q�D�P �D� Q � P+( )= �D�Q

�D�P
������������ �D� Q � P–( )= �D�P( )�Q �D�P�Q=

�D� P � Q�� �D�� �Q��( )�P= �D�Q– ��
�D�Q
����������= ��

�D�Q–
���������������� �D�Q= �D�� �� �������I�R�U���D �����=

� D � D+ ���D= ���D– �D– ���D–= � D � D× �D�D �D��= =

� D � D× �D× �D�D�D �D��= = �D���D�� �D� � � �+ �D��= = �D��( )�� �D� � � �× �D��( )�� �D��= = =

�D��– ��
�D��
���������� ��

�D
������� © � ¹

� § � ·��
= = �D�E( )�� �D���E��= �D

�E
������� © � ¹

� § � ·�� �D��

�E��
����������= �D��

�D��
���������� �D� � � �– �D= =

� D � D× �D= � D � E× �D�E= �D

�E
�������������� �D

�E
������=

�D�Q( )
�Q

�D= �D�P�Q �D�Q( )
�P

�D� P � Q��= = ��
�D
�������Q

��

�D�Q
�������������� �D�� �Q��= =

� D � E+( )�� � D � E+( ) � D � E+( ) �D �� �D�E �E+ += =

� D � E+ �D �� �D�E �E+ +=

�D�� �D��× �D��× �D��( )
��

�D= = �D�E�� �D�� �E��×= �D
�E
��������

�D��

�E��
��������������=

�D���� �D��( )
��

�D� � � ���= = ��
�D
��������

��

�D��
�������������� �D��‡��–= = �D���� �D� � � �× �D����= =

������ �[ ������ �[ ���� �[= = �[�� �[= �� �[�� �[� � � ���=

����
�[��
������������ ����

�[��
�������������������� ��

�[��
����������= = �[ ��+ ���F�D�Q�Q�R�W���E�H���V�L�P�S�O�L�I�L�H

�E�D �[���L�V���H�T�X�L�Y�D�O�H�Q�W���W�R���[�E�O�R�J �D= = �[�����O�R�J ���L�V���Z�U�L�W�W�H�Q���D�V���[�O�R�J �[�H�O�R�J �O�Q�[=

� D � E×( )�O�R�J �D�O�R�J �E�O�R�J+= �D
�E
������� © � ¹

� § � ·�O�R�J �D�O�R�J �E�O�R�J= = �D�Q�O�R�J � Q ��O�R�J=

�D�D�O�R�J ��= �O�Q���H ��= ���E�O�R�J ��= �,�I��� [ � \���W�K�H�Q���[�O�R�J �\�O�R�J= =
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An equation is a statement of equality between two expressions, as 5�[ = 105. The
unknown quantity, called the �Y�D�U�L�D�E�O�H of the equation, is frequently designated by the lett
�[. If there is more than one unknown quantity, the others are designated by letters als
ally selected from the end of the alphabet: �\, �], �X, �W, etc.

A �I�L�U�V�W���G�H�J�U�H�H equation is one in which the variable is raised to the first power, as in 3�[ =
9. A �V�H�F�R�Q�G���G�H�J�U�H�H equation, also called a �T�X�D�G�U�D�W�L�F equation, is one in which the highes
power of the variable is two; for example, �[2 + 3�[ = 10.
�6�R�O�Y�L�Q�J���D���)�L�U�V�W���'�H�J�U�H�H���(�T�X�D�W�L�R�Q���°A first degree equation is so called because the hig
est power of the variable is 1. Linear equations are first degree equations in one or tw
unknowns, such as �[ and �\. To solve a linear equation for its �[-intercept is to set �\ = 0.

Solving a first degree equation in one unknown is done by isolating the variable. Tr
pose all the terms containing the unknown �[ to one side of the equation, and all the othe
constant (non-variable) terms to the other side. Combine and simplify the expressio
far as possible, and divide both sides by the coefficient of the unknown �[. (See the rules
given for transposition of formulas starting on page����.)

�(�[�D�P�S�O�H����

�6�R�O�Y�L�Q�J���D���)�L�U�V�W���'�H�J�U�H�H���(�T�X�D�W�L�R�Q���L�Q���7�Z�R���8�Q�N�Q�RAn equation in one or two
unknowns represents the equation of a line. A �V�\�V�W�H�P of two first degree equations with two
unknowns often indicates two intersecting lines. Lines intersect at one point, or they ar
parallel (they do not intersect at any point), or they are the same line (in which case th
called collinear and intersect at every point). 

A �X�Q�L�T�X�H���V�R�O�X�W�L�R�Q of a system represents the point (�[, �\) of intersection. It is found by
either of two methods: substitution or elimination.

�(�[�D�P�S�O�H�V����

�)�D�F�W�R�U�L�Q�J���5�X�O�H�V

�'�H�I�L�Q�L�W�L�R�Q�V���D�Q�G���3�U�R�S�H�U�W�L�H�V���R�I���/�R�J�D�U�L���&�R�Q�W�L�Q�X�H�G����

������ ���������L�V���H�T�X�L�Y�D�O�H�Q�W���W�R�� �������O�R�J ��= = �������O�R�J ��= ���[�O�R�J ���O�R�J�[�O�R�J+=

��������
��

������������������������� © � ¹
� § � ·�O�R�J ���������O�R�J ���O�R�J– � � � ��O�R�J–= = �O�Q�H�� �� �O�Q�H � � � �× ��= = =

� D � E+( )�Q � D � E+( ) � D � E+( )��������� D � E+( )�����Q���I�D�F�W�R�U�V��=

� D � E–( )�Q � D � E–( ) � D � E–( )��������� D � E–( )�����Q���I�D�F�W�R�U�V��=

� D � E+( )�� �D�� �� �D�E �E��+ += � D � E–( )�� �D�� �� �D�E– �E��+=

�D�� �E��– � D � E+( ) � D � E–( )= �D�E � D � E+
��

������������������������� © � ¹
� § � ·�� � D � E–

��
������������������������� © � ¹

� § � ·��
–=

� D � E+( )�� �D�� ���D���E ���D�E�� �E��+ + += � D � E–( )�� �D�� �� �D���E– ���D�E�� �E��–+=

�D�� �E��+ � D � E+( ) �D�� �D�E– �E��+( )= �D�� �E��+ � D � E+( )�� �� �D�E �D �E+( )–=

�D�� �E��– � D � E–( ) �D�� �D�E �E��+ +( )= �D�� �E��– � D � E–( )�� �� �D�E �D �E–( )+=

�����[ ����– ���� �[ ����+=

�����[ �����[– ���� ����+=

���[ ����=

�[ ��=
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�6�X�E�V�W�L�W�X�W�L�R�Q����In this method, one of the variables is isolated, expressed in terms o
other variable. This expression is then substituted into the second equation, converting it t
a single-variable equation. It is solved for the variable and the solution is substituted
into the either of the original two equations to find the value of the other variable. 

The form of the linear system of equations is:

�(�[�D�P�S�O�H����

The value of �\ can now be most easily found by inserting the value of �[ in one of the equa-
tions:

The solution of this linear system is therefore (3, 2). Plugging these values for �[ and �\ into
the original equations shows these are the correct solution.
�=�H�U�R���3�U�R�S�H�U�W�\���R�I���0�X�O�W�L�S�O�L�F�D�W�L�R�Q���°This important property is applied in order to solve 
second degree equation in one unknown. It is this:

If �$�% = 0, then either �$ = 0 or �% = 0.
�(�[�D�P�S�O�H����If �[(�[ + 3) = 0 then either �[ = 0 or �[ + 3 = 0, that is, �[ = Š3.
A quadratic equation must be factored so it can be solved by the zero property of m

plication. The several ways for accomplishing this are explained in the sections tha
low.
�)�D�F�W�R�U�L�Q�J���D���&�R�P�P�R�Q���7�H�U�P���2�X�W���R�I���D�Q���(�[�S�U�H�V�V�L�R�QIn an expression where each term
has a common factor, factoring is straightforward.

�(�[�D�P�S�O�H�V����

The first example can be factored further, as will be seen in the next section. 
�6�R�O�Y�L�Q�J���R�I���6�H�F�R�Q�G���'�H�J�U�H�H�����4�X�D�G�U�D�W�L�F�����(�T�X�D�W�L�RA second degree equation is also
called a �T�X�D�G�U�D�W�L�F���H�T�X�D�W�L�R�Q. It represents a parabola. To �V�R�O�Y�H a second degree equation is
to find the �[ values (or points) at which the parabola intersects the �[-axis. These are the
�U�R�R�W�V or �]�H�U�R�V of the parabola.

There are several ways to solve a quadratic equation for its roots. If an equation can 
factored, then each factor is set equal to zero and the solution is thus found. This is acco
ing to the �]�H�U�R���S�U�R�S�H�U�W�\���R�I���P�X�O�W�L�S�O�L�F�D�W�L�R�Q, which states that if �$�% = 0, then �$ = 0 or �% = 0.

If the equation is not readily or obviously factored (or even if it is), the �T�X�D�G�U�D�W�L�F
can be used to find the roots, as explained in �&�A�C�T�O�R�I�N�G���A���1�U�A�D�R�A�T�I�C���%. This for-
mula derives from the technique of converting a quadratic equation into a form (�[ Š �U)2 =
constant, which is explained in �3�O�L�V�I�N�G���B�Y���#�O�M�P�L�E�T�I�N�G���T�H�E���3�Q�U
�)�D�F�W�R�U�L�Q�J���D���4�X�D�G�U�D�W�L�F���(�[�S�U�H�V�V�L�R�Q���°The simplest quadratic equation has the form �[2 =
�F, where �F is a constant. Solving this entails simply taking the square root of both sides

�[2 = �U2 � �[ = �U or �[ = Š�U 

�D1�[ + �E1�\ = �F1
�D2�[ + �E2�\ = �F2

Then,

5�[2 Š 80 = 5(�[2 Š 16) Š 2�[2 + 6�[ = Š2�[(�[ Š 3)

�[
�F�� �E�� �F�� �E��–

�D�� �E�� �D�� �E��–
����������������������������������������������������������= �\

�D���F�� �D���F��–

�D���E�� �D���E��–
����������������������������������������������������������=

���[ �� �\+ ����=

���[ �� �\– ����=

�[ ����( ) ��–( ) ����( )– ��( )
��( ) ��–( ) ��( )– ��( )

���������������������������������������������������������������������������������������������� ����– ����–
��– ����–

�������������������������������������������� ����–
����–

����������������� � � �= = = =

��( ) ��( ) ���\– ����= ���\ ���� ����– ��= = �\ ��=
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�1�R�W�H�� The square root of a number as it stands alone is understood to be its positive
but in an equation the solution includes both positive and negative roots. This makes
because the quadratic is a parabola that can intersect the �[-axis in two places, thus having
two roots.

�[2 = �U2 may be written as �[2 Š �U2 = 0. This type of equation is called a difference of square
and it factors as two binomials:���[2 Š �U2 = (�[ + �U)(�[ Š �U) = 0.

Verifying that this is the factorization of the difference of squares is simply a matte
applying the distributive property of multiplication over addition to each term:

(�[ + �U)(�[ Š �U) = �[�[ Š �[�U + �[�U Š �U�U = �[2 Š �U2

This is called expanding by FOIL, since the �)irst, �2uter, �,nner, and �/ast terms of each
binomial are multiplied in that order to get the product. From the zero property of mult
cation,

(�[ + �U)(�[ Š �U) = 0 � �[ + �U = 0 or �[ Š �U = 0, thus �[ = Š�U or �[ = �U.
If a quadratic is not a difference of squares, then factorization is approached as fol

Given a quadratic equation in the form �D�[2 +�E�[ +�F = 0, first obtain the product �D�F from the
coefficients �D and �F; then determine two numbers �I1 and �I2 such that���I1 �I2 = �D�F, and �I1 + �I2 = �E.

The numbers �I1 and �I2 are used to modify or rearrange the �E�[ term to simplify factoring the
quadratic expression. Roots of the quadratic equation are easily obtained from the factors. 

�(�[�D�P�S�O�H����Find the solution to �[2 Š 5�[ + 6 = 0 by factoring.
 In this example, �D = 1, �E = Š5, �F = 6 and �D�F = (1)(6) = 6. The factors �I1 and �I2 of 6 whose

sum is Š5 are Š2 and Š3. The equation is factored as �[2 Š 5�[ + 6 = (�[ Š 2)(�[ Š 3) = 0. Then by
the zero property of multiplication, the roots of the equation are �[ = 2 and �[ = 3. The parab-
ola intersects the �[-axis at these two values of �[. 

A more difficult example has a leading coefficient of �[ other than 1. 
�(�[�D�P�S�O�H����Factor 8�[2 + 22�[ + 5 = 0 and find the values of �[ that satisfy the equation.
�6�R�O�X�W�L�R�Q����Here, �D = 8, �E = 22, and �F = 5. Therefore, �D�F = 8 × 5 = 40, and �D�F is positive, so

we are looking for two factors of �D�F, namely �I1 and �I2, such that �I1 × �I2 = 40 and �I1 + �I2 = 22. 
The �D�F term can be written as 2 × 2 × 2 × 5 = 40, and the possible combinations of numbe

for �I1 and �I2 are 20 and 2, 8 and 5, 4 and 10, and 40 and 1. The requirements for �I1 and �I2 are
satisfied by �I1 = 20 and �I2 = 2, i.e., 20 × 2 = 40 and 20 + 2 = 22. Using �I1 and �I2, the original
quadratic expression is rewritten and factored as follows, where �I1�[ + �I2�[ are 20�[ + 2�[:

On the second line, the common factor of 4�[ in the first two terms is factored out, so the
common binomial factor of 2�[ + 5 is then apparent, to be factored out of the larger term
Checking the answer is a matter of simply remultiplying the factors to produce the orig
expression.

Because the product of the two factors equals zero, each of the factors also equals zer
Thus, 2�[ + 5 = 0 and 4�[ +1 = 0. Rearranging and solving, �[ = Š5‡2 or �[ = Š1‡4.

�(�[�D�P�S�O�H����Factor 8�[2 + 3�[��Š 5 = 0 and find the solutions of the equation.
�6�R�O�X�W�L�R�Q����Here �D = 8, �E = 3, �F = Š5, and �D�F = 8 × (Š5) = Š40. Because �D�F is negative, the

required numbers, �I1 and �I2, must satisfy �I1 × �I2 = �D�F = Š40 and �I1 + �I2 = 3.
 As in the previous example, the possible combinations for �I1 and �I2 are 20 and Š2, Š20

and 2, Š8 and 5, 8 and Š5, 40 and Š1, and Š40 and 1. The numbers �I1 = 8 and �I2 = Š5 satisfy

���[�� ���� �[ ��+ + ��=

���[�� ���� �[ �� �[ ��+ + + ��=

���[ ���[ ��+( ) � � � ��[ ��+( )+ ��=

���[ ��+( ) ���[ ��+( ) ��=
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the

 cm
the requirements because 8 × (Š5) = Š40 and 8 + (Š5) = 3. Notice that 3�[ in the first line is
thus written as 8�[ Š 5�[ in the second line, making it possible to rearrange and simplify 
expression.

Solving, for �[ + 1 = 0, �[ = Š1; and, for 8�[��Š 5 = 0, �[ = 5‡8.

�6�R�O�Y�L�Q�J���E�\���&�R�P�S�O�H�W�L�Q�J���W�K�H���6�T�X�D�U�H���°An equation of the form �[2 + �E�[ + �F = 0 can be
turned into the square of a sum. The steps are:

1) The constant is moved to the right side of the equal sign: �[2 + �E�[ = Š�F
2) (�E‡2)2 is added to both sides: �[2 + �E�[ + (�E‡2)2 = Š�F + (�E‡2)2

3) The left side is the square of a sum �[ + �E‡2: �[2 + �E�[ + (�E‡2)2 = (�[ + �E‡2)2

4) The right is a new constant, call it �G: Š�F + (�E‡2)2 = �G
5) The equation is thus converted to: (�[ + �E‡2)2 = �G

6) Taking the positive and negative square root of both sides: 

7) Solving:  

�(�[�D�P�S�O�H���� Complete the square to solve �[2 + 4�[ Š 3 = 0.
1) �[2 + 4�[ = 3 
2) �[2 + 4�[ + (4‡2)2 = 3 + (4/2)2, that is, �[2 + 4�[ + 4 = 3 + 4 
3) �[2 + 4�[ + 4 = (�[ + 2)2 
4) 3 + 4 = 7
5) (�[ + 2)2 = 7

6) �[ + 2 = 

7) �[ = Š2 

The method of completing the square only works when the coefficient of �[2 is 1. For any
value of �D, the quadratic formula may be used for finding the roots of the equation
�8�V�L�Q�J���W�K�H���4�X�D�G�U�D�W�L�F���)�R�U�P�X�O�D���°For any value of �D, the method of completing the
square leads to the quadratic formula for finding the roots of equations with the form �D�[2 +
�E�[ + �F = 0:

�(�[�D�P�S�O�H����In the equation, 1�[2 + 6�[ + 5 = 0, �D = 1, �E = 6, and �F = 5.

�(�[�D�P�S�O�H����A right-angle triangle has a hypotenuse of 5 cm and one side which is 1
longer than the other; find the lengths of the two sides.

Let �[ = the length of one side and �[ + 1 = the length of the other side; then �[2 + (�[ + 1)2 = 52

or �[2 + �[2 + 2�[ + 1 = 25; or 2�[2 + 2�[ = 24; or �[2 + �[ = 12. Now referring to the basic formula,
�D�[2 + �E�[ + �F = 0, we find that �D = 1, �E = 1, and �F = Š12; hence,

���[�� ���[ ��–+ ��=

���[�� ���[ �� �[– ��–+ ��=

��� [ � [��+( ) �� �[ ��+( )– ��=

�[ ��+( ) ���[ ��–( ) ��=

�[ �E
��
������+ �G±=

�[ �E
��
������– �G±=

��±

��±

�[ �E– �E�� �� �D�F–±
���D

������������������������������������������������������������������������������=

�[ ��– ���� ��( )– ��( ) ��( )±
��( ) ��( )

������������������������������������������������������������������������������������������������������������ ��–( ) ��+
��

��������������������������������������� � � �–= = = �������� �R�U����������–( ) ��–
��

���������������������������������������� ��–=
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Since only the positive value, 3, would apply in this case, the lengths of the two side
�[ = 3 cm and �[ + 1 = 4 cm.
�6�R�O�Y�L�Q�J���D���&�X�E�L�F���(�T�X�D�W�L�R�Q���°If the given equation has the form: �[3 + �D�[ + �E = 0 then

The equation �[3 + �S�[2 + �T�[ + �U = 0 may be rewritten in the form �[13 + �D�[1 + �E = 0 by substi-

tuting  for �[ in the given equation.

�7�H�F�K�Q�L�T�X�H�V���R�I���&�D�O�F�X�O�X�V

Engineering science problems are not always modeled by simple first and second d
polynomials. Trigonometric and other non-algebraic equations are often needed, a
sometimes features other than their roots must be found. In these cases, calculus method
are needed. The essential operations of calculus are �G�L�I�I�H�U�H�Q�W�L�D�W�L�R�Q and �L�Q�W�H�J�U�D�W�L. 

See �&�O�R�M�U�L�A�S���F�O�R���$�I�F�F�E�R�E�N�T�I�A�L���A�N�D���)�N�T�E�G�R�A�L���#�A�L�C�U�L�U�S on page 37.
�'�H�U�L�Y�D�W�L�Y�H�V���°The mathematical process of differentiation entails taking the derivative of
a function. The derivative of a function �I(�[) is written as �I�(�[). The devivative is the instan-
taneous rate of change of the function at any value of �[. The derivative of a line is its slope
because the rate of change of the linear function is constant. For any other curve, �I�(�[) is an
equation that gives the slope of the line tangent to the curve at a given �[. Thus, unless the
function is a line, its derivative is given by another function. For example, the derivative of
the function �I(�[) = 2�[ + 5 is simply 5, because this is the slope of the line, i.e., the rat
change of the function with respect to �[. For nonlinear functions, the derivatives are them
selves functions. A typical derivative function is the displacement function of a mov
object. Its derivative is the velocity of the object, which is the rate that displacem
changes with respect to time.
�,�Q�W�H�J�U�D�O�V���°The other fundamental process of calculus is �D�Q�W�L���G�L�I�I�H�U�H�Q�W�L�, also called
�L�Q�W�H�J�U�D�W�L�R�Q. It is the reverse process of differentiation. While the derivative describes the
instantaneous rate of change of a function at any point along a curve, the integral giv
area under the curve. Again, a typical example relates to object displacement, only here th
velocity function is given and its anti-derivative (integral) gives the displacement betw
two values of time.
�1�H�Z�W�R�Q���5�D�S�K�V�R�Q���0�H�W�K�R�G���I�R�U���6�R�O�Y�L�Q�J���(�T�X�D�W�L�R�QThe Newton-Raphson method is a
procedure for solving various kinds of numerical and transcendental equations in
unknown. (Examples of transcendental equations include trigonometric, exponentia
logarithmic functions.) The steps in the procedure are simple and can be used with e
handheld calculator or as a subroutine in a computer program. Solutions that emplo
Newton-Raphson rely on differentiation.

Examples of types of equations that can be solved to any desired degree of accuracy ar

Each of these equations represent the finding of the root of the function, that is, the valu
where it crosses the �[-axis. The procedure begins with an estimate of the root, �U1, satisfying
the given equation. This estimate is obtained by judgment, inspection, or plotting a r
graph of the equation and observing the value �U1 where the curve crosses the �[ axis. This is

�[ ��– � � � �( )– ��( ) ����–( )±
� � � �×
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���������������������������������������� �� ���������R�U��= = = �[ ��–( ) ��–
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� I � [( ) ���[ ��– ��= = � I � [( ) �[�� ������– ��= =

� I � [( ) �[�� ���[��– ��– ��= = � I � [( ) ������� [ � [�F�R�V ��–– ��= =
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then used to calculate further estimates, the values �U2, �U3,…, �U�Q, each progressively closer to
the exact value of the root.

Next, it is next necessary to calculate the first derivative of the function. This is the e
tion for the function’s instantaneous rate of change at any value of �[. The derivative of a
line is its slope; for any other curve, �I�(�[) is the equation that gives the slope of the line ta
gent to the function’s curve at a given �[. 

In the above examples, �I�(�[) is, respectively, 3, 2�[, 3�[2 Š 4�[, and 2.9 + sin �[. These values
were found by the methods described in �4�A�B�L�E���O�F���$�E�R�I�V�A�T�I�V�E�S���A�N�D���) on page 37.

In the equations of the following steps, 
�U1 is the first estimate of the value of the root of �I(�[) = 0
�I(�U1) is the value of �I(�[) at �[ = �U1
�I�(�[) is the first derivative of �I(�[)
�I�(�U1) is the value of �I�(�[) at �[ = �U1

The second approximation of the root of �I(�[) = 0, �U2, is calculated from

and, to continue further approximations,

�(�[�D�P�S�O�H����Find the square root of 101 using the Newton-Raphson method. This prob
can be restated as an equation to be solved, i.e., 

Step 1. By inspection, it is evident that �U1 = 10 may be taken as the first approximation of
the root of this equation. Then, 

Step 2. The first derivative, �I�(�[), of �[2 Š 101 is 2�[ as stated previously, so that

�I�(10) = 2(10) = 20. Then, 

�U2 = �U1 Š �I(�U1)���I�(�U1) = 10 Š (Š1)/20 = 10 + 0.05 = 10.05

�&�K�H�F�N��10.052 = 101.0025; error = 0.0025

Step 3. The next, better approximation is

�&�K�H�F�N��

�6�H�U�L�H�V���°Some hand calculations, as well as computer programs of certain types of math
ematical problems, may be facilitated by the use of an appropriate series. For example, in
some gear problems, the angle corresponding to a given or calculated involute funct
found by using a series together with an iterative procedure such as the Newton-Raphso
method described on page����. The following are those series most commonly used for
such purposes. In the series for trigonometric functions, the angles �[ are in radians (1
radian = 180/� degrees, or about 57.3 degrees). The expression exp(Š�[2) means that the
base �H of the natural logarithm system is raised to the Š�[2 power; �H = 2.7182818.

�U�� �U�� � I � U��( ) �I� �U��( )‡[ ]–=

�U�Q �U�Q ��– � I � U�Q ��–( ) �I� �U�Q ��–( )‡[ ]–=

� I � [( ) �[�� ������– ��= =

� I � U��( ) �I ����( ) ������ ������– ��–= = =

�U�� �U�� � I � U��( ) �I� �U��( )‡[ ]– ���������� �I ����������( ) �I� ����������( )‡[ ]–= =

���������� ������������ ������–( ) �� ����������( )‡[ ]–= ������������������=

�������������������� ���������������������� ���H�U�U�R�U; ������������������= =
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�U�D�O���&�D�O�F�X�O�X�V��
�7�D�E�O�H���R�I���'�H�U�L�Y�D�W�L�Y�H�V���D�Q�G���,�Q�W�H�J�U�D�O�V���°The following are formulas for obtaining the
derivatives and integrals of basic mathematical functions. In these formulas, the letters �D,
�E, and �F denote constants; the letter �[ denotes a variable; and the letters �X and �Y denote func-
tions of the variable �[. The expression �G���G�[ means the derivative with respect to �[, and as
such applies to whatever expression in parentheses follows it. Thus, �G���G�[ (�D�[) means the
derivative with respect to the variable �[ of the product (�D�[) where �D is a constant.

�6�H�O�H�F�W�H�G���6�H�U�L�H�V��

sin �[ = �[ Š �[3/3! + �[5/5! Š �[7/7! + ··· for all values of �[

cos �[ = 1 Š �[2/2! + �[4 /4! Š �[6/6! + ··· for all values of �[

tan �[ = �[ + �[3/3 + 2�[5/15 + 17�[7/315 + 62�[9/2835 + ··· for |�[| < �/ 2

arcsin �[ = �[ + �[3/(2 · 3) + (1 · 3)�[5/(2 · 4 · 5) + (1 · 3 · 5)�[7/(2 · 4 · 6 · 7) + ···for |�[| �  1
arccos �[ = �/ 2 Š arcsin �[ for |�[| �  1
arctan �[ = �[ Š �[3/3 + �[5/5 Š �[7/7 + ··· for |�[| �  1
�/ 4 =1 Š 1/3 + 1/5 Š 1/7 + 1/9 Š ··· 
�H =1 + 1/1! + 2/2! + 1/3! + ···
�H�[ =1 + �[ + �[2/2! + �[3/3! + ··· for all values of �[

exp(Š�[2) = 1 Š �[2 + �[4/2! Š �[6/3! + ··· for all values of �[

�D�[ = 1 + �[ log�H���D + (�[ log�H���D)2/2! + (�[ log�H���D)3/3! + ··· for all values of �[

 = 1 Š �[ + �[2 Š �[3 + �[4 Š ··· for |�[| < 1

 = 1 + �[ + �[2 + �[3 + �[4 + ··· for |�[| < 1

 = 1 Š 2�[ + 3�[2 Š 4�[3 + 5�[4 Š ··· for |�[| < 1

 = 1 + 2�[ + 3�[2 + 4�[3 + 5�[5 + ··· for |�[| < 1

 = 1 + �[/2 Š �[2/(2 · 4) + 1 · 3 · �[3/(2 · 4 · 6) 
Š 1 · 3 · 5 · �[4/(2 · 4 · 6 · 8) Š ···

for |�[| < 1

 = 1 Š �[/2 + 1 · 3 · �[2/(2 · 4) Š 1 · 3 · 5 · �[3/(2 · 4 · 6) + ··· for |�[| < 1

(�D + �[)�Q = �D�Q + �Q�D�QŠ1 �[ + �Q(�Q Š 1)�D�QŠ2 �[2/2! + �Q(�Q Š 1)(�Q Š 2)�D�QŠ3 �[3/3! + ··· for �[2 < �D2

�)�R�U�P�X�O�D�V���I�R�U���'�L�I�I�H�U�H�Q�W�L�D�O���D�Q�G���,�Q�W�H�J
Derivative Value Integral Value

� � � ��[+( )‡

� � � ��[–( )‡

� � � ��[+( )��‡

� � � ��[–( )��‡

� � � ��[+( )‡

� � � ��[+‡

�[�G
�G �F( ) �� � F � [�G�³ �F�[ �F�R�Q�V�W�D�Q�W+

�[�G
�G �[( ) �� �� �[�G�³ �[

�[�G
�G �[�Q( ) �Q�[�Q ��– �[�Q �[�G�³ �[�Q ��+

�Q ��+
������������������������

�[�G
�G� J � X( )

�X�G
�G� J � X( )

�[�G
�G�X �[�G

�D�[ �E+
�������������������������������³

��
�D
�������O�Q�D�[ �E+

�[�G
�G � X � [( ) � Y � [( )+[ ]

�[�G
�G� X � [( )

�[�G
�G� Y � [( )+ � X � [( ) � Y � [( )±[ ] �[�G�³ � X � [( ) � [ � Y � [( ) �[�G�³±�G�³

�[�G
�G� X � [( )� Y � [( ) � X � [( )

�[�G
�G� Y � [( ) � Y � [( )

�[�G
�G� X � [( )+ � X � [( )� Y � [( ) �[�G�³ � X � [( )� Y � [( ) � Y � [( ) � X � [( ) �[�G�³–

�[�G
� G � X � [( )

� Y � [( )
��������������������� © � ¹

� § � ·� Y � [( )
�[�G

�G� X � [( ) � X � [( )
�[�G

�G� Y � [( )–

� Y � [( )[ ] ��
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[
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�)�R�U�P�X�O�D�V���I�R�U���'�L�I�I�H�U�H�Q�W�L�D�O���D�Q�G���,�Q�W�H�J�U�D����&�R�Q�W�L�Q�X�H�G����
Derivative Value Integral Value
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�G �[�V�L�Q( ) �[�F�R�V �[�F�R�V�[�G�³ �[�V�L�Q
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�$�U�L�W�K�P�H�W�L�F���3�U�R�J�U�H�V�V�L�R�Q���R�U���6�H�T�X�

An arithmetic progression or arithmetic sequence is a series of numbers in which each
consecutive term differs from the preceding one by a fixed amount called the �F�R�P�P�R�Q���
�I�H�U�H�Q�F�H, �G. Thus, 1, 3, 5, 7, etc. is an arithmetic progression where the difference �G is 2. The
difference here is �D�G�G�H�G to the preceding term, and the progression is increasing. In 
series 13, 10, 7, 4, etc., the difference is (Š3), and the progression is decreasing. In an
arithmetic progression (or part of progression), let

� D �  first term considered
� O �  last term considered, also called �D�Q for the �Qth term

� Q �  number of terms
� G �  common difference
� 6 �  sum of �Q terms

The general formulas for the �Qth term: 

In these formulas, �G is positive when the progression is increasing and negative when
decreasing. When any three of the preceding five quantities are given, the other two c
found by the formulas in the table �&�O�R�M�U�L�A�S���F�O�R���!�R�I�T�H�M�E�T�I�C���0�R�O�

�(�[�D�P�S�O�H���� In an arithmetic progression, the first term equals 5, and the last term 40.
difference is 7. Find the sum of the progression.

�*�H�R�P�H�W�U�L�F���3�U�R�J�U�H�V�V�L�R�Q���R�U���6�H�T�X�H�

A geometric progression or geometric sequence is a series in which each term is derive
by multiplying the preceding term by a constant multiplier called the �U�D�W�L�R. When the ratio
is greater than 1, the progression is increasing; when less than 1, it is decreasing. Thu
18, 54, etc., is an increasing geometric progression with a ratio of 3, and 24, 12, 6, et
decreasing progression with a ratio of 1‡2.

In any geometric progression (or part of progression), let
� D �  first term
� O �  last (or �Qth) term, also called �D�Q for the �Qth term

� Q �  number of terms
� U �  ratio of the progression
� 6 �  sum of �Q terms

The general formulas for the �Qth term:

When any three of the preceding five quantities are given, the other two can be fou
the formulas in the table �&�O�R�M�U�L�A�S���F�O�R���'�E�O�M�E�T�R�I�C���0�R�O�G�R�E�S�S on page 41. Geometric pro-
gressions are used for finding the successive speeds in machine tool drives, and in i
calculations.

�(�[�D�P�S�O�H���� The lowest speed of a lathe is 20 rpm. The highest speed is 225 rpm. There a
18 speeds. Find the ratio between successive speeds.

� O � D � Q��–( )�G���������������D�Q�G+= �6 � D � O+
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� � � �×
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�V�L�R�Q
�)�R�U�P�X�O�D�V���I�R�U���$�U�L�W�K�P�H�W�L�F���3�U�R�J�U�H�V
To Find Given Use Equation

�D

� G � O � Q

� G � Q � 6

� G � O � 6

� O � Q � 6

�G

� D � O � Q

� D � Q � 6

� D � O � 6

� O � Q � 6

�O

� D � G � Q

� D � G � 6

� D � Q � 6

� G � Q � 6
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�)�R�U�P�X�O�D�V���I�R�U���*�H�R�P�H�W�U�L�F���3�U�R�J�U�H�V�V
To Find Given Use Equation
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�$�Q�D�O�\�W�L�F���*�H�R�P�H�W�U�\

�/�L�Q�H�V���°A line (often called a �V�W�U�D�L�J�K�W���O�L�Q�H) is a path between two points and extendin
infinitely in both directions.

�&�R�R�U�G�L�Q�D�W�H���6�\�V�W�H�P����Any point can be located in the plane by means of the �[,�\-coordinate
system, which is formed by two number lines that intersect at right angles at their zero
value (�&�I�G������). These are called the �;- and �<-axes. Any point �3 is identified by its �[ coordi-
nate (the value corresponding to its position left or right of the �<-axis) and its �\ coordinate
(the value corresponding to its position above or below the �;-axis). Point �31 is thus named
(�[1,�\1) according to these values.

Fig. 1. Coordinate Plane

�'�L�V�W�D�Q�F�H���%�H�W�Z�H�H�Q���7�Z�R���3�R�L�Q�W�V����The distance �G between two points �31(�[1,�\1) and �32(�[2,�\2)
is given by the formula:

�(�[�D�P�S�O�H������ ��What is the distance �$�% between points �$(4, 5) and �%(7, 8)?

�6�R�O�X�W�L�R�Q����The length of line segment �$�% is

�,�Q�W�H�U�P�H�G�L�D�W�H���3�R�L�Q�W����An intermediate point, �3(�[,���\), on a line between two points,
�31(�[1,�\1) and �32(�[2,�\2), �&�I�G������, can be obtained by linear interpolation as follows: 

where �U1 is the ratio of the distance of �31 to �3 to the distance of �31 to �32, and �U2 is the ratio of
the distance of �32 to �3 to the distance of �31 to �32. If the desired point is the �P�L�G�S�R�L�Q�W of line
�31�32, then �U1 = �U2 = 1, and the coordinates of �3 are:

�(�[�D�P�S�O�H������ ��What is the coordinate of point �3(�[,�\) if �3 divides the line defined by points
�$(0,0) and �%(8,6) at the ratio of 5:3.

�6�R�O�X�W�L�R�Q����
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�(�[�W�H�U�Q�D�O���3�R�L�Q�W����A point, �4(�[,���\) on the line �31�32, and beyond the two points, �31(�[1,�\1)
and �32(�[2,�\2), can be obtained by external interpolation as follows, 

where �U1 is the ratio of the distance of �31 to �4 to the distance of �31 to �32, and �U2 is the ratio
of the distance of �32 to �4 to the distance of �31 to �32. 

Fig. 2. Finding Intermediate and External Points on a Line

�(�T�X�D�W�L�R�Q�V���R�I���D���/�L�Q�H���°A line can be expressed in one of several equation forms. The fo
used depends on the information given. 

�3�R�L�Q�W���S�R�L�Q�W���I�R�U�P���R�I���D���O�L�Q�H���31�32����One equation of a line passing through points �31(�[1,�\1)

and �32(�[2,�\2) is the point-point form .

This is frequently written in the form  where  is the

slope of the line, �P, and thus becomes  where �\1 is the coordinate of

the �\-intercept (0, �\1) and �[1 is the coordinate of the �[-intercept (�[1, 0). If the line passes
through point (0, 0), then �[1 = �\1 = 0 and the equation becomes �\ = �P�[. The �\-intercept is the
point of intersection of the line with the �<-axis. The �[-intercept is the point of intersection
of the line with the �;-axis. Thus, the points (0, �\1) and (�[1, 0) are the �\- and �[-intercepts,
respectively.

If a line �$�% intersects the �;-axis at point �$(�D, 0) and the �<-axis at point �%(0,���E) then the
equation of line AB is

�6�O�R�S�H���L�Q�W�H�U�F�H�S�W���I�R�U�P����The slope-intercept form of a line in a Cartesian coordinate system
is �\ = �P�[ + �E�� where �[ and �\ are coordinates of any point on a line, �P is the slope of the line,
and �E is the �\-intercept. The slope is the rate at which the �\ coordinates are increasing or
decreasing relative to the �[ coordinates.

�3�R�L�Q�W���V�O�R�S�H���I�R�U�P���� Another form of the equation of a line is the point-slope form, (�\ Š �\1)
= �P(�[ Š �[1). Slope �P is defined as a ratio of the change in the �\ coordinates, �\2 Š �\1, to the
change in the �[ coordinates, �[2 Š �[1: 

�[
�U���[�� �U�� �[��–

�U�� �U��–
������������������������������������������������������= �D�Q�G �\

�U���\�� �U�� �\��–

�U�� �U��–
������������������������������������������������������=

�9

�8�/
�0�����X�����Y���	�� ����

�0�����X�������Y���	�� ����

�0���X�����Y�	

�1�����X�����Y�	

� \ � \��–

�\�� �\��–
��������������������������������

� [ � [��–

�[�� �[��–
��������������������������������=

� \ � \��–
�\�� �\��–

�[�� �[��–
�������������������������������� � [ � [��–( )=

�\�� �\��–

�[�� �[��–
��������������������������������

� \ � \��– � P � [ � [��–( )=

�[
�D
������ �\

�E
������+ ��=

�P 	 �\
	 �[
������������

�\�� �\��–

�[�� �[��–
��������������������������������= =



44 LINES

, 2)

.

 the

 par-
�(�[�D�P�S�O�H������ ��What is the equation of a line AB between points A(4,5) and B(7,8)?
�6�R�O�X�W�L�R�Q����Using the point-point form of the line:

�(�[�D�P�S�O�H������ ��Find the slope-intercept equation of a line passing through the points (3
and (5, 6). The �\-intercept is the intersection point of the line with the �\-axis.

�6�R�O�X�W�L�R�Q����First, find the slope using the equation above

The slope-intercept form of the line is �\ = 2�[ + �E, and the value of the constant �E can be
determined by substituting the coordinates of a point on the line into the general form
Using the coordinates of the point (3,2) gives 2 = 2 × 3 + �E and rearranging, �E = 2 Š 6 = Š4.
As a check, using another point on the line, (5,6), yields equivalent results, �\ = 6 = 2 × 5 +���E
and �E = 6 Š 10 = Š4.

The equation of the line, therefore, is �\ = 2�[ Š 4, indicating that line �\ = 2�[ Š 4 intersects
the �\-axis at point (0,Š4), the �\-intercept.

�(�[�D�P�S�O�H������ ��Use the point-slope form to find the equation of the line passing through
point (3,2) and having a slope of 2. 

The slope of this line is positive and crosses the �\-axis at the �\-intercept, point (0,Š4).
�3�D�U�D�O�O�H�O���/�L�Q�H�V����The two lines, �31�32 and �41�42, are parallel if both lines have the same

slope, that is, if �P1= �P2.

�3�H�U�S�H�Q�G�L�F�X�O�D�U���/�L�Q�H�V����The two lines �31�32 and �41�42 are perpendicular if the product of
their slopes equal Š1, that is, �P1�P2 =  Š1.

�(�[�D�P�S�O�H������ ��Find an equation of the line that passes through the point (3,4) and is (a)
allel to and (b) perpendicular to the line 2�[��Š 3�\��= 16.

�6�R�O�X�W�L�R�Q�����D������Line 2�[��Š 3�\��= 16 in slope-intercept form is �\ = 2‡3�[��Š 16‡3, and the equation of
a line passing through (3,4) is . 

Fig. 3. Parallel Lines, �P1 = �P2 Fig. 4. Perpendicular Lines, �P1�P2 = Š1
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If the lines are parallel, their slopes are equal. Thus,  is parallel to line

2�[��Š 3�\��= Š6 and passes through point (3,4).
�6�R�O�X�W�L�R�Q�����E������As illustrated in part (�D), line 2�[��Š 3�\��= Š6 has a slope of 2‡3. The product of

the slopes of perpendicular lines is Š1, thus the slope �P of a line passing through point (4,3)
and perpendicular to 2�[��Š 3�\��= Š6 must satisfy the following:

The equation of a line passing through point (4,3) and perpendicular to the line 2�[��Š 3�\��=
16 is �\ Š 4 = Š3‡2(�[ Š 3), which rewritten is 3�[ + 2�\ = 17.

�$�Q�J�O�H���%�H�W�Z�H�H�Q���7�Z�R���/�L�Q�H�V����For two non-perpendicular lines with slopes �P1 and �P2, the
angle between the two lines is given by

�1�R�W�H�� The straight brackets surrounding a symbol or number, as in |�[|, stands for absolute
value and means use the positive value of the bracketed quantity, irrespective of its sign. 

�(�[�D�P�S�O�H������ ��Find the angle between the lines: 2�[��Š �\ = 4 and 3�[ + 4�\ = 12.
�6�R�O�X�W�L�R�Q����The slopes are 2 and Š3‡4, respectively. The angle between two lines is given b

�'�L�V�W�D�Q�F�H���%�H�W�Z�H�H�Q���D���3�R�L�Q�W���D�Q�G���D���/�L�Q�H����The distance between a point (�[1,�\1) and a line
given by �$���[ + �%���\ + �& = 0 is

�(�[�D�P�S�O�H������ ��Find the distance between the point (4,6) and the line 2x + 3y Š 9 = 0.
�6�R�O�X�W�L�R�Q����The distance between a point and the line is

�&�R�R�U�G�L�Q�D�W�H���6�\�V�W�H�P�V���°�5�H�F�W�D�Q�J�X�O�D�U���&�R�R�U�G�L�Q�D�W�H�V����In the �[,�\��coordinate system, also
called the �U�H�F�W�D�Q�J�X�O�D�U or �&�D�U�W�H�V�L�D�Q system, the coordinate axes are perpendicular to o
another, and the same unit of length is generally used on the two axes. A point in rectang
lar coordinates takes the form of (�[, �\). See �#�O�O�R�D�I�N�A�T�E���0�L�A�N�E on page 42.

�3�R�O�D�U���&�R�R�U�G�L�Q�D�W�H�V����Another coordinate system is determined by a fixed point �2, the ori-
gin or pole, and a zero direction or axis through it, on which positive lengths can be la
and measured, as a number line. A point �3 can be fixed to the zero direction line at a di
tance �U away and then rotated in a positive sense at an angle � . The angle �  in polar coordi-
nates can take on values from 0° to 360°. A point in polar coordinates has the form of (�U, � ).
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�&�K�D�Q�J�L�Q�J���&�R�R�U�G�L�Q�D�W�H���6�\�V�W�H�P�V����For simplicity it may be assumed that the origin on a
Cartesian coordinate system coincides with the pole on a polar coordinate system and its
axis with the �[-axis. Then, if point �3 has polar coordinates of (�U,� ) and Cartesian coordi-
nates of (�[, �\), by trigonometry �[ = �U��cos� and �\ = �U��sin� . See the section �3�/�,�5�4�)�/�.���/�&
�4�2�)�!�.�'�,�%�3 starting on page ���� for a discussion of the principles of trigonometry.

By the Pythagorean theorem and trigonometry, 

�(�[�D�P�S�O�H������ ��Convert the Cartesian coordinate (3, 2) into polar coordinates. 

Therefore the point (3.6, 33.69) is the polar form of the Cartesian point (3, 2).
Graphically, the polar and Cartesian coordinates are related in the following figure:

�(�[�D�P�S�O�H������ ��Convert the polar form (5, 608) to Cartesian coordinates. By trigonometry, �[
= �U��cos�  and �\ = �U��sin� . Then �[ = 5 cos(608) = Š1.873 and �\ = 5 sin(608) = Š4.636. There-
fore, the Cartesian point equivalent is (Š1.873, Š4.636).

�6�S�K�H�U�L�F�D�O���&�R�R�U�G�L�Q�D�W�H�V����It is convenient in certain problems, for example, those con-
cerned with spherical surfaces, to introduce non-parallel coordinates. An arbitrary point �3
in space can be expressed in terms of the distance �U between point �3 and the origin �2, the
angle 
  that �2�3�makes with the �[, �\-plane, and the angle � that the projection �2�3� (of the
segment �2�3 onto the �[, �\-plane) makes with the positive �[-axis.

The rectangular coordinates of a point in space can therefore be calculated from the
spherical coordinates, and vice versa, by use of the formulas in the following table.

� U � [�� �\��+= ���D�Q�G��� �D�U�F�W�D�Q�\
�[
����=

�U ���� ����+ � � � �+ ���� �������= = = � �D�U�F�W�D�Q��
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�5�H�O�D�W�L�R�Q�V�K�L�S���%�H�W�Z�H�H�Q���6�S�K�H�U�L�F�D�O���D�Q�G���5�H�F�W�D�Q�J�X�O�D�U���&�R�R�U�G�L�Q�D�W�H�V

�(�[�D�P�S�O�H������ �� What are the spherical coordinates of the point �3(3, Š4, Š12)?

The spherical coordinates of �3 are therefore �U = 13, 
 = Š 67.38°, and � = 306.87°.
�&�\�O�L�Q�G�U�L�F�D�O���&�R�R�U�G�L�Q�D�W�H�V����For problems on the surface of a cylinder it is convenient to use

cylindrical coordinates. The cylindrical coordinates �U, � , �], of �3 coincide with the polar
coordinates of the point �3� in the �[, �\-plane and the rectangular �]-coordinate of �3. Formulas
for �  hold only if �[�� +���\�� � 0; �  is undetermined if �[ = �\ = 0.

�(�[�D�P�S�O�H������ ��Given the cylindrical coordinates of a point �3, �U = 3, � = Š30°, �] = 51, find the
rectangular coordinates. Using the above formulas �[ = 3cos(Š30°) = 3cos(30°) = 2.598; �\ =
3sin(Š30°) = Š3 sin(30°) = Š1.5; and �] = 51. Therefore, the rectangular coordinates of point
�3 are �[ = 2.598, �\ = Š1.5, and �] = 51.

Spherical to Rectangular Rectangular to Spherical

(for �[�� +���\�� �  0)

(for �[ > 0, �\ > 0)

(for �[ < 0)

(for �[ > 0, �\ < 0)

Cylindrical to Rectangular Rectangular to Cylindrical

� [ � U
 ��F�R�V�F�R�V=

� \ � U
 ��V�L�Q�F�R�V=

� ] � U
�V�L�Q=

� U � [�� �\�� �]��+ +=
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�&�L�U�F�O�H�V���°The general form for the equation of a circle is �[2 + �\2 + 2�J�[ + 2�I�\ + �F = 0, where

Š�J and Š�I are the coordinates of the center and the radius is .

The standard equation of a circle (center radius form) is 

where �U = length of the radius and point (�K, �N) is the center.
When the center of circle is at point (0, 0), the equation

reduces to 

�(�[�D�P�S�O�H����Point (4, 6) lies on a circle whose center is at
point (Š2, 3). Find the circle equation.

�6�R�O�X�W�L�R�Q����The radius is the distance from the center point
(Š2, 3) to point (4, 6), found using the method of �%�X�A�M�P�L�E���� on page����.

The equation of the circle is 

�$�G�G�L�W�L�R�Q�D�O���)�R�U�P�X�O�D�V����Listed below are additional formulas for determining the geome-
try of plane circles and arcs. Although trigonometry and circular measure are related, they
deal with angles in entirely different ways.

�(�[�D�P�S�O�H������ ��Find the area of a circular section with included angle of 30° and radius of 7
cm.

�6�R�O�X�W�L�R�Q����Referring to �&�I�G�������B, 

� / �  perimeter of circle = 

� 5 �  radius = 

� ' �  diameter of circle = 

� 1 �  total area of a circle = 

� ; �  � < �   

� 0 �  area of complement section

 

� , �  distance from center to start of section �7

� + �  height of section �7

� 4 �  chord length for segment �6

�7�������6 � area of segment = 
Fig. 5a. 
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�(�[�D�P�S�O�H������ ��Find the chord length �( of a circular segment (�&�I�G�������B), with a depth of 2 cm
at the center, that is formed in a circle whose radius 12 cm.

�6�R�O�X�W�L�R�Q����The chord length is 

�(�[�D�P�S�O�H������ ��Find the area �6 of the circular segment from �%�X�A�M�P�L�E����. 

�6�R�O�X�W�L�R�Q����First determine angle 
 , then find the perimeter �/ of the segment, and then
solve for area �6�� as follows:

Another way to find angle 
  is divide the chord length by twice the radius to obtain 

�$�U�H�D�V���.���D�Q�G���6

� / �  perimeter of 
  degrees = 

� 5 �  radius = 

� 6 �  area of segment = 

� ( �  chord length = 

� ) �  chord height = 


 � angle at center of circle = 

� . �  area of section = 

Fig. 5b. 

�'�R�Q�X�W

�51 � radius of outer circle of donut

�5�� � radius of inner circle of donut

� 8 �  area of segment of donut = 

� : �  total area of donut = 

Fig. 5c. 


°
������
������������������� © � ¹

� § � ·�� � �5

������
�

�������������������/


������ �� �.

�/
�������������� �(�� �� �)��+

���)
��������������������������������������������= =

�5�/
��

�������������� � ( � 5 � )–( )
��

��������������������������������������������–

�� �) �� � 5 � )–( ) �' 

��
������

� © � ¹
� § � ·�V�L�Q=

�5 ���5�� �(��–
��

��������������������������������������������������– �5 �� 

��
������� © � ¹

� § � ·�F�R�V–� © � ¹
� § � ·=

������
�

�������������������/


������


°
������
������������������� �5�� �5�/

��
��������������=

�!�
R

�E
�A

��
���

+

�!�
R

�E
�A

��
���

3

�&

�2

�,

�,

�%



������
������������������ � �5��

�� �5��
��–( )( )

� �5��
�� �5��

��–( )

�2�� �2��

�,�!�R�E�A
�5

�4�O�T�A�L���! �R�E�A���7 ����

�( �� �) �� � 5 � )–( ) � � � � � � � �� �× ��–( )� � � � � �� �= = =

� � � �� �= ���������� ���F�P=



��
������� © � ¹

� § � ·�W�D�Q �( ��‡
� 5 � )–
�������������������������� ���������� ��‡

���� ��–
���������������������������������������� ������������= = = 


��
������ ����������°= 
 ����������°=

�/ 

������
������������������ �� � �5( ) ����������

������
�������������������������� ���� �( ) ���������� ���F�P= = =

�$�U�H�D���6 �5�/
��

�������������� � ( � 5 � )–( )
��

��������������������������������������������– ���� ����������( )
��

������������������������������������������������ ���������� ����( )
��

������������������������������������������������– ���������� ����������– ���������� ���F�P��= = = =



��
������� © � ¹

� § � ·�V�L�Q �F�K�R�U�G���O�H�Q�J�W�K
���5

������������������������������������������������������������ �(
�� �5
�������������� ������������= = = 


��
������ ��������������°= 
 ����������°=



50 ELLIPSE

�(�O�O�L�S�V�H���°An ellipse is a set of points on a plane such that the sum of the distances from
two foci to a point �3 on the ellipse is constant. The ellipse with eccentricity �H, focus �) and
a directrix �/ is the set of all points �3 such that the distance �3�) is �H times the distance from �3
to the line �/. The general equation of an ellipse is 

The ellipse has two foci �)1 and �)2 separated along the major axis by a distance 2�F. The
line passing through the focus perpendicular to the major axis is called the latus rectum.
The line passing through the center, perpendicular to the major axis, is called the minor
axis. The distances 2�D and 2�E are the major distance and the minor distance.The ellipse is
the locus of points such that the sum of the distances from the two foci to any point on the
ellipse is 2�D, thus, �3�)1 + �3�)2 = 2�D.

Ellipse

If (�K,���N) is the center, the standard equation of an ellipse is 

The eccentricity  is a measure of the elongation of the ellipse and is

always less than 1. The distance between the two foci is . The aspect ratio
of the ellipse is �D/�E. The equation of an ellipse centered at (�K,���N) = (0, 0) with foci at (±�F, 0)

is , and the ellipse is symmetric about both coordinate axes. Its �[-intercepts

are (±�D, 0) and �\-intercepts are (0, ±�E). The line joining (0,���E) and (0, Š�E) is called the minor
axis. The vertices of the ellipse are (±�D, 0), and the line joining vertices �91 and �92 is the
major axis of the ellipse.

�(�[�D�P�S�O�H����Determine the values of �K, �N, �D, �E, �F, and �H of the following ellipse:

�6�R�O�X�W�L�R�Q����Rearrange the ellipse equation into the standard form as follows:
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Comparing to the form  and solving for �F and �H gives:

�$�G�G�L�W�L�R�Q�D�O���)�R�U�P�X�O�D�V����An ellipse is the locus of points the sum of whose distances from
two fixed points, called focus, is a constant. An ellipse can be represented parametrically
by the equations �[ = �Dcos� and �\ = �Esin� , where �[ and �\ are the rectangular coordinates of
any point on the ellipse, and the parameter �  is the angle at the center measured from the �[-
axis anticlockwise.

�51 � radius of director circle = 

�52 � radius of equivalent circle = 

� 3 �  center to focus distance = 

� $ �  major radius = 

� % �  minor radius = 

�  distance, origin to latus rectum 

� - �  any point (�; ,�<) on curve where �; =  and �< = 
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�(�[�D�P�S�O�H������ ��Find area of sector �.  and complement area �0, given the major radius of
ellipse is 10 cm, minor radius of ellipse is 7 cm, dimension �; = ��.2266 cm.

�6�R�O�X�W�L�R�Q����The sectional area �.

�6�R�O�X�W�L�R�Q����Complement area �0

�(�[�D�P�S�O�H������ ��Find the area of elliptical segments �6�����7�������6, provided that major radius of
ellipse is 10 cm, minor radius of ellipse is 7 cm, dimension �;1 = 8.2266 cm, dimension �<1 =
4.4717 cm, and dimension �;2 = 6.0041 cm.

�6�R�O�X�W�L�R�Q����The segment area �6

�6�R�O�X�W�L�R�Q����Segment area �7��+���6

�(�[�D�P�S�O�H������ ��Find the area of elliptical segment �9 if the major radius of ellipse is 4 inches,
minor radius of ellipse is 3 inches, dimension �; = 2.3688 inches, dimension �< = 2.4231
inches.

� / �  total perimeter (approximate) = 

� / �  perimeter (sections) = 

�$�U�H�D���&�D�O�F�X�O�D�W�L�R�Q�V

� 1 �  total surface area of ellipse = 

� : �  area between outer and inner ellipse = 

� 0 �  area of complement section �0 = 

� 6 �  area of segment �6 = 

�7���6 � combined area of segment �6 + area �7 = 

� 9 �  area of segment �9 = 

� . �  area of sector �.  = 
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�6�R�O�X�W�L�R�Q����Segment area �9

�)�R�X�U���$�U�F���2�Y�D�O���W�K�D�W���$�S�S�U�R�[�L�P�D�W�H�V���D�Q���(�O�O�L�S�V�H�
���° The method of constructing an
approximate ellipse by circular arcs, described on page����, fails when the ratio of the major
to minor diameter is 4 or greater. Additionally, it is reported that the method always pro-
duces a somewhat larger minor axes than intended. The method described below presents
an alternative.

An oval that approximates an ellipse, illustrated in �&�I�G������, can be constructed from the fol-
lowing equations:

(1)

where �$ and �% are dimensions of the major and minor axis, respectively, and �U is the radius
of the curve at the long ends.

The radius �5 and its location are found from �%�Q�U�A�T�I�O�N�S�������	 and �������	:

Fig. 6. Four Arc Oval Ellipse

To make an oval thinner or fatter than that given, select a smaller or larger radius �U than
calculated by �%�Q�U�A�T�I�O�N�������	 and then find �; and �5 using �%�Q�U�A�T�I�O�N�S�������	 and �������	.
�6�S�K�H�U�H�V���°The sphere is a locus of points equidistant from a given point (the sphere's cen-
ter) in three-dimensional space. Similar to the circle, the standard form for the equation of
a sphere with radius �5 and centered at point (�K, �N, �O) can be expressed by the equation:

The general form for the equation of a sphere can be written as follows, where �$ � 0.

* �)�R�X�U���$�U�F���2�Y�D�O material contributed by Manfred K. Brueckner 

(2) (3)
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The general and standard forms of the sphere equations are related as follows:

� 5 �  radius of sphere
� ' �  diameter of sphere
�1�V� total surface area of sphere
�1�Y� total volume of sphere

�51 � radius of outer sphere
�52 � radius of inner sphere
�*�D�����.�D�����6�D�����7�D�����8�D�����:�D�����=�D� sectional surface areas
�*�Y�����.�Y�����6�Y�����7�Y�����8�Y�����:�Y�����=�Y� sectional volumes

�)�R�U�P�X�O�D�V���I�R�U���6�S�K�H�U�L�F�D�O���5�D�G�L�X�V��

To Find Formula To Find Formula

Radius of sphere
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�(�[�D�P�S�O�H������ ��Find the inside and outside surface area �* �D and volume �*�Y of wall �*, pro-
vided that �51 is 12.5 cm and �52 is 10.0 cm.

�6�R�O�X�W�L�R�Q����Sectional area �* �D and sectional volume �*�Y

�(�[�D�P�S�O�H������ ��Find the surface area �. �D and volume �. �Y of section �.  of a sphere of radius 15.0
cm, if included angle 
  = 90° and depth �) = 5.0 cm.

�6�R�O�X�W�L�R�Q����Sectional area �. �D and sectional volume �. �Y

�(�[�D�P�S�O�H������ ��Find the outside surface area �6�D and sectional volume �6�Y of section �6 of a
sphere if �(��� ��20.0 cm and �)��= 5.0 cm.

�6�R�O�X�W�L�R�Q����Sectional area �6�D and sectional volume �6�Y

�(�[�D�P�S�O�H�������� ��Find the outside and inside surface area �8�D and volume �8�Y of section �8 of a
sphere if �51 = 5.00 inches, �52 = 4.0 inches, and included angle 
  = 30°.

�)�R�U�P�X�O�D�V���I�R�U���6�S�K�H�U�L�F�D�O���$�U�H�D�V���D�Q�G���9�R�O�X�P�H�V��

Section Area Formula Volume Formula

Entire sphere

Section G

Section K

Section S

Section T

Section U

Section W

Section Z
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�6�R�O�X�W�L�R�Q����Sectional area �8�D and sectional volume �8�Y

�(�[�D�P�S�O�H�������� ��Find the total surface area �: �D and volume �: �Y of ring �:�� if �51 = 5.00 inches
and �52 = 4.0 inches.

�6�R�O�X�W�L�R�Q����Sectional area �: �D and sectional volume �: �Y

�3�D�U�D�E�R�O�D���°A parabola is the set of all points �3 in the plane that are equidistant from a
focus �) and a line called the directrix. A parabola is symmetric with respect to its parabolic
axis. The line perpendicular to the parabolic axis which passes through the focus is known
as the latus rectum. 

The general equation of a parabola is given by , where the vertex
is located at point (�K�����N), the focus �) is located at point (�K + �S, �N), the directrix is located at �[
= �K Š �S, and the latus rectum is located at �[ = �K + �S.

�(�[�D�P�S�O�H����Determine the focus, directrix, axis, vertex, and latus rectum of the parabola 

�6�R�O�X�W�L�R�Q����Rewrite the equation into the general form of a parabolic equation (see �3�O�L�V�I�N�G
�B�Y���#�O�M�P�L�E�T�I�N�G���T�H�E���3�Q�U�A�R�E on page 34.)

Thus, �N = 3‡2, �K = Š1 and �S��= 1‡2. Focus �) is located at point (�K��+ �S,���N) = (1‡2,  3‡2); the directrix
is located at �[ = �K��Š �S = Š1 Š  1‡2 =  Š 3‡2; the parabolic axis is the horizontal line �\ = 3‡2; the vertex
�9(�K,���N) is located at point (Š1,  3‡2); and the latus rectum is located at �[ = �K + �S = Š1‡2. 

�+�\�S�H�U�E�R�O�D���°The hyperbola with eccentricity �H, focus �) and a directrix �/ is the set of all
points �3 such that the distance �3�) is �H times the distance from �3 to the line �/.The general
equation of an hyperbola is 

The hyperbola has two foci separated along the transverse axis by a distance 2�F. Lines
perpendicular to the transverse axis passing through the foci are the conjugate axis. The
distance between two vertices is 2�D. The distance along a conjugate axis between two

Parabola
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points on the hyperbola is 2�E.The hyperbola is the locus of points such that the difference
of the distances from the two foci is 2�D, thus, �3�)2Š �3�)1 = 2�D

With (�K,���N) at the center, the standard equation of a hyperbola is 

Hyperbola

The eccentricity of a hyperbola,  is always less than 1. 

The distance between the two foci is . 

The equation of a hyperbola with center at (0, 0) and focus at (±�F, 0) is .

�(�[�D�P�S�O�H����Determine the values of �K, �N, �D, �E, �F, and �H of the hyperbola general form

�6�R�O�X�W�L�R�Q����Convert the hyperbola equation into the standard form (see �3�O�L�V�I�N�G���B�Y���#�O�M�

�P�L�E�T�I�N�G���T�H�E���3�Q�U�A�R�E on page 34)

Comparing the results above with the form  and calculating

eccentricity from  and distance �F from  gives
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�: ork �����F�R�Q�W�L�Q�X�H�G��
maximum load in bending

wood ������
relation to energy������
sheet metal forming��������
units conversion��������

�: orking stress������, ������, ������
at elevated temperature������
factors of saftey������
of bolts ��������
shafts ������
springs ������, ������–������

�: orm gearing��������–��������
addendum��������
ANSI Standard, fine-pitch��������–��������
effect on profile and pressure angle

of cutting diameter��������
of production method��������

fine-pitch ��������–��������
formulas for dimensions��������
hobs for ��������
lead angles��������
material ��������, ��������
number of threads or “starts”��������

multi-thread worms��������
single-thread worms��������

outside diameter��������
pitch diameters, range��������
pitches, standard��������
pressure angles��������
proportions��������
ratio of teeth to thread starts��������
tooth form of worm and wormgear��������

�: rapped spring clutches��������
�: rench

clearances
for box wrenches, metric��������
for hex wrenches��������, ��������
for open end wrenches��������
for spacing of bolts��������

openings, ANSI Standard��������
torque

cap screws��������
steel bolts��������
studs ��������

�: rinkling, sheet metal��������
�: rought

copper alloys������–������
copper-beryllium������

iron
strength ������
temperature effect on������
thickness gage for sheet��������–��������

�<
�<ield point ������

for various materials������
heat-treated steels������–������
iron and steel������
plastics ������
steel ��������

�<ield strength������
aluminum alloys������, ������–������
carbon steel��������
cobalt alloys������
compressive������
copper alloys������, ������–������

Cu-base powdered alloys������
Cu-beryllium alloys������
Cu-silicon alloys������
Everdur ������

iron-base powdered alloys������
magnesium alloys������
nickel alloys ������, ������–������
nonferrous metals������
perforated metal��������
plastics ������
shear ������
spring wire ������
stainless steel������, ������–������
steel ������, ������–������

high-strength, low-alloy������
titanium alloys ������
tungsten-base powdered alloys������

Young’s modulus ���V�H�H��Modulus of: elasticity��

�=
�=ero, absolute��������
�=erol bevel gears��������, ��������
�=inc plating ��������
�=inc-base alloys, die casting��������
�=NP curve ��������
�=-section

moment of inertia������
radius of gyration������
section modulus������
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